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Abstract Therefore, it may be of great potential interest to provide
a deterministic and fair mechanism which will mimic the

The design of deterministic and fair mechanisms for seutcome generated by such lottery. Naturally, such legal
lection among a set of self-motivated agents based soletyistraints imply that the mechanism should rely only on
on these agents’ input is a major challenge for electronie agents’ inputs. Moreover, whenever a group of self-
commerce. These mechanisms are a special case of ziotivated participants need to randomly select a candi-
sum games where the only possible outcomes are selate in a setting in which there is no external coordinator
tions of a single agent among the set of agents. We aad any agent can listen to the others, we face a similar
sume the lack of an external coordinator, and therefqgreblem.

we focus on mechanisms which have a solution where thg, ihis paper, we aim to design selection mechanisms

agents play weakly dominant strategies. Our first maj@t vield a deterministic selection of winners, by dis-

result sh0\_/vs that dom_lnated strategies COL?'d be adde‘_{]rﬁ?uting the central randomization device among the self-
any selection m_echanlsm_, so that the resulting mechanm?%rested agents, applying game-theoretic techniques to
becomes quasi-symmetric. For fairness, we require @%ure adherence of the agents to protocol. This serves as

mechanism to be non-imposing; that is, the mechanigy ajternative to cryptographic techniques in the context
should allow any agent to be selected in such a SO'”“%’Header election

We first show that such mechanisms do not exist when L ] ]
there are two or three agents in the system. However, surl Order to capture the agents’ incentives, we define the

prisingly, we show that such mechanisms exist when th&giion of selection games. These games are a special case
are four or more agents. Moreover, in our second nid-Zero-sum games where the only possible outcomes are
jor result, we show that there exist selection mechanisifd€ctions of a single agent among the set of agents. We
that implement any distribution over the agents, when tR&SUme that the agents will play (a mixture of) weakly

agents play mixed dominant strategies. These results dogrinant strategies if such strategies exist. We therefore

have significance for distributed computing, ranking syl2CUS on selection games where a desired outcome is at-
tems. and social choice. tained when all agents play such strategies. Our aim in the
design of such mechanisms is that the mechanisms will be

fair and will implement a desired probability distribution

1 Introduction on the outcomes.

Fairness in this context is captured by the notion of
The design of deterministic and fair mechanisms for sgdasi-symmetry. Quasi-symmetry means that all agents
lection among a set of self-motivated agents based soledve the same strategy set, and that the outcome depends
on these agents’ input is a major challenge for electrominly on the multiset of strategies played, and not on the
commerce. For example, a common marketing tactic isitientity of the players. In fact, in a quasi-symmetric game
conduct lotteries among customers. However, legal cailagents have exactly the same influence on the outcome.
straints limit the use of such lotteries, leading businesd¢ote however, that the agents’ incentive structure may
to apply alternative means for fair distribution of prizesiave a major effect on the strategies actually selected, and



thus on the practical influence of each agent in the game Another line of research, initiated by Ben-Or and
Our first main result shows that any selection ganhénial[5], deals with the problem of collective coin flip-
can be extended to a quasi-symmetric game preservigg. In this context, the idea is to try and minimize the
all agents’ dominant strategies. Hence, if we are ableitdluence of agents and coalitions on the result of the lot-
implement some desired outcome in dominant strategiesy in the face of Byzantine failures. Some powerful
we can also do so fairly, in the sense of quasi-symmetnyechanisms showing a relatively small amount of influ-
We then show, in our second main result, that in &atf ence have been introduced (see [9] for a discussion of
distribution over at least four agents may be implementsdch results). However, these approaches do not utilize
under mixed dominant strategies. These two results tbe incentive structure of the agents, and thus agents must
gether offer a practical means of conducting arbitrary dee given some level of influence, which may be abused to
terministic lotteries in a fair manner. Alternatively, shiensure self-selection.
result can be viewed as providing means for leader elecThis problem of influence has been addressed by us-
tion for an arbitrary distribution. ing cryptography in the form of one-way functions in or-
These results are applicable to several types of populer to circumvent the problem of open communication.
online lotteries. For example, businesses conduct sweghis approach however is not secure in the information-
stakes where the chances of winning are proportionaltk@oretic sense, as agents with an unlimited computational
some participation indicator (such as points, products ppower are able to reverse the one-way function and re-
chased, etc.). Our general distribution result directly agppond. On the positive side, such protocols are secure
plies in this context. Another example is in the selectiaven in the face of coalitions. In our discussion of selec-
of ads to be shown based on agents’ bids[13]. If we wisilbn games with solutions in strong Nash equilibrium, we
that the selection will be random based on the relatidemonstrate such a secure mechanism for the case where
value of bids, then our machinery becomes highly releemmunication is private.
vant. In section 2 we define the selection games setting and
Several additional results are also obtained in this pgolution concepts in this setting. In section 3 we prove
per. We show that, surprisingly, in the special case wheyer first major result with regard to the existence of quasi-
there are only two or three agent® selection game ex- symmetric selection games. In sections 4 and 5, we prove
ists where all agents have nonzero probability of beifige existence of non-imposing selection games and selec-
elected. Formally, this is captured by the fact no notion games for general distributions respectively. Sectio
imposing selection games exist for two or three agengsdiscusses the existence of selection games where all
We also discuss the notion of dummy players — plaggents are active, and section 7 discusses the strong Nash
ers which do not influence the outcome when playirgyuilibrium solution concept. Finally, in section 8 we dis-
their dominant strategies. We show that there exist nagitss the impact of this work on related fields.
imposing selection mechanisms without dummy players
foralln > 4.
As mentioned above, our selection games setting2s Selection Games
related to the leader election problem in distributed
computing[10]. In particular, the study of the so-callegh order to begin our discussion of selection games, we
cheater's edg] can be applied to our domain. Thapuyst first formally define the notion of a selection game

StUdy focuses on |Im|t|ng the probability of a failed agers q Specia| case of a zero-sum normal form game:
being elected under a Byzantine failure model. Specif-

ically, that paper presents a protod@] that guaranteesDefinition 2.1. A selection gameis a tuple G =
that under at most one fault, the faulty agent will beV, S,v), where N = {1,...,n} is a set of players
elected with probability of at mosjlt, which is the mini- (n > 1), S = (51, S2,....S,,) is a vector of strategy sets
mal attainable probability. This can be seen as a spedial= {s!,...s]"'} for each player, and is a function
case of our second main result, as this protocol imple= S — N (S = S; x Se x --- x S,,) that maps every
ments the uniform distribution. strategy profiles € S to a winnerv(s) € N.



A selection game can be mapped to a zero-sum norroball strategy profiles where every player plays a weakly

form game with the utility function dominant strategy. Thatis, for alle N : s; € Dg(i).
) TheMixed Dominant Strategiesolution concep€y; p
ui(s) = { (1) Olf{ﬁ) =1 is the set of all mixed strategy profileswhere every
erwise player plays a weakly dominant mixed strategy. That is,

This definition means that all the results that apply to g &l i € N:s; € A(De(i). _
eral zero-sum games apply to selection games as welll heUniform Dominant Strategiesiixed solution con-
Specifically, classical games suchatching Penniesr  CePCup consists of the mixed strategy profié where
evenChess(assuming no ties) are in fact two-player sdor all7 € V: s{ is a uniform mixture oveDc (i).

lection games. o Example 2.5. Consider the selection game
InGameTheory,wheneveratypeofgame|sd|scuss§d —  (N,S,v), where N = {1,2,34)

we try to define solution concepts for that type of game. _ ({a1, b1}, {as, ba}, {az, b3}, {c}), and v is de-
Such a solution concept may be pure, mixed, or cor&sivad pelow: '
lated: '
b

Definition 2.2. A (pure) solution concept for selection a a?’b a ’ b
gamess a functionC : G — p(S) that maps every se- a 12 42 22 22
lection gameZ € G to a set of strategy profiles in that bl T T3 T 13
game. !

A mixed solution concept for selection gantea func- | this game all strategies for all players are weakly

tionC : G — p(A(S1)x A(S2)x---x A(Sy)) thatmaps dominant. Therefore, all 8 strategy profiles are solutions
every selection game to a set of mixed strategy profilesjin\yeakly dominant strategies. Furthermore, any mix-
that game. . _ . ture (o, 1 — ), (3,1 = ), (7,1 — ), (1)) is a solution

A correlated solution concept for selection gan®s. in mixed dominant strategies. However, there is only one
functionC : G — p(A(S)) that maps every selectionsg|ytion in uniform dominant strategies, which is when
game to a set of probability distributions over strategpe three active agents play theif”strategy with a prob-
profiles in that game. ability of exacﬂy%_

Note that any pure solution concept can be mapped to
an equivalent mixed solution concept, and every mix i
solution concept can be mapped to an equivalent cor}%g— QuaS| Symmetry
lated solution concept.

We can now present several solution concepts
weakly dominant strategies for normal-form games:

A basic requirement from mechanisms for determinis-
tie lotteries is fairness in the sense that all agents have
the same influence, as captured by the notion of quasi-
Definition 2.3. Let G = (N, S,v) be a selection gamesymmetry. In a quasi-symmetric game all agents have the
and leti € N be some agent. The weakly dominant stra§ame options (i.e. strategy set), and the outcome is deter-
egy set fori in G, denoted byD¢(i), is the set of all mined only by the multiset of strategies played, with no
strategies; € S; such that for all strategy profile$ € S:  regard to which agent played what strategy:

v(sh,s" ) =1i=v(s;, s ;) =1.

Definition 3.1. A selection gameG = (N, S,v) is

Note that our definition of weakly dominant stratecalled quasi-symmetric if all strategy sets are eqtak{
gies allows for several weakly dominant strategies that &pvi, j € V) and for every permutation : N — N and
agent is indifferent between, as we do not require a striet every strategy profile € S: v(n(s)) = v(s).

reference over every other strategy. . o
P y 9y Note that this definition is different fronsymmetry

Definition 2.4. Let G be a selection game. Thweakly as defined for normal-form games, which requires the
Dominant Strategiepure solution concefly p is the set payoffs be also permuted. Such symmetry, however, is



impossible with selection games because it implies thate
when all agents play the same strategy there will be a tie.
Our first major result shows that any selection game can
be extended to a quasi-symmetric one while preserving
the dominant strategy sets for the agents. That is, in any
selection game we can add dominated strategies for the
agents to produce a quasi-symmetric selection game.

Theorem 3.2. Let G = (N, S,v) be a selection game e
where all agents’ strategy sets are disjoint. Then, there ex
ists a quasi-symmetric selection gadie= (N, S, v')

such that for alls € S: v/(s) = v(s), and for every agent

i € N: Dg(l) = Dg/(i).

Proof. AssumeN = {1,2,...,n} and assume5; =
{s},...,si}foralli € N. LetS" = US;. Thatis,

all agents can play any of the agents’ strategies. @he
function is defined as follows: In order to preserve quasi-e
symmetry, we will define’’ on multisets of strategies in
S’. Letp € S’ be some multiset of size overS’.

o If {i|Fj: s‘ € p} = N, that is, exactly one strategy

If {i|3j : s/ € p} = N andp; = s’ for somej, that
is, exactly one strategy of each agent is playediand
plays its own strategy:

V(p)=i=vp)=1i=>
=o(d;,p_;) =1=V(di,p_i) =1

If {i|3j : s/ € p} = N andp; = s, for somej and

k # i, then in(d;, p—;) agenti’s strategies will be
played twice while all other agents’ strategies would
be played at most once, and thii&d;, p_;) = i.

If {i|3j : s/ € p} # N andp; = s/ for somej, then
v'(p) = v'(d;, p—;) becaus&,(r) = Cq, p_,(r) for
allr € N and the original game is not played.

If {i|3j : s/ € p} # N andp; = s, for somej and

k # i, thenCy, ,, , (i) > C,(i), while Cy, , ,(r) <

C’()forallr € N\ {i}, and thus’(p) = i =
V' (ds, p—i) =

of each agentis played, then jgt= siforallie N Now assume; € D¢ (i) \ D (i) is a dominant strategy.

A

ands] € p. In this case, we define (p) = v(p’).

If d; = sﬂ for somej, then the same example proving

That is, the original game is played with the stratg ig not dominant in( is also valid inG’. Therefore,

gies assigned for each agent — note that these strafe-_

gies may have been played by different agents than
the original ones. °

o Otherwise, we defing/(s) £ argmax(C, (i)+ 1),
where .
i) = Z #p(s7)
j=1

and #,(s?) is the number of instances ef in p.
That is, when more than one strategy of an agent is
played, the winner is determined by plurality on the
number of times the agent’s strategy is played, with
ties broken based on agent number.

This game trivially satisfies the requirement that for all
s € S: v(s) = v(s). Itis now left to show that the
dominant strategy sets of the agents remain the same.
Leti € N be some agent. Lel; € D¢(i) be a domi-
nant strategy fofin G. We shall now showi; is dominant
in G’. We must now show that for every strategy profile
pe€SING: v (p) =i=v'(d,p_;) =i. Letp € Sbe
some strategy profile and consider the following cases:

s, for somej andk # i. Consider two cases:

Assume there exists some strategy prafile S in

G wherev(p) = i ands;, € p. Consider the strategy
profile (d;, p—;). In this strategy profileﬁ is played
twice while ever other agent’s strategy is played at
most once and thus'(d;, p—;) = k # i. Note that
v'(p) = 4, which is a contradiction to the fact that

is a dominant strategy i6".

e Otherwise, there exists some strategy profile S in

G wherev(p) # i andsf; € p. Consider the strategy
profile p’ = p[i <« k], which is the same gswhen
agent; playsk’s strategy and vice versa. Note that
p; = d; and that'(p’) = v(p) # i. Now consider
the strategy profilés{,p’_i), Wheres{ € S;. In this
strategy profileC'(i) = 2 while for all other agents
r € N: C(r) < 1. Thereforep/(s],p”;) = iin
contradiction to the fact that; is a dominant strategy
in G'.

O



It is important to note that although this quasistrategies. Needless to say, this prevents the implementa-
symmetric extension technically gives the agents mdien of general distributions.
options to choose from, the constructed incentive struc-
ture implies that it is in each agent’s best interest to pl@yoposition 4.2. There exists no selection game that

one of its original strategies, as all other strategies a&enon-imposing under weakly dominant strategies with
dominated. IN| < 3.

Example 3.3. The quasi-symmetric extension of the )
game in Example 2.5 is @ x 7 x 7 x 7 game. Here PT00f. Assume|NV| = 2. Let (s1,s2) be a solution un-

is a partial table of/ in this game where playefsand4 der weakly dominant strategies wherg:, s») = 1 and

playas ande respectively (cells ibold indicate when the '€t (51, s5) be @ solution under weakly dominant strate-
original game is played): gies whereuv(s), s,) = 2. By weak dominance of}:

v(s), s2) = 1, but by weak dominance @f, : v(s, s2) =
2, which is a contradiction.

[s1\sz [ a1 [ by [as [ by [as [ bs [ €]
a 1 1 1 4 3 3 | 4 Assume [N| = 3. Let (S},S%,S%), (S%,S%,S%),
by T 1111133314 (s3,53,53) be solutions under weakly dominant strate-
s 11221213132 gies wherev(st, s, s4) = i. By dominance of strategies
as 31313133314 s 1
by |3 3|3 [3|3]3]4 v(si,52,83) =
£ 414 4alala]4a]4 v(s?, 53, 53)
3
1

H . s e v(S1,S59,S =
We can see in this example, that it is indeed best for (81, 82, 83)

each agent to play one of its original weakly domina : )
strategiges Pay g y Row consider the strategy profil¢s?, s3,s3).  |If
' v(s?, s3,s8) = 1, then by dominance ofs$:
v(s?,s3,s3) = 1 # 3, in contradiction to the above. Sim-
4 Non_|mposition ?Iarly, if v(s?,s3,s3) = 2thenvu(s?, sd, sl) =2#1 E.lnd
if v(s?,s3,s1) = 3 thenuv(s?,s3,s%) = 3 # 2, which
One application of selection games is in the context §@Rds to a contradiction. u

elections among members of some group, also known as

Ranking Games or Systems[6, 1]. In this context, a very

simple requirement is non-imposition, which means ev- We will revisit the significance of this result to ranking
ery agent has a situation in which it is elected[2]. Hovgystems in our discussion in Section 8.

ever, in the context of selection games, we want to ensur&Ve shall now complete the classification by demon-
this situation will actually occur when the game is playedtrating the existence of non-imposing selection games
Therefore, we require that all outcomes must be possiklih four or more agents.

in asolutionof the game:

Definition 4.1. LetC be a (pure) solution concept for Se|_3r0p05|t|on 4.3. There exist selection games that are

lection games. A selection ganie— (N, S, v) is called non-imposing under weakly dominant strategies for all

non imposing under solution conceptf for all i € N IN| = 4.
there exists some solutiene C(G) such that(s) = i.
Proof. Let Gxn = (N,S,v), where S =
As the following proposition shows, if the number ofa;,51,5,6,...,n}, S = {as,b2}, S5 = {as, b3}

agents is at most three, it is impossible to satisfy evand.S; = {¢} for all ¢ > 4. Thew function is defined as
this modest fairness requirement under weakly domindoliows:



as b3 Proof. AssumeN = {1,2,...,n}andD = (di,...,d,)
az | by | az | by wheren > 4. Letk be a multiplier such thal; - k € N
ap | 1 | 4| 2|2 foralli € N. Assume wlog thatl; < dy < --- < d,,.
by | 1|3 |43 Letk' = (dy + do)k?.
5]/ 15|55 DenoteB = {k’-(d1 +dz2)+1,...k'}? andletd C B
6111666 be a set such thatl| = ds - k2. Such a set exists because
- i - - - d3-/€/2 S Mzchk/QS#kQS

, - < (1—di —d2)*k” =|B|.
Note that the three active agents are indifferent between s ! 2) 1]

all their strategies under every strategy profile, and thug et G = (I, 5, v) be the selection game whefe =

all outcomes are solutions in weakly dominant strategiqs. ... '} for i € {1,2,3} andS; = {e} fori €
As every agent has at least one outcome in which she 8- . 1. Thev function is defined to satisfy:
pears,G satisfies non-imposition under weakly domi-
nant strategies. O W(s1,5m58) =1 55 < k' dy
1,992,953 3= dl + dg

. . A SQSkl'(d1+d2)

5 Implementation of General Dis- Wod,
tributions Vo) =2 & s> g

A st <K (dy +dg)

We shall now present our second main result: the exis-
v(s1,82,83) =3 < (s1,82) € A.

tence of selection games that implement any distribution

under mixed dominant strategies. First, we must defifige remaining combinations @, s», s3) are mapped
the concept of implementation of a distribution: to the rest of the agents such that agentill satisfy
v(s1, s2,83) = i for exactlyd; - k'3 combinations.

Note that the three active agents are indifferent between
all their strategies under every strategy profile, and thus
all outcomes are solutions in weakly dominant strategies.
Further note that fof € {1, 2, 3}, agent appears exactly
d; k'3 times which is; of the matrix, and that the remain-
ing agents are placed in the remainder of the matrix. Thus
the given distribution of the outcomé&3 will be imple-
mented when all agents uniformly mix on their weakly

The existence of selection games that are uniform un@@minant strategies. m
uniform dominant strategies has been previously showr]:or the sake of mathematical completeness, we will

by [3]d|nh_the colntext of 'e"’?der lecli(.ect{gn._ We shall NOWow show that is also possible to implement irrational dis-
extend this result to any rational distribution: tributions, but only under mixed dominant strategies.

Definition 5.1. A selection gamé& = (N, S, v) imple-
ments a distributior® C A(N) under correlated solu-
tion concept if there exists some solutione C(G) such
that for alli € N: Pr[v(s) = ] is distributed according
to D.

A selection gamé&; = (NN, S,v) is calleduniform un-
der correlated solution conceptit implements the uni-
form distribution undec.

Definition 5.2. A probability distributionD over a finite Fact5 4. LetD be an irrational distribution over a finite
set/ is calledrationalif for all = € N: D(x) € Q. agent setN. There exists no selection game that imple-

Theorem 5.3. Let N be a finite player set wheigV| > mentsD under uniform dominant strategies.

4, and letD be a rational distribution ovetN. There proof. Trivial. A uniform distribution on a finite strat-

exists a selection game that implemetander uniform egy set leads to a rational probability for selection of each
dominant strategies. agent. u



Theorem 5.5. Let N be a finite player set whetéV| > 4. These solutions are in fact well-defined and satisfy the
There exists a selection garfig; such that for any distri- constraints (the cases fgrandz are symmetric):
butionD overN: G implement® under mixed dominant

strategies. A = (1—-di—dy—d3)* —ddidody >
1 1
Proof. Assume N = {1,2,....n} and D = > (1)2 - 4(1)3 =0
dy,da,...,dy) wh > 4. A log thatl; <
((121,< .2.’.<7d ) wheren > ssume wlog thatl; < VA < (1= dy — do — ds)
LetGy = (N, S,v) be the selection game whe$g = r > l—di—dg+dy— (1 -y —dy—d3) _
{ail,...a’f,b‘ll,...,b?}, SQ = {QQ,bQ}, Sg = {ag,bg} - 2(1_d1)
andS; = {e} fori € {4,...,n}. Thev function is de-  2dy -0
fined as follows: T2l —dy) T
as b3 r < 1—d1—d3+d2+(1—d1—d2—d3):
ag b2 ag | b2 - 2(1 - dl)
4 4 _ _
a.1 : _ 200 —dy —dy) <1
: : 2 2(1 = du)
a:{ nl Choose one of the solutions above, andsfebe the
by 4 strategy profile where player plays sfcrategya{ with
! 3 : probabilityz-d;/ >, d;, and strategy; with probabil-
by n ity (1—x)-d;/ >, d;; and players 2 and 3 play strate-

] o giesas andas with probabilitiesy andz respectively. As
Note that the three active agents are indifferent betwgg 5pove equations are satisfied, we get that whea

all their strategies under every strategy profile, and t,hb'%yed, every agenitwins with the correct probability;,

all outcomes are solutions in weakly dominant strategieg, 4 thus implementsD. 0
Therefore, any mixture by the players is a mixed dominant
strategy. Applying Theorem 3.2, these results can be extended to

Now consider the following system of equations wheguasi-symmetric games.
x,y, z are the probabilities the three players play thelr

strategies respectively: Corollary 5.6. Let N be a finite player set wheilgV| >

4. LetD be a distribution overV. There exists a quasi-
(1—y)-z = d symmetric selection gam@ that implementsD under
(1—2)-z = do weakly dominant strategies. Moreover,Zif is rational
i ) P thenG implement$ under uniform dominant strategies.
p— I . y P 3

O<zyz < 1
6 No Dummy

Solving, we get the following solutions:
We now revisit the notion of fairness. Although quasi-

o 1—d—ds+dry £ VA symmetry does indeed capture fairness in the sense that
2(1 —dy) all agents have exactly the same potential influence, due to
1—dy—dy +ds £ VA the incentive structure it may be the case that some agents
y = 2(1 — dy) have only one weakly dor_nlnant s_trategy, which they will
always play. Therefore, it is of interest to consider the
o L—dy—dr+d £ VA design of selection mechanisms where all agents have at
2(1 —ds) least two different weakly dominant options to choose
A = (1 —dy —dy — d3)2 — 4d1d2d3 from.



Definition 6.1. Let G = (N, S,v) be a selection game. as bs
A playeri € N is called adummy playeif for all weakly az | by | az | by
dominant strategy profiles ; € S_; and for all weakly ap | 1] (%) | 2 ]2
dominant strategies, s; € D¢ (4): by | 1] 3 | (%] 3
v(ss, 5—i) = v(s}, 5_). If a strategy profile marked bfx) is played, the game

G,,_3 determines the outcome. All strategies in this game
G is said to satisfyno dummyif no playeri € N is a are weakly dominant and this game is non-imposing by

dummy player. induction onGG,,_3. Furthermore, no player in the game
is a dummy player, as required. O
We now show that this no dummy property can in fact o R )
be satisfied by non-imposing selection games. The classification of the set of distributions that are im-

plementable in mixed or uniform dominant strategies by
Proposition 6.2. There exist selection games that aréelection games with the constraint of no dummy is an
non-imposing under weakly dominant strategies and s@Pen problem. We conjecture that any distribution is im-
isfy no dummy for evefyv| > 4. plementable in mixed dominant strategies in such games.

We shall now present a partial result in that direction.
Proof. We will prove the existence of such selection

games by induction. For the base of the induction we wAlfoPosition 6.3. Let N = {1, ... n} be a player set such
show games with 4, 5, and 6 players. In each of théé@tn = 4 + 3k for somek € N. There exists a selec-
games all players have two strategfes, b;}, and they tion gameC, that satisfies no dummy and implements any
functions are described below (the cells with more th&#stributionD € A(NV) under mixed dominant strategies.

one value have different values depending on the numi'g,%of LetD = (di, ds d,)). Assume wiog that; <

of players): dy < --- < d,. The gamé&s,, is the game recursively
defined in the proof of Proposition 6.2. We have already
a6 be shown this game satisfies no dummy and that all strategies
a4 by a4 by are weakly dominant. It remains to show a solution in
ay by | as by | as by | ay by | Mixed dominant strategies in whidhis implemented.
asazay | 1 3 B D) 5 9211 3 The solution in mixed dominant strategies that imple-
by | 1 4 3 4 3 41|11 4 | mentsDis as follows: Agent: playsa, with probability
bsa; | 45 3 |am 1 =115 3] 1 Foralke {0,... 251}, the other agents’ strategies
by | 2 9 3 1 3 1|9 o aredefined as follows (following the proof of Theorem
hasa ] 2 2] 1 31 312 2] >
phll il sl 818 81 essivs
3k+1 —
’ Zi 3 1|2 202 2|3 1 i 201 = a1 /i)
5 _ g rg + 2dgi 43/ Sk £ VA
Itis easy to see that all strategies in these games are Sz 2(1 — d3g12/Sk)
yveakl)_/ dominant and that th_e games are in fact non- P + 2d3sr /Si £ VA
imposing under weakly dominant strategies. Further- $3k4+3 = 20 —d 75
more, no player in these games is a dummy player. . T UBk+3/ Ok
Let N = {1,...,n}, wheren > 7. LetG,_3 be _ ‘
.  Where : Se o= Y. di
a selection game that is satisfies no dummy and is non- e
imposing under weakly dominant strategies for the player n
set{4,...,n}. In this case, the following gam@,, is P 1 Z d;
played: Sk, s



A = As it turns out, while the study of dominant strategy
solutions for the implementation of arbitrary distriburtso
The distributionD is implemented because in every suliras been to the best of our knowledge first introduced in
game the three participants are selected with the corngi@s paper, similar results regarding strong Nash equilib-
relative probability, and the remaining games are playgdm can be easily derived from classical mechanisms in
in the remainder of the cases. O cryptography[5].
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. . Proposition 7.2. There exist quasi-symmetric selection
In order to demonstrate our conjecture, we will now

show an example of a selection game that satisfies g%mes that implement every rational distributignun-

dummy and is uniform under uniform dominant strat%-er strong Nash equilibrium for every, where no agent

. as a dominated strategy.
gies.

_ _ Proof. AssumeN = {1,...n}letD = (dy,...,d,) be
Example 6.4. The following 8-player selection game saty rational distribution ovelN. Letk be a multiplier such
isfies no dummy and is uniform under uniform dominamat, . 1 € Nforalli € N. LetG = (N, S,v) be a

strategies: selection game where every agent has strategy,set
a7es bres {0,...k—1},andforalli € N: v(s) = i iff
a3e4  b3ga | azea  b3ga
arps  G1@2 1 7 3 3 i—1 n i
bioo 1 5 ] 5 k-Zdjg Zsj mod%<k-Zdj.
bras  aig2 2 7 4 4 Jj=1 Jj=1 j=1
biga | 2 6 8 6 This game is trivially quasi-symmetric. Consider the

Each palir of agents_ strat_egy IS XQRd to_gether to aé'trategy profile where all agents uniformly mix over
fect each of the four dimensions of this matrix, thus eve, eir pure strategies. In this strategy profile the sum

agent has an effect on the outcome. As all strategies fgkn s;]modk is distributed uniformly or{0, ... k—1}
all agents are dominant, this game satisfies no dummdy’r-L 7 L '

A Il is plaved with | probabili q the definition ofv, the distributionD is correctly im-
s every cell Is played with equal probability and everyjemanieq. Furthermore, this is a strong Nash equilibrium
agent appears exactly twice, this selection gameis in f

) ) X : Etause a coalitior C S cannot change the distribution
uniform under uniform dominant strategies. of [2?21 s;]modk, while the coalitionC' = S always
includes the winning agent. Therefore, no coalition can
profit from deviation. O

7 Strong Nash Equilibrium

One can consider other solution concepts in parallel to {8e Discussion and Implications
ones based on weakly dominant strategies. In particular,

another strong concept is the strong Nash equilibrium[4].slight variation of the selection games setting discussed
Here we consider a stronger version of this equilibriun this paper is when the incentive structure is reversed,
concept, where the deviating coalitions are allowed @&md each agent prefen®t to be selected. Any selection
transfer utility. game where all agents have only weakly dominant strate-
gies, and thus are indifferent between all their strategies
Definition 7.1. Let G be a selection game. TI&trong retains this feature in the reverse incentive structure. As
Nash Equilibriummixed solution concefdls v ; is the set our second main result was built using this kind of games,
of all mixed strategy profiles where for allC' C N and jt equally applies in the reverse utility setting. Indeed,
for all mixed strategy profiles’ € A(S1)x A(S2)x---x  apart from the results regarding quasi-symmetry, all of the
A(Sn) wheres; =s; Vie N\ C: results in this paper apply in the reverse utility setting.
Selection games are as a special case of ranking

Prlu(s") € C] < Prlu(s) € C] gamesJ[6], where the agents care only about whether or not



they are ranked first (or last). Mechanism design in thi§s] M. Ben-Or and N. Linial. Collective coin flipping.
setting has been studied in work on ranking systems[1, 2]. In S. Micali, editor,Randomness and Computatjon
For example, when outgoing links are considered as votes, pages 91-115. Academic Press, New York, 1989.
any page ranking system, such as PageRank[11] or the ) .
HITS algorithm[8] can be described as a ranking systend®] F- Brandt, F. A. Fischer, and Y. Shoham. On strictly
implying a selection game in which agents care only about  COMPetitive multi-player games. Froc. of AAAI-
being ranked first. Our results can therefore be interpreted 06, 2006.

also from the perspective of the study of existence ofnorm A. Gibbard. Manipulation of voting schemes.

imposing incentive compatible ranking systems. In par- Econometrica41:587—601, 1973.
ticular, although it has been shown that under the linear '

utility function there exists an incentive-compatible non [8] J. M. Kleinberg. Authoritative sources in a hyper-
imposing ranking system for three agents[2], we have linked environment.Journal of the ACM (JACM)
shown in Proposition 4.2 that no such selection mecha- 46(5):604—632, 1999.

nism exists. o )

It is also interesting to put this work also in perspeclg] N. _L|n|aI. Game-Theoretic Aspects of Computer
tive of work on incentive-compatible social choice. The Science.  In R. Aumann a_nd S, Har_t, ed|t(_)rs,
celebrated Gibbard-Sattewhaite theorem[7, 12] shows an Handbook of Game Theory with Economic Applica-
impossibility result for non-imposing incentive compati- tions, Vol. Il, Chapter 38pages 1340-1395. North-
ble mechanisms if there are at least three candidates in a Holland, 1994.
social choice setting. In contrast, our results show t gb] N. A. Lynch. Distributed AlgorithmsMorgan Kau-
in a selection game setting, although impossibility is ob- mann, 1996. LYN n 96:1 P-Ex.
tained when there al@ mostthree agents, a constructive
possibility result is obtained for four or more agents. [11] L. Page, S. Brin, R. Motwani, and T. Winograd.

The pagerank citation ranking: Bringing order to the
web. Technical Report, Stanford University, 1998.
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