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Abstract

The design of deterministic and fair mechanisms for se-
lection among a set of self-motivated agents based solely
on these agents’ input is a major challenge for electronic
commerce. These mechanisms are a special case of zero-
sum games where the only possible outcomes are selec-
tions of a single agent among the set of agents. We as-
sume the lack of an external coordinator, and therefore
we focus on mechanisms which have a solution where the
agents play weakly dominant strategies. Our first major
result shows that dominated strategies could be added to
any selection mechanism, so that the resulting mechanism
becomes quasi-symmetric. For fairness, we require the
mechanism to be non-imposing; that is, the mechanism
should allow any agent to be selected in such a solution.
We first show that such mechanisms do not exist when
there are two or three agents in the system. However, sur-
prisingly, we show that such mechanisms exist when there
are four or more agents. Moreover, in our second ma-
jor result, we show that there exist selection mechanisms
that implement any distribution over the agents, when the
agents play mixed dominant strategies. These results also
have significance for distributed computing, ranking sys-
tems, and social choice.

1 Introduction

The design of deterministic and fair mechanisms for se-
lection among a set of self-motivated agents based solely
on these agents’ input is a major challenge for electronic
commerce. For example, a common marketing tactic is to
conduct lotteries among customers. However, legal con-
straints limit the use of such lotteries, leading businesses
to apply alternative means for fair distribution of prizes.

Therefore, it may be of great potential interest to provide
a deterministic and fair mechanism which will mimic the
outcome generated by such lottery. Naturally, such legal
constraints imply that the mechanism should rely only on
the agents’ inputs. Moreover, whenever a group of self-
motivated participants need to randomly select a candi-
date in a setting in which there is no external coordinator
and any agent can listen to the others, we face a similar
problem.

In this paper, we aim to design selection mechanisms
that yield a deterministic selection of winners, by dis-
tributing the central randomization device among the self-
interested agents, applying game-theoretic techniques to
ensure adherence of the agents to protocol. This serves as
an alternative to cryptographic techniques in the context
of leader election.

In order to capture the agents’ incentives, we define the
notion of selection games. These games are a special case
of zero-sum games where the only possible outcomes are
selections of a single agent among the set of agents. We
assume that the agents will play (a mixture of) weakly
dominant strategies if such strategies exist. We therefore
focus on selection games where a desired outcome is at-
tained when all agents play such strategies. Our aim in the
design of such mechanisms is that the mechanisms will be
fair and will implement a desired probability distribution
on the outcomes.

Fairness in this context is captured by the notion of
quasi-symmetry. Quasi-symmetry means that all agents
have the same strategy set, and that the outcome depends
only on the multiset of strategies played, and not on the
identity of the players. In fact, in a quasi-symmetric game
all agents have exactly the same influence on the outcome.
Note however, that the agents’ incentive structure may
have a major effect on the strategies actually selected, and
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thus on the practical influence of each agent in the game.
Our first main result shows that any selection game

can be extended to a quasi-symmetric game preserving
all agents’ dominant strategies. Hence, if we are able to
implement some desired outcome in dominant strategies,
we can also do so fairly, in the sense of quasi-symmetry.
We then show, in our second main result, that in factany
distribution over at least four agents may be implemented
under mixed dominant strategies. These two results to-
gether offer a practical means of conducting arbitrary de-
terministic lotteries in a fair manner. Alternatively, this
result can be viewed as providing means for leader elec-
tion for an arbitrary distribution.

These results are applicable to several types of popular
online lotteries. For example, businesses conduct sweep-
stakes where the chances of winning are proportional to
some participation indicator (such as points, products pur-
chased, etc.). Our general distribution result directly ap-
plies in this context. Another example is in the selection
of ads to be shown based on agents’ bids[13]. If we wish
that the selection will be random based on the relative
value of bids, then our machinery becomes highly rele-
vant.

Several additional results are also obtained in this pa-
per. We show that, surprisingly, in the special case where
there are only two or three agents,no selection game ex-
ists where all agents have nonzero probability of being
elected. Formally, this is captured by the fact no non-
imposing selection games exist for two or three agents.
We also discuss the notion of dummy players — play-
ers which do not influence the outcome when playing
their dominant strategies. We show that there exist non-
imposing selection mechanisms without dummy players
for all n ≥ 4.

As mentioned above, our selection games setting is
related to the leader election problem in distributed
computing[10]. In particular, the study of the so-called
cheater’s edge[3] can be applied to our domain. That
study focuses on limiting the probability of a failed agent
being elected under a Byzantine failure model. Specif-
ically, that paper presents a protocolP0 that guarantees
that under at most one fault, the faulty agent will be
elected with probability of at most1n , which is the mini-
mal attainable probability. This can be seen as a special
case of our second main result, as this protocol imple-
ments the uniform distribution.

Another line of research, initiated by Ben-Or and
Linial[5], deals with the problem of collective coin flip-
ping. In this context, the idea is to try and minimize the
influence of agents and coalitions on the result of the lot-
tery in the face of Byzantine failures. Some powerful
mechanisms showing a relatively small amount of influ-
ence have been introduced (see [9] for a discussion of
such results). However, these approaches do not utilize
the incentive structure of the agents, and thus agents must
be given some level of influence, which may be abused to
ensure self-selection.

This problem of influence has been addressed by us-
ing cryptography in the form of one-way functions in or-
der to circumvent the problem of open communication.
This approach however is not secure in the information-
theoretic sense, as agents with an unlimited computational
power are able to reverse the one-way function and re-
spond. On the positive side, such protocols are secure
even in the face of coalitions. In our discussion of selec-
tion games with solutions in strong Nash equilibrium, we
demonstrate such a secure mechanism for the case where
communication is private.

In section 2 we define the selection games setting and
solution concepts in this setting. In section 3 we prove
our first major result with regard to the existence of quasi-
symmetric selection games. In sections 4 and 5, we prove
the existence of non-imposing selection games and selec-
tion games for general distributions respectively. Section
6 discusses the existence of selection games where all
agents are active, and section 7 discusses the strong Nash
equilibrium solution concept. Finally, in section 8 we dis-
cuss the impact of this work on related fields.

2 Selection Games

In order to begin our discussion of selection games, we
must first formally define the notion of a selection game
as a special case of a zero-sum normal form game:

Definition 2.1. A selection gameis a tuple G =
(N, S, v), whereN = {1, . . . , n} is a set of players
(n > 1), S = (S1, S2, . . . Sn) is a vector of strategy sets
Si = {s1

i , . . . s
mi

i } for each player, andv is a function
v : S 7→ N (S = S1 × S2 × · · · × Sn) that maps every
strategy profiles ∈ S to a winnerv(s) ∈ N .
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A selection game can be mapped to a zero-sum normal
form game with the utility function

ui(s) =

{

1 v(s) = i
0 Otherwise.

This definition means that all the results that apply to gen-
eral zero-sum games apply to selection games as well.
Specifically, classical games such asMatching Penniesor
evenChess(assuming no ties) are in fact two-player se-
lection games.

In Game Theory, whenever a type of game is discussed
we try to define solution concepts for that type of game.
Such a solution concept may be pure, mixed, or corre-
lated:

Definition 2.2. A (pure) solution concept for selection
gamesis a functionC : G 7→ ℘(S) that maps every se-
lection gameG ∈ G to a set of strategy profiles in that
game.

A mixed solution concept for selection gamesis a func-
tionC : G 7→ ℘(∆(S1)×∆(S2)×· · ·×∆(Sn)) that maps
every selection game to a set of mixed strategy profiles in
that game.

A correlated solution concept for selection gamesis a
function C : G 7→ ℘(∆(S)) that maps every selection
game to a set of probability distributions over strategy
profiles in that game.

Note that any pure solution concept can be mapped to
an equivalent mixed solution concept, and every mixed
solution concept can be mapped to an equivalent corre-
lated solution concept.

We can now present several solution concepts in
weakly dominant strategies for normal-form games:

Definition 2.3. Let G = (N, S, v) be a selection game
and leti ∈ N be some agent. The weakly dominant strat-
egy set fori in G, denoted byDG(i), is the set of all
strategiessi ∈ Si such that for all strategy profiless′ ∈ S:
v(s′i, s

′
−i) = i ⇒ v(si, s

′
−i) = i.

Note that our definition of weakly dominant strate-
gies allows for several weakly dominant strategies that an
agent is indifferent between, as we do not require a strict
preference over every other strategy.

Definition 2.4. Let G be a selection game. TheWeakly
Dominant Strategiespure solution conceptCWD is the set

of all strategy profiless where every player plays a weakly
dominant strategy. That is, for alli ∈ N : si ∈ DG(i).

TheMixed Dominant Strategiessolution conceptCMD

is the set of all mixed strategy profiless where every
player plays a weakly dominant mixed strategy. That is,
for all i ∈ N : si ∈ ∆(DG(i)).

TheUniform Dominant Strategiesmixed solution con-
ceptCUD consists of the mixed strategy profilesU where
for all i ∈ N : sU

i is a uniform mixture overDG(i).

Example 2.5. Consider the selection game
G = (N, S, v), where N = {1, 2, 3, 4},
S = ({a1, b1}, {a2, b2}, {a3, b3}, {ε}), and v is de-
scribed below:

a3 b3

a2 b2 a2 b2

a1 1 4 2 2
b1 1 3 4 3

In this game all strategies for all players are weakly
dominant. Therefore, all 8 strategy profiles are solutions
in weakly dominant strategies. Furthermore, any mix-
ture ((α, 1 − α), (β, 1 − β), (γ, 1 − γ), (1)) is a solution
in mixed dominant strategies. However, there is only one
solution in uniform dominant strategies, which is when
the three active agents play their “a” strategy with a prob-
ability of exactly 1

2
.

3 Quasi-Symmetry

A basic requirement from mechanisms for determinis-
tic lotteries is fairness in the sense that all agents have
the same influence, as captured by the notion of quasi-
symmetry. In a quasi-symmetric game all agents have the
same options (i.e. strategy set), and the outcome is deter-
mined only by the multiset of strategies played, with no
regard to which agent played what strategy:

Definition 3.1. A selection gameG = (N, S, v) is
called quasi-symmetric if all strategy sets are equal (Si =
Sj∀i, j ∈ N ) and for every permutationπ : N 7→ N and
for every strategy profiles ∈ S: v(π(s)) = v(s).

Note that this definition is different fromsymmetry
as defined for normal-form games, which requires the
payoffs be also permuted. Such symmetry, however, is
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impossible with selection games because it implies that
when all agents play the same strategy there will be a tie.

Our first major result shows that any selection game can
be extended to a quasi-symmetric one while preserving
the dominant strategy sets for the agents. That is, in any
selection game we can add dominated strategies for the
agents to produce a quasi-symmetric selection game.

Theorem 3.2. Let G = (N, S, v) be a selection game
where all agents’ strategy sets are disjoint. Then, there ex-
ists a quasi-symmetric selection gameG′ = (N, S′n, v′)
such that for alls ∈ S: v′(s) = v(s), and for every agent
i ∈ N : DG(i) = DG′(i).

Proof. AssumeN = {1, 2, . . . , n} and assumeSi =
{s1

i , . . . , s
mi

i } for all i ∈ N . Let S′ = ∪Si. That is,
all agents can play any of the agents’ strategies. Thev′

function is defined as follows: In order to preserve quasi-
symmetry, we will definev′ on multisets of strategies in
S′. Let p ∈ S′ be some multiset of sizen overS′.

• If {i|∃j : sj
i ∈ p} = N , that is, exactly one strategy

of each agent is played, then letp′i = sj
i for all i ∈ N

andsj
i ∈ p. In this case, we definev′(p) , v(p′).

That is, the original game is played with the strate-
gies assigned for each agent — note that these strate-
gies may have been played by different agents than
the original ones.

• Otherwise, we definev′(s) , argmaxi(Cp(i)+
i−1

n ),
where

Cp(i) =

mi
∑

j=1

#p(s
j
i )

and #p(s
j
i ) is the number of instances ofsj

i in p.
That is, when more than one strategy of an agent is
played, the winner is determined by plurality on the
number of times the agent’s strategy is played, with
ties broken based on agent number.

This game trivially satisfies the requirement that for all
s ∈ S: v′(s) = v(s). It is now left to show that the
dominant strategy sets of the agents remain the same.

Let i ∈ N be some agent. Letdi ∈ DG(i) be a domi-
nant strategy fori in G. We shall now showdi is dominant
in G′. We must now show that for every strategy profile
p ∈ S in G′: v′(p) = i ⇒ v′(di, p−i) = i. Let p ∈ S be
some strategy profile and consider the following cases:

• If {i|∃j : sj
i ∈ p} = N andpi = sj

i for somej, that
is, exactly one strategy of each agent is played andi
plays its own strategy:

v′(p) = i ⇒ v(p′) = i ⇒
⇒ v(di, p

′
−i) = i ⇒ v′(di, p−i) = i

• If {i|∃j : sj
i ∈ p} = N andpi = sj

k for somej and
k 6= i, then in(di, p−i) agenti’s strategies will be
played twice while all other agents’ strategies would
be played at most once, and thusv′(di, p−i) = i.

• If {i|∃j : sj
i ∈ p} 6= N andpi = sj

i for somej, then
v′(p) = v′(di, p−i) becauseCp(r) = Cdi,p−i

(r) for
all r ∈ N and the original game is not played.

• If {i|∃j : sj
i ∈ p} 6= N andpi = sj

k for somej and
k 6= i, thenCdi,p−i

(i) > Cp(i), while Cdi,p−i
(r) ≤

Cp(r) for all r ∈ N \ {i}, and thusv′(p) = i ⇒
v′(di, p−i) = i.

Now assumedi ∈ DG′(i) \DG(i) is a dominant strategy.
If di = sj

i for somej, then the same example proving
sj

i is not dominant inG is also valid inG′. Therefore,
di = sj

k for somej andk 6= i. Consider two cases:

• Assume there exists some strategy profilep ∈ S in
G wherev(p) = i andsj

k ∈ p. Consider the strategy
profile (di, p−i). In this strategy profilesj

k is played
twice while ever other agent’s strategy is played at
most once and thusv′(di, p−i) = k 6= i. Note that
v′(p) = i, which is a contradiction to the fact thatdi

is a dominant strategy inG′.

• Otherwise, there exists some strategy profilep ∈ S in
G wherev(p) 6= i andsj

k ∈ p. Consider the strategy
profile p′ = p[i ↔ k], which is the same asp when
agenti playsk’s strategy and vice versa. Note that
p′i = di and thatv′(p′) = v(p) 6= i. Now consider
the strategy profile(sj

i , p
′
−i), wheresj

i ∈ Si. In this
strategy profileC(i) = 2 while for all other agents
r ∈ N : C(r) ≤ 1. Therefore,v′(sj

i , p
′
−i) = i in

contradiction to the fact thatdi is a dominant strategy
in G′.
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It is important to note that although this quasi-
symmetric extension technically gives the agents more
options to choose from, the constructed incentive struc-
ture implies that it is in each agent’s best interest to play
one of its original strategies, as all other strategies are
dominated.

Example 3.3. The quasi-symmetric extension of the
game in Example 2.5 is a7 × 7 × 7 × 7 game. Here
is a partial table ofv′ in this game where players3 and4
playa3 andε respectively (cells inbold indicate when the
original game is played):

s1\s2 a1 b1 a2 b2 a3 b3 ε

a1 1 1 1 4 3 3 4
b1 1 1 1 3 3 3 4
a2 1 4 2 2 3 3 4
b2 1 3 2 2 3 3 4
a3 3 3 3 3 3 3 4
b3 3 3 3 3 3 3 4
ε 4 4 4 4 4 4 4

We can see in this example, that it is indeed best for
each agent to play one of its original weakly dominant
strategies.

4 Non-Imposition

One application of selection games is in the context of
elections among members of some group, also known as
Ranking Games or Systems[6, 1]. In this context, a very
simple requirement is non-imposition, which means ev-
ery agent has a situation in which it is elected[2]. How-
ever, in the context of selection games, we want to ensure
this situation will actually occur when the game is played.
Therefore, we require that all outcomes must be possible
in a solutionof the game:

Definition 4.1. Let C be a (pure) solution concept for se-
lection games. A selection gameG = (N, S, v) is called
non imposing under solution conceptC if for all i ∈ N
there exists some solutions ∈ C(G) such thatv(s) = i.

As the following proposition shows, if the number of
agents is at most three, it is impossible to satisfy even
this modest fairness requirement under weakly dominant

strategies. Needless to say, this prevents the implementa-
tion of general distributions.

Proposition 4.2. There exists no selection game that
is non-imposing under weakly dominant strategies with
|N | ≤ 3.

Proof. Assume|N | = 2. Let (s1, s2) be a solution un-
der weakly dominant strategies wherev(s1, s2) = 1 and
let (s′1, s

′
2) be a solution under weakly dominant strate-

gies wherev(s′1, s
′
2) = 2. By weak dominance ofs′1:

v(s′1, s2) = 1, but by weak dominance ofs2 : v(s′1, s2) =
2, which is a contradiction.

Assume |N | = 3. Let (s1
1, s

1
2, s

1
3), (s2

1, s
2
2, s

2
3),

(s3
1, s

3
2, s

3
3) be solutions under weakly dominant strate-

gies wherev(si
1, s

i
2, s

i
3) = i. By dominance of strategies

{s2
1, s

3
2, s

1
3}, we have:

v(s2
1, s

1
2, s

1
3) = 1

v(s2
1, s

3
2, s

2
3) = 2

v(s3
1, s

3
2, s

1
3) = 3

Now consider the strategy profile(s2
1, s

3
2, s

1
3). If

v(s2
1, s

3
2, s

1
3) = 1, then by dominance ofs3

1:
v(s3

1, s
3
2, s

1
3) = 1 6= 3, in contradiction to the above. Sim-

ilarly, if v(s2
1, s

3
2, s

1
3) = 2 thenv(s2

1, s
1
2, s

1
3) = 2 6= 1 and

if v(s2
1, s

3
2, s

1
3) = 3 thenv(s2

1, s
3
2, s

2
3) = 3 6= 2, which

leads to a contradiction.

We will revisit the significance of this result to ranking
systems in our discussion in Section 8.

We shall now complete the classification by demon-
strating the existence of non-imposing selection games
with four or more agents.

Proposition 4.3. There exist selection games that are
non-imposing under weakly dominant strategies for all
|N | ≥ 4.

Proof. Let GN = (N, S, v), where S1 =
{a1, b1, 5, 6, . . . , n}, S2 = {a2, b2}, S3 = {a3, b3}
andSi = {ε} for all i ≥ 4. Thev function is defined as
follows:
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a3 b3

a2 b2 a2 b2

a1 1 4 2 2
b1 1 3 4 3
5 1 5 5 5
6 1 6 6 6
...

...
...

...
...

n 1 n n n

Note that the three active agents are indifferent between
all their strategies under every strategy profile, and thus
all outcomes are solutions in weakly dominant strategies.
As every agent has at least one outcome in which she ap-
pears,GN satisfies non-imposition under weakly domi-
nant strategies.

5 Implementation of General Dis-
tributions

We shall now present our second main result: the exis-
tence of selection games that implement any distribution
under mixed dominant strategies. First, we must define
the concept of implementation of a distribution:

Definition 5.1. A selection gameG = (N, S, v) imple-
ments a distributionD ⊆ ∆(N) under correlated solu-
tion conceptC if there exists some solutions ∈ C(G) such
that for all i ∈ N : Pr [v(s) = i] is distributed according
to D.

A selection gameG = (N, S, v) is calleduniform un-
der correlated solution conceptC it implements the uni-
form distribution underC.

The existence of selection games that are uniform under
uniform dominant strategies has been previously shown
by [3] in the context of leader election. We shall now
extend this result to any rational distribution:

Definition 5.2. A probability distributionD over a finite
setN is calledrational if for all x ∈ N : D(x) ∈ Q.

Theorem 5.3. Let N be a finite player set where|N | ≥
4, and letD be a rational distribution overN . There
exists a selection game that implementsD under uniform
dominant strategies.

Proof. AssumeN = {1, 2, . . . , n} andD = (d1, . . . , dn)
wheren ≥ 4. Let k be a multiplier such thatdi · k ∈ N

for all i ∈ N . Assume wlog thatd1 ≤ d2 ≤ · · · ≤ dn.
Let k′ = (d1 + d2)k

2.
DenoteB = {k′ ·(d1+d2)+1, . . . k′}2, and letA ⊆ B

be a set such that|A| = d3 · k′2. Such a set exists because

d3 · k′2 ≤ d3 + d4

2
k′2 ≤ 1 − d1 − d2

2
k′2 ≤

≤ (1 − d1 − d2)
2k′2 = |B|.

Let G = (N, S, v) be the selection game whereSi =
{1, . . . , k′} for i ∈ {1, 2, 3} and Si = {ε} for i ∈
{4, . . . , n}. Thev function is defined to satisfy:

v(s1, s2, s3) = 1 ⇔ s3 ≤ k′ · d1

d1 + d2

∧

∧ s2 ≤ k′ · (d1 + d2)

v(s1, s2, s3) = 2 ⇔ s3 >
k′ · d1

d1 + d2

∧

∧ s1 ≤ k′ · (d1 + d2)

v(s1, s2, s3) = 3 ⇔ (s1, s2) ∈ A.

The remaining combinations of(s1, s2, s3) are mapped
to the rest of the agents such that agenti will satisfy
v(s1, s2, s3) = i for exactlydi · k′3 combinations.

Note that the three active agents are indifferent between
all their strategies under every strategy profile, and thus
all outcomes are solutions in weakly dominant strategies.
Further note that fori ∈ {1, 2, 3}, agenti appears exactly
dik

′3 times which isdi of the matrix, and that the remain-
ing agents are placed in the remainder of the matrix. Thus
the given distribution of the outcomesD will be imple-
mented when all agents uniformly mix on their weakly
dominant strategies.

For the sake of mathematical completeness, we will
now show that is also possible to implement irrational dis-
tributions, but only under mixed dominant strategies.

Fact 5.4. LetD be an irrational distribution over a finite
agent setN . There exists no selection game that imple-
mentsD under uniform dominant strategies.

Proof. Trivial. A uniform distribution on a finite strat-
egy set leads to a rational probability for selection of each
agent.
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Theorem 5.5. LetN be a finite player set where|N | ≥ 4.
There exists a selection gameGN such that for any distri-
butionD overN : G implementsD under mixed dominant
strategies.

Proof. Assume N = {1, 2, . . . , n} and D =
(d1, d2, . . . , dn) wheren ≥ 4. Assume wlog thatd1 ≤
d2 ≤ · · · ≤ dn.

Let GN = (N, S, v) be the selection game whereS1 =
{a4

1, . . . a
n
1 , b4

1, . . . , b
n
1}, S2 = {a2, b2}, S3 = {a3, b3}

andSi = {ε} for i ∈ {4, . . . , n}. Thev function is de-
fined as follows:

a3 b3

a2 b2 a2 b2

a4
1 4
...

... 2
an
1 n 1

b4
1 4
... 3 3

...
bn
1 n

Note that the three active agents are indifferent between
all their strategies under every strategy profile, and thus
all outcomes are solutions in weakly dominant strategies.
Therefore, any mixture by the players is a mixed dominant
strategy.

Now consider the following system of equations where
x, y, z are the probabilities the three players play their “a”
strategies respectively:

(1 − y) · z = d1

(1 − z) · x = d2

(1 − x) · y = d3

0 ≤ x, y, z ≤ 1

Solving, we get the following solutions:

x =
1 − d1 − d3 + d2 ±

√
∆

2(1 − d1)

y =
1 − d2 − d1 + d3 ±

√
∆

2(1 − d2)

z =
1 − d3 − d2 + d1 ±

√
∆

2(1 − d3)

∆ = (1 − d1 − d2 − d3)
2 − 4d1d2d3

These solutions are in fact well-defined and satisfy the
constraints (the cases fory andz are symmetric):

∆ = (1 − d1 − d2 − d3)
2 − 4d1d2d3 ≥

≥ (
1

4
)2 − 4(

1

4
)3 = 0

√
∆ ≤ (1 − d1 − d2 − d3)

x ≥ 1 − d1 − d3 + d2 − (1 − d1 − d2 − d3)

2(1 − d1)
=

=
2d2

2(1 − d1)
≥ 0

x ≤ 1 − d1 − d3 + d2 + (1 − d1 − d2 − d3)

2(1 − d1)
=

=
2(1 − d1 − d3)

2(1 − d1)
≤ 1

Choose one of the solutions above, and lets∗ be the
strategy profile where player1 plays strategyaj

1 with
probabilityx ·dj/

∑n
i=4

di, and strategybj
1 with probabil-

ity (1− x) · dj/
∑n

i=4
di; and players 2 and 3 play strate-

giesa2 anda3 with probabilitiesy andz respectively. As
the above equations are satisfied, we get that whens∗ is
played, every agenti wins with the correct probabilitydi,
and thusGN implementsD.

Applying Theorem 3.2, these results can be extended to
quasi-symmetric games.

Corollary 5.6. Let N be a finite player set where|N | ≥
4. LetD be a distribution overN . There exists a quasi-
symmetric selection gameG that implementsD under
weakly dominant strategies. Moreover, ifD is rational
thenG implementsD under uniform dominant strategies.

6 No Dummy

We now revisit the notion of fairness. Although quasi-
symmetry does indeed capture fairness in the sense that
all agents have exactly the same potential influence, due to
the incentive structure it may be the case that some agents
have only one weakly dominant strategy, which they will
always play. Therefore, it is of interest to consider the
design of selection mechanisms where all agents have at
least two different weakly dominant options to choose
from.
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Definition 6.1. Let G = (N, S, v) be a selection game.
A playeri ∈ N is called adummy playerif for all weakly
dominant strategy profiless−i ∈ S−i and for all weakly
dominant strategiessi, s

′
i ∈ DG(i):

v(si, s−i) = v(s′i, s−i).

G is said to satisfyno dummyif no player i ∈ N is a
dummy player.

We now show that this no dummy property can in fact
be satisfied by non-imposing selection games.

Proposition 6.2. There exist selection games that are
non-imposing under weakly dominant strategies and sat-
isfy no dummy for every|N | ≥ 4.

Proof. We will prove the existence of such selection
games by induction. For the base of the induction we will
show games with 4, 5, and 6 players. In each of these
games all players have two strategies{ai, bi}, and thev
functions are described below (the cells with more than
one value have different values depending on the number
of players):

a6 b6

a4 b4 a4 b4

a2 b2 a2 b2 a2 b2 a2 b2

a5 a3 a1 1 3 2 2 2 2 1 3
b1 1 4 3 4 3 4 1 4

b3 a1 4/5 3 4/5 1 5 1 5 3
b1 2 2 3 1 3 1 2 2

b5 a3 a1 2 2 1 3 1 3 2 2
b1 3 4/6 1 4/6 1 6 3 6

b3 a1 5 1 5 3 5 3 5 1
b1 3 1 2 2 2 2 3 1

It is easy to see that all strategies in these games are
weakly dominant and that the games are in fact non-
imposing under weakly dominant strategies. Further-
more, no player in these games is a dummy player.

Let N = {1, . . . , n}, wheren ≥ 7. Let Gn−3 be
a selection game that is satisfies no dummy and is non-
imposing under weakly dominant strategies for the player
set {4, . . . , n}. In this case, the following gameGn is
played:

a3 b3

a2 b2 a2 b2

a1 1 (∗) 2 2
b1 1 3 (∗) 3

If a strategy profile marked by(∗) is played, the game
Gn−3 determines the outcome. All strategies in this game
are weakly dominant and this game is non-imposing by
induction onGn−3. Furthermore, no player in the game
is a dummy player, as required.

The classification of the set of distributions that are im-
plementable in mixed or uniform dominant strategies by
selection games with the constraint of no dummy is an
open problem. We conjecture that any distribution is im-
plementable in mixed dominant strategies in such games.
We shall now present a partial result in that direction.

Proposition 6.3. LetN = {1, . . . n} be a player set such
that n = 4 + 3k for somek ∈ N. There exists a selec-
tion gameGn that satisfies no dummy and implements any
distributionD ∈ ∆(N) under mixed dominant strategies.

Proof. LetD = (d1, d2, . . . , dn). Assume wlog thatd1 ≤
d2 ≤ · · · ≤ dn. The gameGn is the game recursively
defined in the proof of Proposition 6.2. We have already
shown this game satisfies no dummy and that all strategies
are weakly dominant. It remains to show a solution in
mixed dominant strategies in whichD is implemented.

The solution in mixed dominant strategies that imple-
mentsD is as follows: Agentn playsan with probability
1. For allk ∈ {0, . . . n−4

3
}, the other agents’ strategies

are defined as follows (following the proof of Theorem
5.5):

s3k+1 =
rk + 2d3k+2/Sk ±

√
∆

2(1 − d3k+1/Sk)

s3k+2 = 1 − rk + 2d3k+3/Sk ±
√

∆

2(1 − d3k+2/Sk)

s3k+3 =
rk + 2d3k+1/Sk ±

√
∆

2(1 − d3k+3/Sk)

Sk =

n
∑

i=3k+1

di

rk =
1

Sk

n
∑

i=3k+4

di
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∆ = r2
k − 4d3k+1d3k+2d3k+3/S3

k.

The distributionD is implemented because in every sub-
game the three participants are selected with the correct
relative probability, and the remaining games are played
in the remainder of the cases.

In order to demonstrate our conjecture, we will now
show an example of a selection game that satisfies no
dummy and is uniform under uniform dominant strate-
gies.

Example 6.4. The following 8-player selection game sat-
isfies no dummy and is uniform under uniform dominant
strategies:

a7⊕8 b7⊕8

a3⊕4 b3⊕4 a3⊕4 b3⊕4

a7⊕8 a1⊕2 1 7 3 3
b1⊕2 1 5 8 5

b7⊕8 a1⊕2 2 7 4 4
b1⊕2 2 6 8 6

Each pair of agents’ strategy is XOR’d together to af-
fect each of the four dimensions of this matrix, thus every
agent has an effect on the outcome. As all strategies for
all agents are dominant, this game satisfies no dummy.
As every cell is played with equal probability and every
agent appears exactly twice, this selection game is in fact
uniform under uniform dominant strategies.

7 Strong Nash Equilibrium

One can consider other solution concepts in parallel to the
ones based on weakly dominant strategies. In particular,
another strong concept is the strong Nash equilibrium[4].
Here we consider a stronger version of this equilibrium
concept, where the deviating coalitions are allowed to
transfer utility.

Definition 7.1. Let G be a selection game. TheStrong
Nash Equilibriummixed solution conceptCSNE is the set
of all mixed strategy profiless where for allC ⊆ N and
for all mixed strategy profiless′ ∈ ∆(S1)×∆(S2)×· · ·×
∆(Sn) wheres′i = si ∀i ∈ N \ C:

Pr[v(s′) ∈ C] ≤ Pr[v(s) ∈ C]

As it turns out, while the study of dominant strategy
solutions for the implementation of arbitrary distributions
has been to the best of our knowledge first introduced in
this paper, similar results regarding strong Nash equilib-
rium can be easily derived from classical mechanisms in
cryptography[5].

Proposition 7.2. There exist quasi-symmetric selection
games that implement every rational distributionD un-
der strong Nash equilibrium for everyN , where no agent
has a dominated strategy.

Proof. AssumeN = {1, . . . n} let D = (d1, . . . , dn) be
a rational distribution overN . Let k be a multiplier such
that di · k ∈ N for all i ∈ N . Let G = (N, S, v) be a
selection game where every agent has strategy setSi =
{0, . . . k − 1}, and for alli ∈ N : v(s) = i iff

k ·
i−1
∑

j=1

dj ≤





n
∑

j=1

sj



 modk < k ·
i

∑

j=1

dj .

This game is trivially quasi-symmetric. Consider the
strategy profile where all agents uniformly mix over
their pure strategies. In this strategy profile the sum
[
∑n

j=1
sj ]modk is distributed uniformly on{0, . . . k−1}.

By the definition ofv, the distributionD is correctly im-
plemented. Furthermore, this is a strong Nash equilibrium
because a coalitionC ( S cannot change the distribution
of [

∑n
j=1

sj ]modk, while the coalitionC = S always
includes the winning agent. Therefore, no coalition can
profit from deviation.

8 Discussion and Implications

A slight variation of the selection games setting discussed
in this paper is when the incentive structure is reversed,
and each agent prefersnot to be selected. Any selection
game where all agents have only weakly dominant strate-
gies, and thus are indifferent between all their strategies,
retains this feature in the reverse incentive structure. As
our second main result was built using this kind of games,
it equally applies in the reverse utility setting. Indeed,
apart from the results regarding quasi-symmetry, all of the
results in this paper apply in the reverse utility setting.

Selection games are as a special case of ranking
games[6], where the agents care only about whether or not
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they are ranked first (or last). Mechanism design in this
setting has been studied in work on ranking systems[1, 2].
For example, when outgoing links are considered as votes,
any page ranking system, such as PageRank[11] or the
HITS algorithm[8] can be described as a ranking system,
implying a selection game in which agents care only about
being ranked first. Our results can therefore be interpreted
also from the perspective of the study of existence of non-
imposing incentive compatible ranking systems. In par-
ticular, although it has been shown that under the linear
utility function there exists an incentive-compatible non-
imposing ranking system for three agents[2], we have
shown in Proposition 4.2 that no such selection mecha-
nism exists.

It is also interesting to put this work also in perspec-
tive of work on incentive-compatible social choice. The
celebrated Gibbard-Sattewhaite theorem[7, 12] shows an
impossibility result for non-imposing incentive compati-
ble mechanisms if there are at least three candidates in a
social choice setting. In contrast, our results show that
in a selection game setting, although impossibility is ob-
tained when there areat mostthree agents, a constructive
possibility result is obtained for four or more agents.
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