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Abstract. A function is non-cooperative computable [NCC] if honest agents
can compute it by reporting truthfully their private inputs, while unilateral de-
viations by the players are not beneficial: if a deviation from truth revelation
can mislead other agents, then the deviator might end up with a wrong result.
Previous work provided full characterization of the boolean functions which are
non-cooperatively computable. Later work have extended that study in various
directions. This paper extends the study of NCC functions to the context of group
deviations. A function is K-NCC if deviations by a group of at most K agents is
not beneficial: in order to mislead other agents, at least one group member might
compute the wrong outcome. A function which is K-NCC for every K is termed
strong-NCC. In this paper we provide a full characterization of the K-NCC func-
tions, for every K, and of strong-NCC functions in particular. We show that the
hierarchy of K-NCC functions is strict. Surprisingly, we also show that an anony-
mous function is NCC iff it is strong-NCC; that is, an anonymous function which
is non-cooperatively computable is stable against deviations by any coalition of
the agents. In addition, we show that group deviations are stable: if there exists a
deviating coalition of minimal size K, then there is no sub-coalition of it which
will benefit by further deviation from the original deviating strategy.

1 Introduction

Non-cooperative computing [NCC], introduced in [7], deals with the desire to
compute a function defined on agents’ private inputs where the agents might
have incentives not to report truthfully. This can be viewed as a task of informa-
tional mechanism design. While in a classical mechanism design context (see
[5] Chapter 23) the essence of the problem is the lack of information about the
agents’ preferences, in NCC the agents’ preferences are known but other infor-
mation they possess which is needed for the joint activity is private. NCC intro-
duces a game-theoretic version of the problem of multi-party computation.1.

In order to see the basic idea behind NCC consider for example the situation
where each agent’s secret is a bit, and the function to be computed is the par-
ity function. If all agents report their bits honestly then the parity can be easily

1 Indeed, the work in [4,1] deals with NCC when there is no center in the system, bridging the
gap to the classical assumptions in the cryptographic and distributed computing literature



computed. However, if an agent reports 1 (resp. 0) instead of 0 (resp. 1), while
all other agents report honestly, then this agent will be able to re-cover the true
result by reversing the reported outcome, while misleading the other agents.
Hence, the parity function is not non-cooperatively computable. On the other
hand, if the function is the majority function, then false report might make the
deviator unclear about the true result, given that the result of the majority func-
tion is computed and reported to the participants using a trusted center based on
the information provided by them; this makes this function non-cooperatively
computable.

The early results on NCC provided complete characterization of the func-
tions which are non-cooperatively computable. Additional work has been car-
ried out on extending this setting [6], as well as on considering the agents’ costs,
which lead to other forms of deviations [8].

In this paper we attack a major challenge: deviations by coalitions in the
NCC setting. Although it has been already acknowledged that knowing whether
a function is stable against deviations by groups of agents is central to the con-
text of non-cooperative computing and rational multi-party computation [1], no
analysis has been provided for the characterization of functions which are stable
against deviations by coalitions in that context. While NCC is associated with
honest computation being in equilibrium, group deviations in that context can be
associated with the concept of strong equilibrium as introduced by Aumann [2];
therefore, we refer to a function as strong-NCC if no coalition can mislead in
some cases at least one member which is not part of the coalition, without taking
the risk this would cause at least one member of the coalition not to know the
function value. More generally, we wish to study K-NCC functions, in which
deviations of coalition of size at most K are considered. The case of NCC is
then associated with 1-NCC functions.

In the NCC model there are n agents, each of which wish to compute an
n-ary function w, with each of the agents holding one of the inputs to w. The
process of computation is mediated by a center as follows: Each agent declares
his input (truthfully or not) to the center, the center performs computation based
on those inputs, and reports back to the agents an output. In the setting we
deal with, the center applies w to the declared inputs and announces the value
to all the agents. Each agent has now to decide on the output he accepts as
a result of the computation.2 We concentrate on agents whose utility function
has two components. The main component, termed correctness, is the wish to
compute the function correctly. The secondary component, termed exclusivity, is
the wish that other agents do not compute the function correctly. The secondary

2 In fact, under the famous revelation principle, one can show that the restriction to such mech-
anisms can be done without loss of generality.



component - exclusivity - is affecting the agent only if the main component -
correctness - is not under risk. The definition of ”exclusivity” is rather loose,
and allows for many possible variants; for example, it can be more important
for an agent to mislead a particular agent than another agent. For the results
presented in this paper the exact meaning of exclusivity does not matter; the
only assumption is that the situation in which at least one other agent is mistaken
is better than the situation where all other agents are correct, as long as the agent
can compute the function correctly.

In the subsequent sections we present sound and complete conditions for
a function to be K-NCC, and in particular strong NCC. We prove that an n-
ary boolean function is Strong NCC (i.e. resilient to deviation of a coalition of
any size) iff it is not dominated and not k-reversible for any 1 ≤ k < n. Our
result implies that any anonymous function is strong NCC iff it is NCC. We also
show that the hierarchy generated by K-NCC functions is strict and that when
a function is not stable against deviation of a minimal coalition of size K, then
such a deviation will be stable against further deviations of sub-coalitions. In
game-theoretic terms, this result implies that the existence of a coalition-proof
equilibrium implies the existence of a strong equilibrium in the NCC setting.

2 Definitions

In this section we define the notion of K-NCC. Given a set of agents N =
{1, 2, . . . , n}, and a special agent termed ”the center”, we assume that there
exists a private secure communication line between every agent i ∈ N and the
center. The type vi of agent i is selected from some domain Bi. We concentrate
on a Boolean domain, where Bi = B = {0, 1}

Given a function w : Bn → B, we consider the following protocol:

1. For any instantiated type vector v ∈ Bn, each agent i declares his type v̂i to
the center (truthfully or not; v̂i = vi may or may not hold).

2. The center computes the value w(v̂) = w(v̂1, . . . , v̂n) and announces it to
all agents.

3. Each agent i computes w(v) based on w(v̂) and vi (his true input).

The protocol defines a strategy space for each agent. A pure strategy for
agent i is a pair of functions (fi, gi). fi : B → B, the declaration function,
determines the input declared to the center based on the agent’s true input. The
truthful declaration function is the identity function f t(v) = v. gi : B2 →
B, the interpretation function, is used by the agent to decide on the value of
the function based on the announcement by the center and his true input. The
trusting interpretation function is the projection function gt(v1, v2) = v1 in



which the agent simply accepts the value announced by the center. We will refer
to the strategy (f t, gt) as the straightforward strategy.

Note that the strategy profile consisting only of straightforward strategies
results in each agent computing w correctly for all input vectors. We are looking
for functions for which such a strategy profile forms an equilibrium, and more
generally a (k-)strong equilibrium which is stable against deviations of coalition
(of size at most k). We will use the following notations:

Definition 1. For a set of agents C = {i1, . . . , ik} ⊆ {1, . . . , n}, BC is defined
as

∏
j∈C Bj and B−C is defined as

∏
j /∈C Bj . In the same way, vC ∈ BC is a

tuple of types of agents participating in the set C, and v−C ∈ B−C is a tuple of
types of agents not participating in the set C.

We can now define K-NCC:

Definition 2. A function w is called K-NCC if the following holds: For any set
of agents C = {i1, . . . , ik}, k ≤ K, every tuple of their strategies
((fi1 , gi1), . . . , (fik , gik)), and every corresponding agent types vij ∈ B, 1 ≤
j ≤ k, it is the case that:

– either ∃v−C ∈ B−C ,∃j, ij ∈ C, such that

gij (w(fi1(vi1), . . . , fik(vik), v−C), vij ) 6= w(vi1 , . . . , vik , v−C)

– or ∀v−C ∈ B−C we have

w(fi1(vi1), . . . , fik(vik), v−C) = w(vi1 , . . . , vik , v−C)

In words, each deviating coalition of up to K players will either be mistaken for
some types of the non-deviating players or will always produce the same result
as if they didn’t deviate

The following definition will play a key role in the characterization of func-
tions which are K-NCC:

Definition 3. A function w is called k-reversible if the following holds: ∃C =
{i1, . . . , ik} ⊆ {1, . . . , n} such that ∀v−C ∈ B−C ,∀j, 1 ≤ j ≤ k,∀vij ∈ Bij ,

w(vi1 , . . . , vik , v−C) = 1− w(1− vi1 , . . . , 1− vik , v−C)

Note that in this definition, the set C contains exactly k players.

It may worth to notice that the definition of reversible functions discussed
in [7] coincides with the definition of 1-reversible functions above.

Another definition, used in previous work on NCC is the following one:



Definition 4. A function w is called dominated if the following holds: ∃i ∈
{1, . . . , n}, vi ∈ B, such that ∀v−{i} ∈ B−{i}, v

′
−{i} ∈ B−{i} , w(vi, v−{i}) =

w(vi, v
′
−{i}), and there is some v−{i} ∈ B−{i}, v

′
−{i} ∈ B−{i}, for which w(1−

vi, v−{i}) = 1− w(1− vi, v
′
−{i}).

If a function is dominated then, for a particular value of a particular agent’s
type, the agent knows the value of the function, while it can still influence the
outcome by his report.

3 A Full Characterization of the K-NCC functions

Given the previous definitions, the characterization of NCC functions obtained
in [7] can now be stated as follows:

Theorem 1. A function is NCC iff it is not dominated and is not 1-reversible

The following theorem establishes the exact conditions under which a func-
tion which is (K−1)-NCC is also K-NCC. It will imply necessary and sufficient
conditions for a function to be K-NCC, and strong NCC.

Theorem 2. A boolean function is K-NCC iff it is (K − 1)-NCC and not k-
reversible for k = K.

Proof: =⇒ From the definition of K-NCC above, it follows that K-NCC⊆ (K−
1)-NCC. So a function that is not (K − 1)-NCC can’t be K-NCC.

Assume that the function w is k-reversible for k = K . Then there exist
a set C = {i1, . . . , ik} such that for all v−C ∈ B−C , w(vi1 , . . . , vik , v−C) =
1 − w(1 − vi1 , . . . , 1 − vik , v−C). Then each player ij can use the following
strategy:

(fij (v) = 1− v, gij (r, v) = 1− r)

meaning that he announces the opposite of his true type and interprets the oppo-
site from what the center announced. Then, by w being k-reversible, all players
j, ij ∈ C would be right, and all players which are not in C, playing truthfully,
would be wrong. Thus a k-reversible function is not K-NCC.

⇐= The opposite direction, the one that states that a function w that is
(K-1)-NCC and not k-reversible for k = K is K-NCC, will be proven by in-
duction. The conditions under which a function is 1-NCC are described in[7],
where it is shown that a function is 1-NCC iff it is not 1-reversible and not
dominated. Notice that the requirement that a function is not dominated is not
required for K ≥ 2 since it is already implied by the fact the function is 1-NCC.



The base case: Assume that the function w is neither 1-reversible nor dom-
inated. Consider agent i with strategy (fi, gi), and suppose all agents but i em-
ploy the straightforward strategy (f t, gt). Clearly, if i is irrelevant to w - that is,
if w(0, y−i) = w(1, y−i) for all y−i ∈ B−i - then (fi, gi) = (f t, gt) is a best
response for i. So assume that i is relevant, and assume further that fi 6= f t.
Suppose agent i has the true input vi, and declares value fi(vi) = 1 − vi, and
the center announces the value r. What could the value of gi(r, vi) be? Since w
is not dominated and since i is relevant, it cannot be that gi(r, vi) = r without
causing i to miscalculate for some input of the others. But at the same time it
cannot be that gi(r, vi) = 1 − r, since this would imply that w is 1-reversible.
From this contradiction it follows that necessarily fi = f t. But clearly if fi = f t

then (fi, gi) = (f t, gt) is a best response for i (if all agent including i declare
truthfully, i only loses by deviating from trusting interpretation function). That
proves that if w is neither reversible nor dominated then it is 1-NCC.

Let K ≥ 2, and assume that the function w is (K-1)-NCC and not k-
reversible for k = K, but it is not K-NCC. Then there exists a deviating coalition
C = {i1, . . . , ik} where k = K.

This coalition of deviating players C has a tuple of strategies
((fi1 , gi1), . . . , (fik , gik)) which are better than the straightforward strategies.
Therefore,

∃v−C ∈ B−C∀j∃vij ∈ B

w(vi1 , . . . , vik , v−C) 6= w(fi1(vi1), . . . , fik(vik), v−C) = r (1)

That is, there is some combination of player types such that the deviating
players succeed to mislead non-deviating players.

On the other hand:

∀v−C ∈ B−C ,∀j, ij ∈ C

gi(w(fi1(vi1), . . . , fiK (viK ), v−C), vij ) = w(vi1 , . . . , vik , v−C)

That is, none of the deviating players are ever mistaken (just as if they all
played truthfully).

Consider one of the players in the deviating coalition id ∈ C.
If fid is constant and w is not dependant on id’s type, then any other deviat-

ing player il 6= id can get correct result regardless of id’s declaration. Hence, id
could be ejected from the coalition and w wouldn’t be (K-1)-NCC, contrary to
the assumption, because a deviating coalition of size K-1 would exist.

If fid is constant and w is dependant on id’s type, then there exists v−{i} ∈
B−{i} such that w(0, v−{i}) 6= w(1, v−{i}). Then other players in the deviat-
ing coalition C would have a possibility of mistake because they can’t know
whether to trust the center’s announcement or not.



If id’s declaration function is fid(v) = v, i.e. the player is always saying the
truth, then again he could be ejected from the coalition.

The only option we are left with for the declaration function of id is fid(v) =
1− v for every v ∈ B. Thus, we get the following lemma:

Lemma 1. The only possible declaration strategy for the players in a deviating
coalition of size at least 2 is always to reverse their inputs.

Let us now consider the possible interpretation functions of the player id.
We are interested in gid(r, vid) for a specific value of vid . According to (1),
when the real type of the player id is vid the center might output the value r,
which is the wrong value of the function w. Then it must be that:

gid(r, vid) = 1− r for the specific values r, vid ∈ B (2)

On the other hand, if the real types of players in the deviating coalition are
1 − vij = fij (vij ) then by lemma (1) the declared types are fij (fij (vij )) =
fij (1− vij ) = vij . According to (1), the center outputs the value 1− r which is
the wrong value of the function w. Then it must be that:

gid(1− r, 1− vid) = r for the specific values 1− r, 1− vid ∈ B (3)

Now consider whether inequality (1) holds for every vC ∈ BC , v−C ∈ B−C .
If it does, then this is precisely the condition for w to be k-reversible. However,
this would be a contradiction to the initial assumption, so there exists v′C ∈
BC , v′−C ∈ B−C such that:

w(v′i1 , . . . , v
′
ik

, v′−C) = w(fi1(v
′
i1), . . . , fik(v′ik), v′−C) = r′ (4)

When the real type of the player id is v′id , the center outputs r′ which is
the correct value of the function w. When the real type of the player id is 1 −
v′id = fid(v

′
id

), by lemma (1) the center outputs r′ which is the correct value
of the function w. Thus regardless of its type, player id must trust the center’s
announcement r′:

gid(r
′, v) = r′ for the specific value of r′ ∈ B and any value of v ∈ B (5)

But equation 5 contradicts the set of equations (2 and 3). No interpretation
function exists under such conditions.

If we wouldn’t assume that the function w is not k-reversible, then by lemma
1 all the deviating players would reverse their declared types and thus the output
by the center would be the reverse of the true one, leading to the following
lemma:



Lemma 2. The only possible interpretation strategy for the players in a deviat-
ing coalition of size at least 2 is always to reverse the center’s announcement.

Theorem 2 does not deal with the case where K = n. As it turns out, this
case is immediate:

Theorem 3. A boolean function is n-NCC if it is (n-1)-NCC.

Proof: Obviously a deviating coalition of n players cannot be beneficial to any
of them, since there are no truthful player left to mislead.

We can now state the following necessary and sufficient conditions for a
function to be K-NCC:

Corollary 1 A boolean function w is K-NCC iff it is not dominated and not k-
reversible for every 1 ≤ k ≤ K. Therefore, a boolean function is strong NCC
iff it is not dominated and not k-reversible for every 1 ≤ k < n.

3.1 Anonymous Functions

An interesting class of functions are the anonymous functions (aka symmetric
functions). The value of an anonymous Boolean function depends only on the
number of 1’s in the input. Many of the functions discussed in the computer
science literature, such as parity, majority, consensus, order statistics, etc., are
anonymous. As we now show for these functions any NCC function is also
Strong NCC. This powerful result is implied by our characterization and the
following theorem:

Theorem 4. Anonymous n-variable functions that are not 1-reversible, are not
k-reversible for any 1 < k < n.

Proof for even k: Assume w is an anonymous k-reversible boolean function and
k is even. Then there exist a set C = {i1, . . . , ik}, such that w(xi|i ∈ C, x−C) =
1−w(1− xi|i ∈ C, x−C) for every x−C ∈ B−C . Since k is even, lets take k/2
of those xi to be 0, and k/2 of those to be 1. The function w is k-reversible, so
like stated above w(xi|i ∈ C, x−C) = 1− w(1− xi|i ∈ C, x−C). On the other
hand it is anonymous so if the number of 1’s doesn’t change, the result should
not change. So w(xi|i ∈ C, x−C) = w(1 − xi|i ∈ C, x−C), which yields a
contradiction.
Proof for odd k: Assume w is an anonymous boolean k-reversible function. 1 <
k < n is odd and w is not 1-reversible. Then there exist a set C = {i1, . . . , ik}
such that w(xi|i ∈ C, x−C) = 1−w(1−xi|i ∈ C, x−C) for every x−C ∈ B−C .
The function w is anonymous, so its value depends only on the number of ones.
Define w′(t) = w(Exactly t of the variables have value of 1). Wlog assume that



w′(0) = 0.
⇒ w′(0) = 0 ⇒ (Change 0 variables to ’0’, change k variables to ’1’)
⇒ w′(k) = 1 ⇒ (Change 1 variable to ’1’, change k − 1 variables to ’0’)
⇒ w′(2) = 0 ⇒ (Change 2 variables to ’0’, change k − 2 variables to ’1’)
⇒ w′(k − 2) = 1⇒ (Change 3 variables to ’1’, change k − 3 variables to ’0’)
. . .
It follows that w = 0 for even number of ones and w = 1 for odd number of
ones. But that makes w 1-reversible contrary to the assumption.

It now follows:

Corollary 2 An anonymous n-variable Boolean function is Strong NCC iff it is
NCC.

This follows from Theorem 2 and Theorem 4 for coalitions smaller than n, and
from Theorem 3 for coalitions of size n.

4 The K-NCC Hierarchy

The previous section established the characterization of K-NCC functions. We
now show that the hierarchy implied by these functions is strict. To show this,
we prove the following:

Theorem 5. For n > 2, K ≤ n, there exists a function w that is K-reversible,
but not k-reversible for any k < K

Proof: By construction:
For K = 1 it is enough to show that 1-reversible functions exist. One such

function is the parity function.
For K = 2 consider the following function:

w(v1, . . . vn) =
{

v1 if XOR(v3, . . . , vn) = 0
v2 if XOR(v3, . . . , vn) = 1

This function is 2-reversible by coalition C = {1, 2}. It is not 1-reversible
by any single player.
For K > 2 consider the following function:

w(v1, . . . vn) =
{

AND(v1, . . . , vK−1) if XOR(vK , vK+1, . . . , vn) = 0
OR(v1, . . . , vK−1) if XOR(vK , vK+1, . . . , vn) = 1

This function is K-reversible by coalition C = {1, . . . ,K}. It is left to show
that it isn’t k-reversible for some k < K. Assume w is k-reversible. Then let
C be a smallest coalition for which w is |C|-reversible (we choose one of the
smallest coalitions, if there are several coalitions of the same size.) Either there
is exactly one player vi, i ≥ K that participates in the reversing coalition C
or there are no such players at all. If there were more reversing players with



numbers at least K, two of them could be ejected from the coalition C, and the
function wouldn’t change. Contradiction to C being the smallest coalition.

Case 1. Such vi participates: Consider w(v1 = 1, . . . , vK−1 = 1, vK =
0, . . . , vn = 0) = 1. Coalition players reverse their inputs and vi is one of them.
XOR(vK , . . . vn) is now 1, so for w to be 0, v1 . . . vK−1 must all change their
input. This is a contradiction to the coalition being smaller than K.

Case 2. Such vi doesn’t participate: Consider the case where
vK = 0, . . . , vn = 0. Coalition players reverse their inputs and no vi, i ≥ K is
one of them. So w is effectively an AND function, and thus it is not reversible.

Theorems 2, 3 and 5 imply the strictness of the K-NCC hierarchy:

Corollary 3 For n ≥ 2 we have: n-NCC = (n-1)-NCC ⊂ (n-2)-NCC ⊂ . . . ⊂
2-NCC ⊂ NCC

5 Stability of Deviations

Stability against deviations by coalitions is typically considered as a very de-
manding requirement. Nevertheless, we have shown that for anonymous func-
tions a function is stable against deviations by coalitions iff it is stable against
unilateral deviations. This can be viewed as a highly positive result. When con-
sidering more general situations, it is natural to consider the question of whether
the deviations themselves are stable. Indeed, this has led to the introduction of
solution concepts, such as coalition-proof equilibrium [3], in which the stability
of the deviations is considered. In this section we show that our results remain
the same when considering only stable deviations. This will be proven in a very
general setup. Namely, we will show that if there exist a deviating coalition,
then there exist a stable deviating coalition. Formally, we will consider minimal
deviations, and show that any further deviation by a smaller sub-coalition is not
beneficial. This implies that in the NCC setting the existence of coalition proof
equilibrium [3] coincides with the existence of strong equilibrium [2] (which by
itself coincides with the existence of NCC for anonymous functions).

Theorem 6. Consider a minimal deviation from the straightforward strategy
profile, by a coalition C. Then, no further deviation by C ′ ⊂ C can be beneficial
to C ′.

Proof: From lemmas 1 and 2 it follows that the only possible deviation from
straightforward strategies, for a coalition of size 2 or more, is if all players in
the deviating coalition reverse their declared input and output the reverse of



the center’s announcement. Notice that in this case, all non-deviating players
are always wrong. Let C be the smallest worthwhile deviating coalition. For C
to be not self-enforcing, a new coalition C ′ ⊂ C must be worth forming. So
suppose a new coalition C ′ ⊂ C is worthwhile.

In this situation, let us call it ”Scenario1”, the declaration and interpretation
functions are these:
fC∧C′(v) = 1− v gC∧C′(r, v) = 1− r By original deviation
fC∧C′(v) = f ′C∧C′(v) gC∧C′(r, v) = g′C∧C′(r, v) f ′, g′are some functions
fC(v) = f t gC(r, v) = gt Playing truthfully

Players in C ′ are never mistaken and players in C ′ are sometimes mistaken.
Now consider ”Scenario2”, the following tuple of strategies:

fC∧C′(v) = v = f t gC∧C′(r, v) = r = gt

fC∧C′(v) = 1− f ′C∧C′(v) gC∧C′(r, v) = 1− g′C∧C′(r, v)
fC(v) = f t gC(r, v) = gt

Every player not in the new coalition is playing truthfully, and the new coali-
tion is playing in some unknown way, but every player in C is declaring the
opposite from what he would declare in Scenario1.

Note, that between Scenarios 1 and 2 all the players in C (and just them) re-
versed their declared type. Since w is |C|-reversible this means that the center’s
announcement also reversed: rscenario1 = 1 − rscenario2. Since also the inter-
pretation function gC′ of all players in C ′ in Scenario2 is opposite to Scenario1,
and in Scenario1 all players in C ′ were correct, that means that in Scenario2 all
players in C ′ are correct.

There could be two cases why the second deviation by C ′ is worthwhile.
Either to mislead a player in C ∧ C ′, who was always correct after the first
deviation by C, or to help a player in C who was always wrong, or both of them
together.

In the first case, in Scenario1 some player in C ∧ C ′ had a possibility of
mistake. Then in Scenario2, since both the interpretation function gC∧C′ and
the center’s announcement were reversed, some player in C ∧ C ′ still has a
possibility of mistake.

In the second case, in Scenario1 some player in C has a possibility of be-
ing correct. Then in Scenario2, since the interpretation function gC stayed the
same - gt, and the center’s announcement was reversed, that player in C has a
possibility of mistake.

In either of these cases, all players in C ′ are always correct and there is a
player in C ′ that has a possibility of mistake. Thus C ′ can make a worthwhile
deviation from the straightforward strategy (1 − f ′, 1 − g′). Remember, that
|C ′| < |C| in contradiction to C being the smallest worthwhile coalition.



6 Some words on computability

Although a simple rule is given to determine whether a function is K-NCC for
some K, it is computationally hard to check those conditions.

Theorem 7. Determining whether a function is dominated is NP-hard.

Proof by reduction from SAT: Assume there is a polynomial algorithm that
receives a function f and determines whether it is dominated. Then the SAT of
a function s(v1, . . . , vn) can be solved in the following way:

Construct f(v1, . . . , vn, vn+1) =
{

1 if vn+1 = 1
s(v1, . . . , vn) if vn+1 = 0

If f is dominated, this would mean that f is dominated by variable vn+1.
This is so, because if f is a tautology it is not dominated by definition of dom-
inated functions, and if f is not a tautology, it’s outcome is dependant on vn+1.
f is dominated by vn+1 iff when vn+1 = 0, s is not satisfiable. Which means
that f is dominated iff s is not satisfiable.

Theorem 8. Determining whether a function is 1-reversible is NP-hard.

Proof by reduction from SAT: Assume there is a polynomial algorithm that
receives a function f and determines whether it is 1-reversible. We can even
assume that the algorithm only works for non-dominated functions. Then the
SAT of a function s(v1, . . . , vn) can be solved in the following way:

Construct f(v1, . . . , vn, vn+1, vn+2) =
{

1 if (vn+1 ⊕ vn+2) = 1
s(v1, . . . , vn) if (vn+1 ⊕ vn+2) = 0

If f is 1-reversible, this would mean that f is 1-reversible by either of the
variables vn+1 and vn+2. This is so, because reversing any other variable with-
out changing vn+1 or vn+2 won’t necessarily change f . f is 1-reversible iff s is
not satisfiable.

Note, that vn+2 was added in the above proof only to make f non-dominated.
Also in an analogue way the same result can be proven for K-reversibility for
any K.
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