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Abstract

We introduce a general setting for information elic-
itation in multi-agent systems, where agents may be
approached both sequentially and simultaneously
in order to compute a function that depends on their
private secrets. We consider oblivious mechanisms
for sequential-simultaneous information elicitation.
In such mechanisms the ordering of agents to be
approached is fixed in advance. Surprisingly, we
show that these mechanisms, which are easy to rep-
resent and implement are sufficient for very general
settings, such as for the classical uniform model,
where agents’ secret bits are uniformly distributed,
and for the computation of the majority function
and other classical threshold functions. Moreover,
we provide efficient algorithms for the verification
of the existence of the desired elicitation mecha-
nisms, and for synthesizing such mechanisms.

Introduction

setting fits into the context of mechanism design (d¢as-
Colellet al, 1999, Vol. 23), a subject of great interest to the
synergy between Al and game theory ($s®ndereret al,,
2000).

The particular (although general) setting we study is the
following. Each agent has a secret which is accessible only
to him. However, access to that secret is costly and agents
may choose to access it or not. Thus accessing one’s own
private information becomes a strategic question. This ap-
proach generates a natural tension between the socially (and
even privately) optimal action, which is to compute the joint
function correctly, and agents’ incentive to free ride. In order
to overcome this tension one may need to design a mecha-
nism to prevent (some or all) agents from free-riding, elicit
agents’ secrets and execute the desired computation.

As in previous work in this regard (e.g[Smorodinsky
and Tennenholtz, 20Q¥the class of functions we consider is
that of anonymous functions. An anonymous function is one
where the function’s value does not depend on the identity of
the agents but on the secrets only. In other words, a permu-
tation of the agents’ secrets will not change the value of the

Information elicitation in multi-agent systems deals with thefunction. This class of functions is quite elementary and often
aggregation of information from agents in order to compute aised in models. Among the anonymous functions are major-
desired functiofiConen and Sandholm, 2001; Sunderam andty, consensus, average, variance, order statistic, percentile

Parkes, 2003; Parkes, 1999; Boutil&ral., 2003; Smorodin-

and more.

sky and Tennenholtz, 2004; Shoham and Tennenholtz, 2002; previous work has shown the power of sequential informa-
McGrew et al, 2003; Halpern and Teague, 2904In the

general setting we consider in this paper thererasgents

tion elicitation. By approaching the agents sequentially, we
can in some cases incent agents to access their secrets, where

(players) who hold some private information (secrets). Theney would not do so if approached simultaneously. The ba-
agents would like to compute, jointly, a function which in- gjc intuition behind this approach is that some agents may be

put is the vector of: secrets. In addition, there exist a dis-
tinguished reliable agent (aka the center), who may be useg,

willing to access their secrets since this is not too costly for
em, while others will not agree to access their secrets un-

for extracting information from the agents. The center's aimjgss they are pivotal (given that their costs for accessing their
is to Qewse a mechanlsm that wlll yield to the'desm.ad COM-ecrets is high). Sequential mechanisms take advantage of
putation. In this paper we consider a strategic setting. Wenjs structure, by carefully selecting the identity of the agent
assume that the agents are selfish and are driven by utili§y he approached at each point, given the available informa-
maximization considerations. On one hand, they would lik&jon. In this paper we consider a more general approach:
to receive the value of the multi-party computation, but on theagents can be approached both simultaneously and sequen-
other hand they may not want to contribute to this computayja|ly. That is, we consider sequential mechanisms where at
tion, but rather free-ride on other agents’ efforts. Hence, ougsch point setof agents is approached. The decision on the

*Supported in part by grant number 53/03-10.5 from the IsraefS€t Of agents to be approached is based on the available in-
Science Foundations
1This setting is fundamental not only to Al, but to computer sci- 2) this kind of mechanisms, which we refer tosgjuential-
ence in general; see the discussiofLimial, 1994.

formation. As it can be shown (and is illustrated in Section

simultaneousnechanisms, allows more effective information



elicitation than either sequential or simultaneous informatioristence of a desired elicitation process implies that it can be

elicitation. The major aim of this paper is to identify condi- done by a corresponding oblivious mechanism, which we can

tions for the existence of successful sequential-simultaneousfficiently compute. The uniform model is discussed in Sec-

elicitation mechanisms, and devising algorithms which outtion 4, and the majority function, as well as extensions to

put the desired mechanism when exist. other threshold functions are discussed in Section 5. In all
As the reader would notice, our objective is quite ambi-cases efficient algorithms are provided.

tious. In particular, a sequential-simultaneous mechanism The proofs of many of our results are non-trivial, and are

may be a complex decision tree, which maps any possibleased on a series of propositions that are omitted from this

history observed to the set of agents to be approached giverersion of the paper due to lack of space.

that history. This gives rise to the idea of considering a partic-

ular kind_ of such mech_a_nisms, Which_we refer tcﬂb}_livious 2  The General Model

MechanismsIn an oblivious mechanism the ordering of the o

agents is fixed in advance and does not depend on previok$t N={1.....1}, n > 2, be a finite set of agents. Each agent

history. Naturally, if successful elicitation can be established/ has a private secret € {0, 1} that he may compute (i.e.

by such a mechanism, then it is also easy to represent and irdccess in order to learn its value). b < g < 1 be the

plement. This leads to two types of fundamental questions: Prior probability ofs; = 1° and assume these events are in-
. . . dependent. Agents may compute their own secrets. How-
1. Can one prov.|de an (_afflment_algor!thm_for ch(_ack- ever, computation is costly and agentpaysc; > 0 for
ing whether, given an information elicitation setting, ompytings;. Without loss of generality we shall assume
a desired oblivious sequential-simultaneous eI|C|tat|onC1 < ¢ < ... < ¢, (inwords, agents are ordered by their

mechanism exist? If one exists, can we provide an efqiq) “\We will also refer to the agents’ costs, ordered from
2?:;2 procedure which will output the desired mecha-ihq |owest one to the highest ONe.RS, C(1): - - -+ Cln1)-
Agents are interested in computing some joint binary pa-
2. Are there natural and general settings where the restricameter (e.g., the majority vote or whether they have a con-
tion to oblivious mechanisms does not prevent us fromsensus) that depends on the vector of private inputs. Let
the desired elicitation? G : {0,1}™ — {0,1} denote the desired computation. Each

The surprising message of this paper is that we can pro?9ent/ has a utility ofv; from learning the value ofr. \We
vide highly positive and encouraging answers to both ques2SSUmM®; > ¢;, otherwise the agent face no dilemma.
tions! We first prove that if there is an appropriate oblivious, It is also possible to use the convention that= 1. This
mechanism then there is also one which uses a semi-natur‘élhdOne without loss of generality, as the more general case
ordering, i.e. the mechanism will never approach an agenfNerév; > ¢; > 0, is equivalent to the case where the value
with costc before it approaches an agent with cast< ¢ Of agentjis 1 but the cost igt.
(although it may approach them simultaneously). Then we A central designer, termed tieenter elicits the agents’ se-
show an efficient algorithm for verifying whether a desired crets, compute& and reports the computed value@foack
(oblivious) semi-natural ordering mechanism exists; if suchto each agent. In this setup each agent faces a dilemma of
mechanism exists, then the desired ordering is obtained aghether to compute his private secegt at a cost ofc;, or
our algorithm’s output. Then, we show that the restriction toperhaps to submit a guess to the central designer. The de-
(oblivious) semi-natural ordering mechanism does not restricsired property of a mechanism is the correct computation of
the power of elicitation in some of the most popular contexts G, which is done through the elicitation of secrets from suffi-
In particular, we show that this holds for the uniform setting ciently many agents.
(where each agent’s secret bit is taken to be 0 or 1 with prob- One should note that the cost of each agent's computation,
ability 0.5 each), as well as for the classical majority functionc;, is lower than the gain from computir@, and therefore
and for more general threshold functions. Together, this prothe socially optimal outcome is to compute. However, free
vides a most powerful and general approach to informatioriding of agents may undermine the ability to reach the social
elicitation in multi-agent systems, backed up with efficientoptimum.
and effective algorithms. . _

In Section 2 we introduce the general model, and genera?-1 ~ Sequential-Simultaneous mechanisms

Sequential'Simultaneous mechanisms. We also brleﬂy |”USV\/e now model mechanisms that approach p|ayers sequen-
trate the power that these mechanisms buy us when compagajly, with the possibility to approach simultaneously more

ing to previous studies where purely sequential or purely Sithan one player each time. We will assume that the commu-
multaneous mechanisms have been considered. In Sectiomgation between the center and the agents is fully revealed

we introduce oblivious mechanisms. We then show an effitg all agents. This can be associated with having broadcast
cient algorithm for verifying the existence of an appropriatecommunication.

oblivious elicitation mechanism, and show that a semi-natural A sequential-simultaneous mechanism determines the set
ordering mechanism can be computed as the desired result.df agents to be approached at each stage, as a function
such oblivious mechanism exists. We also remark (by meangf the information provided so far. Formally, l€%;
of example) that there are cases where the restriction to obliv-

ious mechanisms may prevent us from obtaining the desired 2This is done wlog and for purposes of exposition. The case
computation; this leads to the study of settings where the exwhereq < 0.5 is treated similarly.



{(a1,b1), (ag,b2), ..., (a;,b;)]a; < n,V1 < k <i:ap < Intuitively, this graph describes the possible states of infor-
ap+1, V1 <k <i:bp <bpp1,V1 <k <i:agys —ag > mation, when approaching agents while computing the value
bk+1 — bi} wherev = (j,1) stands for the event where  of an anonymous function, and the possible state transitions.
agents have been approached & (andj — [ 0's) have  Every state describes how many agents have been approached
been reported. H; is the set of histories of length for  and how many 1's have been heard so far. Get (V, E)

1 < i < n. Let Hy = A, whereA is the empty (null) be the graph induced by reducidg to include only nodes
history. LetH = [J;", H; be the set of all possible his- where the value of the functiofi can not be determined yet.
tories . A sequential-simultaneous mechanism is a tripleWhen referring to a node, we will abuse notation and refer
(u,0,f) whereuw : H — {1,2,...,n} determines how many also tov as an event. Namely, the event (j,[) stands for
agents to approach simultaneously,: H — 2V deter- the case thaj agents have been approached ards (and
mines the agents to be approached, indH — {0,1,*}  j —10's) have been reported.

is a function that expresses a decision about whether to halt For every nodev in G we define the following. Let
and output either 0 or 1, or continue the elicitation procesgiv(v, G) = Prob(Z;|v), whereZ; is the event that agent
(denoted by *). Note that each agent has 6 actions: Don' is pivotal for the functionG. Notice that sinceG is an
compute and report 0, Don’t compute and report 1, Com-anonymous functioProb(Z;|v) is the same for each agent
pute and report 0, Compute and report 1, Compute and re-and thereforepiv(v, G) is uniquely defined. Whed is

port the true computed value, and Compute and report alear from the context then denoteyitv(v). Note that if
false value. Let us denote Hythe set of actions. A strat- v ¢ V, i.e. it is already possible to compute the value of
egy for playerj, x; : H — T', assigns an action to each G, thenpiv(v) = 0. Let Cmaz(v) = Max{c |1 —c >
possible history. Leb (21, ..., Zx—1,Tk11,- -, 0, S) D€ piv(v) - ¢ + (1 — piv(v)) - 1}. The left side of the above
the history that agent sees when approached, given thatinequality is the utility for an agent with cost from ap-
(1., ®K_1, Ty, - - - , Tp) IS the vector of strategies of the proaching his secret assuming all other agents approach their
other agents andlis the vector of secrets. Lej (h()) bethe  secrets. The right side is the utility for the agent when he
strategy of agent according to the histork,, he sees when doesn’t approach the secret (assuming all other agents ap-
approached. Letllc(h(k)) = 1 if and only if the action of proa_ch '_[heir_secrets) and guess "1”, \_Nh_iCh is the t.)est.choice
agentk according to the history,, is to compute the secret, for him in this case (sincg > 0.5). This inequality implies
otherwisez}, (b)) = 0, and letz{ (h¢y) = 1ifand only if ~ thatic <1 —(1—piv(v)) —g-piv(v). Thisimplies that: <
agentk reports "1”, otherwise: (h 1) = 0. We get that the (1 —g)-piv(v). Hence we getCmaz(v) = (1 - g) -piv(v).
utility for agentk according to the strategies and the secretd OlCe IthatCmax (”%'S the maximal (;los_t f19r which it is still

is: (21, ) = [Prob(G(ad(hy), ..., 20 (hny)) = rational to access the secret given the informatigassum-

- 1 3 A ing the others access their secrets).
G(5)] [Pr.Ob(mk’(h(’“))) =1 An_ equilibrium for The following example illustrates why is it useful to use
the mechanisn, is a vector ofn strategies(z1, ..., x,),

such that each agent’s strategy is the best response agaiﬁ%quential—simultaneous mechanisms. Consider the follow-
; ; img setup. LetG be the majority functionp = 3, ¢ = 0.7,
the other agents’ strategies. That is, for each ageahd P jorty . a

, ) andcqy = 0.12, ¢y = 0.12, ¢5y = 0.29. We can show:
for each strategy;, of agentk: w;(z1,..., 2k, ..., n) > given the above sefup there exists a sequential-simultaneous

; . .
ui(@1, - ’ﬁk’ - ’x”)'l WOeGs_eek m_?_cbh_amsmsl, V‘;h'Ch €aN mechanism which is appropriate. On the other hand, given
compute the true value In_equilibrium. n fact, it 0 apove setup there does not exist a sequential mechanism

is required that a mechanism comput@swith certainty.  \ich is appropriate. It is also the case that approaching all
Therefore we seek mechanisms that induce sufficiently man?{gents simultaneously is not appropriate.

agents to access and reveal their secrets, in ord€r forbe
computed. Note that in many cas&snay be computed with .. .
partial information. For example, in the case of a consensud  ODblivious mechanisms

function it is _sufficient to_elicit information sequentially until Ay oplivious mechanisns a mechanism that partition the
we get two different replies, which are truthful. agents to groups and each time approach the agents from

Given a particulag andc;, .. ., ¢,, @ mechanisrd isap-  one group simultaneously without dependency on the his-
propriate for G, if there exists an equilibrium wher@ can  tory. Both the groups and the ordering between the groups
surely be computed for all vector of agents’ secrets. Suchire determined in advance. That is, the agents are partitioned
an equilibrium is referred to as a computing equilibrium. Anjniq groups:A, A, ... A,. such that:Ut A ={1,2,..,n}

algorithm is appropriate if it induces an appropriate mecha- " 1 < ; £ <t ANA; :‘:(21) where the group

nism. A, of agents is approached first, and afterwards the group
Let G be an anonymous function. Consider the directedd, of agents is approached, and so on until the grdupf
graphG’ = (V’, E’) where the set of nodes 1§’ = {(i,k) :  agents is approached. However, if after a group of agents is
i,k€ Zy,0<k<i<n-—1} andthesetofedgesi8’ = approached and reveal their secrets, the event is such that it is
{((6 k), (i +1,k): 0<i<n—2k<itU{((i,k), (i +  already possible to determine the value of the function, then
Lk+1):0<i<n—2k<i}. the mechanism stops.
Given a functionG, agents’ costg ) < c(q) < ... <

3The probability distribution is induced by the distribution over c(,—1), @ndg, asemi-natural ordering mechanisian obliv-
S, andg. ious mechanism, where the agents are also sorted accord-



ing to their cost for accessing their secrets. Thatdis,=  then there exists a semi-natural ordering mechanism which is

{e),c1) -+ 5 €A -1 1 appropriate. _ _ _

Az = {C(1a11)s €(1A1[41)s - - -5 C|AL [ +] As|=1) 1> - - » Note that given an anonymous function funct@nagents’
el costscg) < ¢y < ... < ¢—1), andg, if there exists a semi-
A1 = {C( A1 |4+ Ara])s C(L AL |t Ay o] 1) - - -5 natural ordering mechanism which is appropriate then there

A1 |+t Aral+]Ap_1]—1) }- exists an oblivious mechanism which is appropriate. There-
As = {C( ALt 1 Ara])> €| Ar |5t | Art|41)s - » C(n1) } fore, combining the above theorems and observations we get:
This section deals with the following: First we prove that 1heorem 3.3: Consider an anonymous functiéh agents
whenever there exists an oblivious mechanism which is apf0St5¢(0) < ¢(1) < ... < ¢(»_1), andg. The three following
propriate, there exists a semi-natural ordering mechanisrfl@ims are equivalent: (1) There exists an oblivious mecha-
which is appropriate. We then address the problem of exis?iSm which is appropriate. (Zondlis satisfied. (3) There
tence: We provide an efficient algorithm, that given an anony£€XiSts a semi-natural ordering mechanism which is appropri-
mous functionG, the ¢;’s, and g, will decide if there ex- ~ ate. _ .
ist an oblivious mechanism which is appropriate. Moreover, . Now we can provide a complete efficient procedure that
we provide an efficient algorithm that induces an appropriatdVen a function’z, agents’ costs(g) < c1) < ... < ¢n-1),
oblivious mechanism whenever such a mechanism exist. and ¢, will check if there exists an oblivious mechanism

Given a functionG, agents’ costsig) < c(1) < ... < which is appropriate. Moreover, if there exist an oblivious
¢(n_1), @ndg, consider the following algoﬁthr(n.) - - mechanism which i_s appropriate,_this procedyre will induce
The Oblivious Mechanism Algorithm: (OMA) an appropriate semi-natural ordering mechanism. In order to
. . do so we repeat steps (A) - (G) of the OMA. Then, as in
(A) Build the graph” = (V”, E') of the functionGz step (H) of of OMA we check whetheCondlis satisfied:
if Condlis not satisfied then the procedure will return "there
(B) Compute for every node € V' : piv(v) andCmaz(v).  isn’'tany oblivious algorithm which is appropriate” and finish;

(C) Induce the grapti’ = (V, E) by reducingG’ to include ~ Otherwise, ifCondlis satisfied then the mechanism will ap-

determined yet. at each phase we approach simultaneously a set of agents as

D)V0<k<n—1:letLy = Min{Cmaz(k, )|(k,j) € described below (the agents are referred to by their costs):

V}i.e. Ly is the minimumCmax among all the nodes ~ ® €(0), €(1)s -+ €(g1 1)

with the same depth k i@ ® Cg1)sClgr+1)s -+ Clgrtga—1)-
(E) Leti; = 0. ® C(g1492) C(gr+g2+1)s -+ -1 C(g1+g2+g3—1)-
ZQZMZTL{]|21 <j§n—1,Lj>Li1}. ® ---

i3 = Min{jlio <j<n—1,L; > L; }.
° {]| 2= ’ 12} ® Clgi+-4gr—2)s C(g1++gr_2+1)s-- >

i = Min{jli,—1 <j<n—1,L; > L; _,}. g1t tgr—2tgr-1-1)

® C(gi+++gr—1)s C(g1++gr_1+1)1- ">

i = Min{jlix—1 <j<n—1,L; > L;, ,} wherei, grt-+gx—1) = E(n-1)-

satisfiesvj : i, <j<n—-1:L; <L; To sum up, given a functio@, agents’ costg ) < ¢(1) <

(F)Let g1 = s — i1,g2 = i3 — i2,eresGro1 = ir — - < ¢(n-1), andg, the OMA algorithm verifies the exis-
b1y ey k=1 = Uk — lk—1, 0k = N — Uk- tence of an appropriate oblivious mechanism. Such a mecha-

. . . _nism, if exists, is induced by the above procedure.
(G) Sort the agents according to their costs of getting to their  5jivious mechanisms are natural and can be easily imple-

secrets and getyp) < ¢(1) < .. < ¢(n-1) mented. It can be shown (by means of an example; details
(H) Check if the following set of conditions, marked as omitted due to lack of space) that the existence of an appro-
Condy] is satisfiedc gy, c(1), -+, ¢(g,—1) < Li, priate mechanism does not necessary imply the existence of
Clg1)s Clgr+1)> > Cgi+ga—1) < Ly an oblivious mechanism which is appropriate. However, sur-
Clg1492)1 Clgr+ga+1)s > Clg1+g2+93—1) = Liy prisingly, in the next sections we show that there are some
e important and central setups where oblivious mechanisms are
Clgr+gatotge_s)r - Clgrtgattgr1-1) < Liy_, sufficient for efficient and effective information elicitation.
Clgr+got-tgn_atge_1)r 1 Clgr+gottan1+90—1) <  Given the convenient and tractable structure of these mech-

i anisms, this provides powerful tools for information elicita-
Consider the set of conditior@ondZ1in step (H) of the tion. Namely, this turned out to be the case for the classical

OMA above. We can now prove the following general results:uniform model discussed in Section 4, and for the majority
Theorem 3.1: Consider an anonymous functiéh agents’ function, and moreover in the context of threshold functions,

costscig) < ¢y < ... < ¢(o1), andg. If there exists @S discussed in Section 5.
an oblivious mechanism which is appropriate tl@&ndlis .
satisfied. PPIop 4 The Uniform Model

Theorem 3.2: Consider an anonymous functiéh agents’  Consider the case whete= 0.5 andG is any anonymous
costscg) < ¢1) < ... < ¢(n—1), andg, if Condlis satisfied function. The assumption that the distribution is uniform is



most standard in many basic studies in this context. Considewill efficiently compute whether there exists any appropriate

the following algorithm:
The Uniform Semi-Natural
(USNO):
(A) Build the graphG’ = (V’, E’) of the functionG.
(B) Computev v € V' : piv(v) andCmaz(v).
(C) Induce the grapty = (V, E) by reducingG’ to include

only nodes where the value of the functiGican not be
determined.

(D) Denote asY the following path inG: (0,0) = v —
v = vy = = v = (G0 & vy &
vl _; where(0,0) = v) — v] — vh — ...
(j, 1) satisfies that; = (j,1) has only one son i,
and V0 < i < j—1: piv(v;) > piv(vj,,). Let

vr = (4,1) = vy — ... — vy, be the suffix from;

to the only leaf inz reachable from. The existence of

such a path is induced by a series of propositions omitte

from the paper due to lack of space.

(E) AlongY, V0O <i <n-—1:Wewillmark¥,; =
Cmaz(v})

(F) Check which is the first node dhthat satisfieg; > W,
4 Thatis,t = Min{k|1 <k <n-—1, ¥ > ¥}
(the fact thatt > j is implied by the above mentioned
propositions).

Ordering Algorithm

—

/
— .
,U]

(G) Sort the agents according to their costs of getting to their

secrets and getyp) < ¢(1) < ... < ¢p_1)

(H) Check if the following is satisfiedeg) < Vg, ¢(1) <
\]:107 DY c(t—l) g \IJO! c(t) S qjt! C(t—i—l). g t+1s - el
Ctn—1) < ¥,,_1. If the above is not satisfied then finish

and return "there is no appropriate mechanism for the

problem”, else continue to phase (I).

(I) First approach simultaneously thegents with the low-
est costs, i.ec(g), 1), - - - , ct—1). Afterwards approach

each time one agent with the lowest cost among those

left, i.e. first approacle),then approach ), etc,
whenc,,_1) is approached last.

We can now prove:

Theorem 4.1: Consider an anonymous functiéh agents’
costscipy < ¢y < ... < cr_1), andg = 0.5, and let
U,; = Cmax(v}) for every0 < i < n — 1 along the pathr.
Lett = min{k|] 1 < k < n—1, ¥, > Uy}. Then there
exists an appropriate algorithm, if and only if;y < ¥,
cy < Voo cp—1) < Wo, ¢y < Wy,

Cit+1) < Vittse - Cn-1) < Up_1.

Theorem 4.2: Consider an anonymous functiéh agents’

costscg) < ¢1) < ... < c(n—1), andg = 0.5, if there exists

?

mechanism. If such a mechanism exists, the USNO will out-
put an appropriate semi-natural ordering mechanism.

5 Computing the majority function

The majority function is central to voting theory, and as a re-
sult to the related multi-agent systems and distributed com-
puting literature. Consider the case wherds odd, and

g > 0.5 and the function we would like to compute is the
majority function,” i.e. if [251] + 1 or more of the agents’
secrets are 1's then the value of the function will be 1, else
the value will be 0.

We will now present an efficient algorithm that induces an
appropriate mechanism if such a mechanism exists. The out-
put mechanism will be an oblivious, semi-natural ordering
mechanism. Denote Hy the following path in the graph as-
sociated with the majority function:
vo=(0,0) = (1L,1) = (2,2) — ... — (%52,

(n - 1a

L) = (2

1

n—

—

[l —

—
n;l _
*

n—1
The Semi-Natural Ordering Algorithm (SNO):

(A) Compute:V 0 < i < n — 1: piv(v}) andCmazx(v)),
alongl'. V0O < i < n-—1:Wewil mark ¥; =
Cmaz(v))

(B) Check which is the first node dn that satisfiesl; >
Ug. Thatis,j = min{k|1 <k <n—1, ¥y > Ug}.5.

(C) Sort the agents according to their costs of getting to their
secrets and getyg) < ¢y < ... <cpo1)

(D) Check if the following is satisfiedegy < o, (1) <
\I/(),. ey C(j—l) § \I/Q, C(j) < \I/j, C(j+1) S \I/j—Ha ey
C(n-1) < ¥,_1. If the above is not satisfied then finish
and output "there is no appropriate mechanism for the
problem”, else continue to phase (E).

(E) First approach simultaneously thagents with the low-
est costs, i.ec(y), c(1), - - - , ¢(j—1)- Afterwards approach
each time one agent with the lowest cost among those
left, i.e. first approach;),then approacte(; ), etc,
whenc,,_) is approached last.

We can now show:

Theorem 5.1: Consider the majority functio?, agents’
costsciy < ¢y < ... < cm—1), andg, and letV;
Cmaz(v}) for every0 < ¢ < n — 1 along the pat". Let
jg=min{kl] 1l <k <n-1 U, > Uy}. Then there
exists an appropriate algorithm, if and only if;) < Wy,
@) < Yo, 1) < Yo, ¢y < Wy cin) < Y,y
C(n—1) <V,-1.

Theorem 5.2: Consider the majority functiotr, agents’
costscgy < ¢y < ... < ¢u—1), andg, if there exists an

).

2

)

(Y

an appropriate mechanism then the USNO algorithm i”duceéppropriate mechanism then the SNO algorithm induces an

an appropriate oblivious mechanism.
Corollary 4.1: Consider an anonymous functiof¥,
agents’ costgg) < ¢y < ... < cr_1), andg = 0.5.

appropriate oblivious mechanism.

50ur results in this section can be extended in a straightforward

The USNO handles the problem of existence, i.e the USN@nanner to the case whege< 0.5 but not hold to the case where

“Itis guaranteed that there exists such a nod#ii not the par-

ity or the — parity function. These functions are treated separately,

leading to similar results.

is even; the case whereis even will be discussed later, when we
extend the discussion to general threshold functions.

5As before, the fact that suchjeexists is implied by a series of
propositions characterizing the propertied of



Corollary 5.1: Consider the majority functiotir, agents’ if and only if there exist a semi-natural ordering mechanism
costsc(g) < ¢(1y) < ... < ¢(n—1), andg, the SNO handles the which is appropriate. Theorem 5.4 implies tha it ;;j =
problem of existence, i.e the SNO will efficiently compute =2, = _n_ then th : .
whether there exists any appropriate mechanism. If such an-1 = n-1 — 0.5 n—1 then t.ere eX'St, an appropnat.e
mechanism exists, the SNO will output an appropriate semil€chanism if and only if there exist a semi-natural ordering
natural ordering mechanism. m_eclhanl_sm which is appropriate. However, wheis Iarge

The computation of majority when ¢ < 0.5: Consider this |mpl'|es t'hat for aImc_)st everqythere exist an appropriate
the case where is odd, and the function that we would like Mechanism if and only if there exist a semi-natural ordering
to compute is the majority function whege< 0.5. In this ~ Mechanism which is appropriate.
case we can use similar technigues to the ones we used for the
computing of majority where > 0.5. The main difference Réferences

is that instead of the path we will consider the path”:  [Boutilier et al, 2003 C. Boutilier, R. Das, J.O. Kephart,

vy = (0,0) = (1,0) — (2,0) — ... — (251,0) — (251 + G. Tesauro, and W.E. Walsh. Cooperative negotiation in
1,1) = (%51 4+2,2) - ... = (n—1,2%51) = v, _,. Note autonomic systems using incremental utility elicitation. In
that the case wherg= 0.5 is covered by the uniform model ~ Proceedings of UAI-Q3ages 89-97, 2003.
section. [Conen and Sandholm, 200W. Conen and T. Sandholm.

) Minimal preference elicitation in combinatorial auctions.
5.1 Threshold functions In IJCAI Workshop on Economic Agents, Models, and

Given an anonymous functiof. Let G(T') be the value of Mechanisms, Seattle, WA, August 68001.
the function; when there ard@' "1”s andn —T'"0"s. IS [Halpern and Teague, 20D4. Halpern and V. Teague. Ra-

considere.d as treshold functionf there existsl < r < n tional secret sharing and multiparty computationPhoc.
such that.G(O) = G(l) = ... = G(’I" — 1) 7é G(r) = of STOC 20042004
G(r +1) = ... = G(n), i.e. whenever there are less than

1's among the agents then the function gets a particular valuéLinial, 1994 N. Linial. Game-Theoretic Aspects of Com-
and where there are or more 1’s the value of the function ~ Puter Science. In R.J. Aumann and S. Hart, editdesd-
will be the other value. The majority function for example is P00k of Game Theory with Economic Applications, Vol. Il

a threshold function with = [ 1] whereG/(0) = 0. Chapter 38 pages 1340-1395. North-Holland, 1994.
We can now prove the following general theorems: [Mas-Colellet al, 1999 A. Mas-Colell, M.D. Whinston,
Theorem 5.3: Consider an anonymous threshold function and J.R. GreenMicroeconomic Theory Oxford Univer-

G with thresholdr where [2H1] < r < n, ¢ < 0.5 and sity Press, 1995.

agents’ costg(g) < c¢q) < ... < ¢_1). There existan ap- rvcGrewet al 2003

propriate mechanism if and only if there exist a semi-natura[ R. McGreV\; R. Porter, and Y. Shoham. Towards a gen-

ordering mechanism which is appropriate. . eral theory of non-cooperative computation. Rroc. of
Theorem 5.4: Consider an anonymous threshold function e gth conference of theoretical aspects of rationality and

G with thresholdr where[*3=] < r < n, ¢ > 7= and knowlede (TARK 2003pages 59-71, 2003.

agents’ costg(y) < ¢y < ... < ¢(,—1). There exist an ap-
propriate mechanism if and only if there exist a semi-natura['\/londergzret al, 200q D. 'V'O”def?f: M. Ten_nenholtz, anc_j
H. Varian. Game theory and artificial intelligence. Special

ordering mechanism which is appropriate. . . .
Similarly to theorems 5.3 and 5.4, we can also show: issue of Games and Economic behavior, 2000.

Theorem 5.5: Consider an anonymous threshold function[Parkes, 1999 D. C. Parkes. Optimal auction design for

G with thresholdr wherel < r < L"T“J, andg < =7 or agents with hard valuation problems. Pmoc. IJCAI-99
¢ > 0.5 and agents’ cosigo) < ¢y < ... < ¢(,_1). Then Workshop on Agent Mediated Electronic Commgpeges

there exist an appropriate mechanism if and only if there exist 206-219, 1999.
a semi-natural ordering mechanism which is appropriate.  [Shoham and Tennenholtz, 2402. Shoham and M. Ten-

~ Further discussion about majority: The majority func- nenholtz. Non-cooeartive computation: Boolean functions
“021'5 a particular case of a threshold functio+n1, where: with correctness and exclusivity. Technical Report, Stan-
[#3=]. However whem is odd, we getr = “7=. Theo- ford & Technion; To appear in Theoretical Computer Sci-

rem 5.3 implies that iff < 0.5 then there exist an appropriate  ence, 2002.
mechanism if and only if there exist a semi-natural orderin

; o ; o Smorodinsky and Tennenholtz, 2Q0Rann
mechanism which is app[oprlate. Theorem 5.4 implies th:ﬁ Smorodinsky and Moshe Tennenholtz. Sequential infor-

. . ntl_ n-l ; - A : -

if g > =1 = 2,11 = 25 = 0.5 then there exist an ap- mation elicitation in multi-agent systems. Broceedings
propriate mechanism if and only if there exist a semi-natural of the 20th Annual Conference on Uncertainty in Artificial
ordering mechanism which is appropriate. Hence whés Intelligence (UAI-04)pages 528-535, 2004.

odd the above holds for every(as we have already shown [Sunderam and Parkes, 200&ditya vV Sunderam and

before).

Consider the case whe¢g is the majority function aneh
is even. This implies that = "T*Q Theorem 5.3 implies
that if ¢ < 0.5 then there exist an appropriate mechanism

David C. Parkes. Preference elicitation in proxied mul-
tiattribute auctions. IrFourth ACM Conf. on Electronic
Commerce (EC'03)pages 214-215, 2003.



