Competitive Safety Strategies in Position Auctions

Danny Kuminov and Moshe Tennenholtz

! dannykv@tx.technion.ac.il

2 moshet@ie.technion.ac.il
Technion — Israel Institute of Technology,
Haifa 32000, Israel

Abstract. We attempt to address the challenge of suggesting a useful bidding
strategy to an agent in the an ad auction setting. We explore the possibility of
using competitive safety strategies in that context; a C'-competitive strategy guar-
antees a payoff which is no less than a factor of C' of the payoff obtained in a best
Nash equilibrium. We adopt the model of ad auctions suggested by Varian and
provide analysis of competitive safety strategies in that context. We first show
that no useful safety competitive strategies exist in a setting with complete in-
formation about the agents’ valuations. Namely, in a setting with NV bidders and
exponential click-rate functions the ratio can be as be arbitrarily close to N; we
also show that NNV is a general upper bound. However, in our main results we show
that, surprisingly, useful C'-competitive strategies do exist in the incomplete infor-
mation setting. More specifically, we show that under the assumption that agents’
valuations are uniformly distributed, an e-competitive strategy exists for the case
of exponential click-rate functions, and a 2-competitive safety strategy exists for
linear click-rate functions.

1 Introduction

One of the central challenges of game theory is that of providing a decision
maker with an advice about how he should choose his action in a given multi-
agent encounter. This challenge, which falls under the so-called prescriptive
agenda, has been left without a real answer. For example, the celebrated Nash
equilibrium (NE), which is the basis for most game-theoretic analysis, suggests
that a multi-agent behavior would be considered “rational” if no decision-maker
would prefer to deviate from it, assuming the other decision-makers stick to it.
However, while this is a very useful concept from a descriptive point of view,
it does not address the question of how should a particular agent choose his
action in a given game. A NE strategy can only be justified by assuming that the
other agents are committed to a specific action profile, which is an unreasonably
strong assumption regarding their rationality.

Only very few suggestions have been made in order to address the above
challenge. One approach is to suggest to the agent a strategy which will be useful
against an opponent taken from a particular class (see e.g. (Powers and Shoham,



2004)). A related idea is to try and learn the opponent model in a repeated inter-
action in order to optimize behavior against it (Carmel and Markovitch, 1999).
Recently, the use of machine learning in order to predict opponent behavior in a
game given his behavior in other games, and other agents behaviors, have been
shown to lead to significant success (Altman et al., 2006). What is common to
the above approaches is that there are no guarantees to our agent, unless we
severely restrict the class of opponents he may face. An alternative approach,
which is referred to as competitive safety analysis has been suggested in (Ten-
nenholtz, 2002) motivated by observation made by Aumann in (Aumann, 1985).
This approach deals with guarantees the agent can be provided with, as dis-
cussed below.

It is well known that in a purely competitive setting, employing a safety level
strategy, one that maximizes the agent’s expected utility in the worst case, is the
only reasonable mode of behavior. For partially cooperative settings, (Tennen-
holtz, 2002) justified the use of safety-level strategy by introducing the notion
of C-competitive safety strategy — a strategy that guarantees a payoff which is
not less than a factor C' of what is obtained in equilibrium. If there exists a C-
competitive strategy for small C, then this strategy is a reasonable suggestion
for the decision maker. However, the main challenge is whether, for interesting
contexts, we do have such competitive safety strategies.

In this work we apply competitive safety analysis to the model of ad auc-
tions, which are mechanisms for assigning online advertisement space to agents
according to their (proclaimed) utility from using it. There has been only very
limited study of bidding in ad auctions (see e.g. (Borgs ef al., 2005; Asdemir,
2005)). Moreover, we are not familiar with any work that deals with the chal-
lenging prescriptive problem of how should an agent choose his bids in that
setting. The formal model that we use is based on (Varian, 2006), and will
be described in the following section. Needless to say, if there exist useful C-
competitive safety strategies in the ad auction setting, then they can provide
useful means for bidders in such auctions.

The basic model of positions auctions assumes that the bidders’ valuations
for ad slots are common knowledge. In a more realistic model, each agent knows
only his own valuation, while the valuations of all agents are assumed to be
taken from some known distribution. We provide an analysis of competitive
safety strategies for both the complete and the incomplete information settings.
Interestingly, we obtain sharp difference between the usefulness of this approach
in these settings. While in the complete information setting, it turns out that
no general useful competitive safety strategy exist, they do exist in the (more
realistic) incomplete information setting! Namely, we show that in the complete
information setting with exponential click-rate functions, assuming /N bidders,



the competitive safety ratio can be arbitrarily close to N. We also show that IV
is a general upper bound. If we assume that the click rates are linear, the ratio
can be as bad as Zi\i 1 % On the other hand, we show highly positive results
in the incomplete information setting. We consider valuations which are taken
from the uniform distribution, and two classical types of click-rate functions:
the exponential and the linear click-rate functions. We show the existence of
an e-competitive strategy for the case of exponential click-rate functions, and a
2-competitive safety strategies for linear click-rate functions.

In section 2 we present and discuss the basic model. In section 3 we provide
the analysis of the complete information setting, and in section 4 we provide the
analysis of the incomplete information setting.

2 An Ad-Auction Setting

We now provide the model of ad auctions on which we will base our analysis.
The formal model that we use is based on (Varian, 2006), with minor changes.
The model has originally been presented for the complete information setting,
but its adaptation to an incomplete information setting is immediate. The exact
assumptions we take when computing safety-level strategies are discussed in
sections 3 and 4, when we analyze the complete information and incomplete
information settings, respectively.
The ad-auction setting:

— There are NV players that compete for S ad slots. It is assumed that N = S.

— We denote the clickthrough rate (CTR) of a slot by z;,i € {1...N}. The
CTR is a publicly known property of a slot, which does not depend on the
player who is using it. The slots are numbered in decreasing order of CTR:
Vi : x; > xi41. For ease of presentation, we define x; = 0 for all 4 > N.

— The private value in this model is the utility that each agent derives from
a single unit of CTR, which is assumed to be the same regardless of the
slot from which it originates. We denote it by v;, i € {1... N}; naturally,
Vi€ {1...N} :v; > 0. For ease of presentation, we define v; = 0 for all
1> N.

— The players’ bids are interpreted as the maximal price per unit of CTR they
are willing to pay to the CTR provider. We denote them by bi,i € {1...N};
w.l.o.g we assume that b; > 6i+1; that is, the agents are ordered in decreas-
ing order of bids. Naturally, V7 : bi >0 by the rules of the auction. For ease
of presentation, we define bi =0 foralli > N.

— The mechanism discussed by (Varian, 2006) assigns slots to users according
to decreasing order of bids (the highest bidder gets the slot with the highest



CTR, the second highest bidder — the second best slot, etc.). For ease of
exposition, we assume that ties are broken according to some predefined
ordering of the agents — it can be easily verified that our results hold for any
other tie-breaking method as well. The price an agent has to pay per unit
of CTR is the bid of the agent immediately below him in this ordering. We
denote the price paid by agent i by p;; since agents are ordered in decreasing
order of bids, p; = Ei—i—l-

— The utility of agent 7, which has private value v;, when the agents’ bids are
51 > 52 > i)z > Bi+1 D l~)N is (Ui —5i+1)acl-.

A Nash equilibrium is a bidding profile in which each agent prefers his
current slot to any alternative slot. Formally:

Definition 1 (A (pure) Nash equilibrium). A Nash equilibrium (NE) is a set
of bids by > by ... > by such that:

1. No agent strictly benefits by decreasing his bid and getting a lesser slot:
Vs, t > s: (vs — ps)Ts > (Vs — Dr) T4
2. No agent strictly benefits by increasing his bid and getting a better slot:
Vs, t <51 (Vs —ps)Ts > (Vs — Pr—1)T

where p; = 5¢+1.

(Varian, 20006) defined Symmetric Nash Equilibrium (SNE) as a bidding pro-
file that satisfies the following:

Definition 2 (SNE). A SNE is a set of bids by > by ... > by such that:
Vs, t: (Us - ps)xs > ('Us - pt)xt

where p; = @.,.1.

Note that the above definitions assume fixed valuations and therefore the game
is essentially a complete information game.
As shown in (Varian, 2006), SNE has several nice properties:

1. In a SNE, Vs : vy > vs41 (i.e. agent ¢ bids higher than agent k iff i’s true
type is indeed higher than that of k). This observation is important, since
from now on we will assume that agents are indexed in decreasing order of
valuations and use this property to assert that this order is also the order of
their bids in a SNE.



2. If an ordered sequence of bids is a SNE, then it satisfies
bss—1 > vs(s_1 — @5) + o124
3. The latter implies that the bid of agent ¢ in a SNE is bounded as follows:
. | N

b; > Z v (21 — )
Ti—1

t=1

Note that a bidding profile in which all bids are equal to their respective
lower bounds shown above is a SNE; we will use the term the best SNE to refer
to this bidding profile (the term refers to the players’ utility; the “best” SNE
actually yields the lowest revenue for the auctioneer). Also, it is a simple obser-
vation that in the best SNE, agents never overbid (but there may exist equilibria
in which they do so). Finally, it is important to note that the payoff of agent 7 in
the best SNE is v;x; — Zi\i J{}rl vi(z¢—1 — o), which equals to what his payoff
would be in the dominant strategies equilibrium of a VCG auction with the same
valuations (his payment is exactly the externality that he imposes on the other
players).

Note that it can be helpful to rewrite the expressions (due to (Varian, 2006))
for the bid of agent ¢ (l;i) and the utility of agent ¢ ((j}) in the best SNE as
follows:

N+1
~ 1
b; = g V(241 — 24) =
Ti—1 —
t=1
1
= P [ViTi—1 — Vi + Vig1 %5 — Vip1Tip1 + . .-
i—1

..+ UNEN_1 — UNTN FUNL1ZN — UN41 - 0] =
N

1
= vz — Y wi(vr — vega)
Ti-1 t=i
i N N
Ui = (0i — bip1)wi = vimi —viami + Y Te(vp—veg1) = Y 24(vr — vg41)
=it t=i

It is important to note that our model slightly differs from that of (Varian,
2006); namely, while the previous work assumes N > S, we assume that N =
S. This models a situation in which the auctioneer has enough ad slots for all the
agents, and the only motivation for agents’ bidding is the desire to get a higher
(better) slot. We think that this is a reasonable model for the online ad auction
setting — by the nature of online advertisement, there is no practical limit on



the number of ad slots, and therefore the auctioneer has no real reason to deny
agents’ requests for slots. For the sake of simplicity, we also assume that there
is no reserve price, and therefore the agent with the lowest bid gets the N ’th slot
for free. While this is definitely not the case in reality, the results presented here
are a good approximation as long as the reserve price is negligible compared
to the agents’ valuations. Note that although the formulae for the bid and the
utility in the best equilibrium that are quoted above come from (Varian, 2006),
they are true in our model as well (by assuming vy 41 = 0). This is true since
our model can be reduced to that of (Varian, 2006) by adding a fictitious player
with fixed valuation 0 — in the best equilibrium, this player always bids truthfully
and therefore does not affect slot allocation and expected utility. Note that the
reduction does not work for other equilibria, because then the fictitious agent
may overbid.

3 Competitive Safety Analysis in the Complete Information Model

Let us consider now the safety level of an agent in the complete information
game that is induced by the ad-auction presented in the previous section. That
is, we assume that the agents’ valuations are fixed and are common knowledge,
and we want to explore what is the payoff that an agent can guarantee to him-
self regardless of other agents’ behavior. Naturally, if we make no assumptions
regarding the rationality of the other agents, they can always force the agent to
take the NN’th slot (by bidding higher than the agent’s valuation). In this case, it
can be easily seen that the payoff loss that the agent suffers relative to his pay-
off in an equilibrium is unbounded. Even if we limit the other agents not to bid
above their valuation?, the agent’s payoff in best SNE can be N — e times bigger
than his safety level (for any 0 < ¢ < 1), as can be seen from the following
example:

Example 1. Let there be N agents and N slots, let 0 < ¢ < 1, zy > 0 be
parameters and let the valuations be

N—i+1

N
l t=i 1=q

and CTR’s be

i—1
Ti = 219

That is:

3 This seems a most natural requirement, although there exist Nash equilibria in which agents
overbid. It is useful to remember that the rules of ad auction effectively interpret the bid of an
agent as the maximal price he is willing to pay per unit of CTR, so by overbidding the agent
risks getting negative payoft. Agents do not overbid in the best SNE we compare to.
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N-1|z1¢V 2 ¢+1
N |z1gV ! 1
Let us examine the utility of agent 1. If we assume for a moment that all

other agents bid truthfully, a bid by agent 1 that captures slot ¢ results in a payoff
of

i
Ur = (01 = vip1)a; = 19" Zqut =
t=1
. 1 - qz 41— qz
:wlqz 1 _qN i1- 4 :xqu 1- 1
l—gq l—q
This expression is monotone increasing in %; therefore, agent 1 will prefer to

bid 0, take slot N, and get a payoff that equals to z1¢" _1%. Naturally, the

safety level payoff of agent 1 (U1) cannot be higher than this value.
On the other hand, the utility of agent 1 in the best SNE is:

N N
U = th(vt — V1) = leqt_qu_t = NagV !
t=1 =1

And the competitive safety ratio is:

R(N)—Ul S NzigN—1 N1 —gq)
=—_—> v =
U x1¢V 171_‘1(1 l—q

which means that for any IV and 0 < € < 1 we can construct an example in
which the competitive safety ratio is at least N — € by choosing ¢ < . ad

In fact, IV is an upper bound on the competitive safety ratio, as shown by the
following theorem:

Theorem 1. In the complete information ad auction setting with N slots and
N players, the competitive safety ratio (the ratio between an agent’s payoff
in a best SNE and the payoff guaranteed by a safety level strategy, under the
assumption that the agents do not overbid) is at most N.

Proof.: When computing the (pure) safety level of an agent, it is assumed that
the other agents know the bid of the agent under consideration (from now on,
we will simply refer to him as the agent) and all the valuations, and they seek to
minimize the utility of the agent. We will us the following notation:



— v; is the 7’th valuation in the ordered sequence of all agents’ valuations
(including the agent).

— b; is the i’th bid in the ordered sequence of all agents’ bids (including the
agent).

— ¢’ is the valuation of the agent.

— ¥/ is the bid of the agent.

— v-index(x) : [0,1] — {0... N—1} is the number of adversarial agents with
valuations that are strictly higher than x (for example, the valuation of the
agent under consideration is Uy-indes(v/)+1, the valuation of the adversarial
agent immediately below the agent under consideration in the ordering of
valuations 1S Uy,-jndeq(v') 42> €LC.).

- b-index(x) : [0,1] — {0... N—1} is the number of adversarial agents with
bids that are strictly higher than x (for example, the bid of the adversarial
agent immediately below the agent under consideration in the ordering of
bids is Ub-indez(b’)+2)-

~

The ut%li.ty pf the agent is (v' — bb—mdea:(i)/)ﬂ)xb—mdez(l}')ﬂ' Theref(')re,' in

order to minimize our agent’s payoff, the other agents should choose their bids
. . o . /\/ . . .

so that t'hey maximize bb—m dew ()42 'fmd b-index(b') —|— 1; those are C(_)nf_hctlng
goals, since the agents cannot overbid and therefore in order to maximize the
price that the agent pays some of the agents with valuation higher than his bid
might have to bid lower than him, letting him to get a better slot. It can be easily
seen that there is no need to let the agent go up more than one slot and therefore
the following is an optimal adversarial strategy:*

— All adversarial agents that have valuations smaller than the agent’s bid should
bid truthfully.

— All adversarial agents that have valuations higher than the agent’s bid, except
one, should bid truthfully.

— One of the players that have higher valuation has to choose whether to bid
truthfully or submit the same bid as the agent (which raises the agent’s posi-
tion by one slot but forces him to pay his bid, instead of the valuation of the
player below him). Note that we assume here, for ease of exposition, that in
the case of a tie the agent under consideration is given the higher slot.’

Therefore:

— The agent’s utility when all adversarial players bid truthfully is

—v

~ , ~
$v—indew(b’)+1 (U v-indesc(b’)+2)'

* The strategy described here is not unique - we chose the strategy with the most concise de-
scription.

3 If that is not the case, an approximately equivalent strategy would be to submit a bid that is
e-smaller than that of the agent and force him to pay a price that is e-close to his bid.



— The agent’s utility when one of the adversarial players with higher valuation
bids the same as heis =, _; ;.. i) (v =b).

— Therefore, the utility of an agent given all valuations and his bid bis

min{x —v o =)}

/
v-index ()41 (U v—index(i)’)JrQ)’ xv—indeaz(iy’) (

Given that the adversarial agents use the strategy described above and the fact
that in the complete information setting all the valuations are known to the agent,
it can be easily seen that between all the bids that guarantee slot & (i.e. all b so
that v—index(@’ ) = k — 1), the agent weakly prefers to submit the smallest
bid possible. Recall that we assume that ties are decided in favor of the agent®,
in which case the above observation means that the agent can, without loss of
utility, consider only N — v-index(v') + 1 strategies — the valuations {v; :
i > v-index(v') + 1} of the adversarial agents with valuations smaller than his
valuation (note that these strategies include 0 as a possible bid which gives the
agent the lowest possible slot). Therefore, his safety level payoff is:

A~

_ : R o . . A VAN
U= ron<a£,< mln{xv-indem(b’)—&-l(v Uv-indez(b’)+2)’ xl)‘iﬂd@.f(b/) (U b )} -

— . , ,
ma min{x;—1 (v —v;),T;—2(V —v;); =
i:v—index(v/)j(1<i§]v+1 { ¢ 1( z), % 2( 1)} =

= max xi,l(v' - ’1)7;) =
w-index(v')+1<i<N+1

= max xX; (U/ - Ui+1)
v-index(v')+1<i<N

This implies that for any index j such that v-index(v') +1 < j < N:
P

U~ v —vip

Therefore, the competitive safety ratio is:

> (ve — veq1) al
N t=v-index(v')+1 Tt \Vt — Vt+1 < Z UVt — Vt+1
U v — V41

<N

SRS

t=v-index(v’')+1
The latter inequality is due to the fact that V¢ > v-index(v') +1: v, <o'. O

For the special case when the CTR’s are linear, the worst-case bound is
given by the following theorem:

6 Otherwise, we would have to consider the set of strategies {v; + € : i > v-index(v') + 1}
for some small €. It would not affect the nature of the results, but would make the exposition
somewhat cumbersome.



Theorem 2. In the complete information ad auction setting with N slots and
N players, when the CTR’s are given by x; = d(N — i+ 1) for some d > 0, the
competitive safety ratio is at most Zi\i 1 % <1l+InN.

Proof. The payoff of the agent in the best SNE is:

/ /
U= (U - bv—index(v’)+2)$v-index(v’)+1 = U Ty-index(v')+1 —

N+1 N+1
— E vi(z4—1—x¢) = V'd(N —v-index(v")) —d E vy =
t=v-index(v')+2 t=v-index(v’')+2
N+1

=d Z (v — )

t=v-index(v')+2

On the other hand, recall from the proof of theorem 1 that the safety level payoff
of the agent is bounded by

U< (i) = IN it D)o —prsn) —
_i:v-indeﬁ%}%ﬁlgiwx’(v vi+1) isumindea o)) F1<i<N (N=i+1) (' ~vita)
- max d(N —i+2)(v" - v;)

tw-index (v’ )+2<i<N+1

and therefore for all 7 such that v-index(v') +2 <i < N + 1:

U

(’U/_Ui) < m

Therefore the competitive safety ratio is at most:

o N+1 N—v-index(v")

U 1 1
— < = T =
D DI e D DR

t=v-index(v')+2 t=1

N—v-index(v')
=1 - <14+InN
+ Z ; <l+1In
t=2
O

In order to show that Zi\il % is a tight bound, let us consider the following
example:



Example 2. Let us consider the competitive safety ratio of the agent with valua-
tion v" = 1 when the valuations of the other agents are given by v; = 1— N%M’
and the CTR’s are given by z; = d(N — i + 1) for some d > 0. Assuming that
all other agents bid truthfully, the payoff to the agent when he captures slot ¢ is:

1

Ui = (v = biy1)z; = N_i+1 d(N —i+1)=d
Therefore, his safety level value cannot be greater than d. On the other hand,

using the formula from Thm. 2, his payoff in the best SNE is:

N+1 N+1 1 N
- b B 1
U=d>» (v vt)_d27N7t+2_dZt
t=2 t=2 t=1
And therefore the competitive safety ratio is Zi\i 13 0

4 Competitive Safety Strategies for the Incomplete Information
Setting

Now we want to consider the incomplete information setting. Specifically, we
want to consider the following decision problem of an agent in this auction:

The agent under consideration has valuation v" € [0, 1] that is known to him.
The agent assumes that other agents’ distributions are distributed according
to some known distribution.

The agent is risk-neutral.

The agent has two possible courses of action:

1. To select to “play for the best SNE”. This may mean, for example, that
the auction is repeated with the same agents (and the same valuations),
and the play sequence is assumed to converge to the best SNE. Alterna-
tively, there may exist a central entity (a “mediator”) that offers a course
of action that is guaranteed to lead to the best SNE. In any case, the
value that the agent assigns to this action is his expected payoff in the
best SNE that is induced by the realizations of the players’ valuations,
where expectation is taken w.r.t the distribution of the other agents’ val-
uations. It is important to note that this is also his expected payoff, given
his valuation, in the corresponding Bayes-Nash equilibrium of this auc-
tion.”

7 To see why, consider the following sequence of equalities. The allocation and payments are
the same, for any tuple of valuations, in the best SNE and in the corresponding VCG auction
(under complete information). However, assuming the incomplete information setup, the VCG



2. To use a “safety level strategy”. This means that the agent selects an ac-
tion that guarantees him the best expected payoff in the auction, against
any reasonable action by the other players (where the expectation is
taken w.r.t the distribution of the other agents’ valuations). The value
that the agent assigns to this action is the guaranteed expected payoff.
Specifically, the following model of interaction is assumed:

e All agents are assigned with their private values. Those values are
fixed.

e The agent under consideration selects his bid V', based on his valua-
tion only (he does not know the realizations of other agents’ valua-
tions - he only knows their distribution).

e The other agents select their bids based on the bid I/ and the realiza-
tions of all valuations (including the agent’s). It is assumed that they
can communicate freely. They cannot overbid (i.e. each of them has
to submit a bid that is less or equal to his valuation). It is assumed
that they select the joint action that minimizes the agent’s utility.

It can be easily seen that in this model of interaction, agents can not
gain by using mixed strategies and therefore we can consider, w.l.o.g,
only pure strategies.

— Intuitively, all things being equal, action 2 is preferred to action 1, since it
does not require elaborate and hard-to-justify assumptions about the ratio-
nality of other agents, neither does it require any additional structure on top
of the basic auction.

— Therefore, the agent would like to know how much utility he loses by se-
lecting action 2 instead of 1.

Naturally, the answer to the question formulated above depends on the distri-
bution of valuations and the CTR values of the ad slots. We consider uniformly
distributed valuations, and two central types of CTRs : exponentially decreasing
CTRs, and linearly decreasing CTRs.

4.1 Exponentially Decreasing CTRs

Theorem 3. In the incomplete information ad auction setting with the following
parameters:

auction is truthful, and therefore for any given valuation, the expected payoff of the agent in the
incomplete information setting equals its expected payoff in the corresponding equilibrium of
the complete information setting, where the expectation is taken over all possible instantiations
of other agents’ valuations. This implies that the expected payoff of our agent in the best SNE,
computed according to the realizations of the agents’ valuations, equals its expected payoff
in the VCG ad auction with incomplete information. Finally, using the payoff equivalence
theorem (Krishna and Perry, 1998) we get that this payoff equals the agent’s payoff, for the
given valuation, in the corresponding Bayes-Nash equilibrium of Varian’s mechanism.



— the agents’ valuations are distributed independently and uniformly over
[0,1],
— the CTR’s are given by xj, = x1¢" " for 0 < ¢ < 1 and z1 > 0,

the ratio between

— the expected payoff in the best SNE that is induced by the valuations’ real-
izations and

— the expected payoff guaranteed by the safety level strategy, under the as-
sumption that other agents do not overbid

is at most e.

Proof. Let v-index(v") be a random variable that represents the number of ad-
versarial agents with valuations that are strictly higher than v/, then the agent’s
expected utility in the best SNE is:

U= E(U|v-index(v') + 1 = k)P(v-index(v') + 1 = k)

N-—-1
P(v-index(v') +1=k) = <k . ) (1 — o)k Ly/N=k

N
E(U|v-index(v')+1=k) = E (Z ze(vy — vep1)v-index(v') + 1 = k)) =

t=k
N
= 21, (V' = E(vgy1|v-index(v)+1 = k))+ Z 2B (vp—vpq [v-index(v)+1 =
t=k+1

Note that given v-index(v') + 1 = k, the valuations {v; : t = k+1,..., N}
are the order statistics of N — k independent random variables that are dis-
tributed uniformly over [0, v'] (indexed in decreasing order). Therefore, v; ~
v' - Beta(N —t+ 1,t — k) and:

N—t+1
Blo) =v/—~— 1T~
() =V 1
N—t+1 , N—t o

E(v, — - - =
e LS vy o Tl oy sl vy e

Therefore:

E ~ r / 1: _ / / =
(Ulv-index(v')+ k) = xy (v N kE+ 1> Z '‘N—k+1 k +1



’ N

v
N—k+1§xt

And therefore the expected utility in best SNE is:

N

k=1 \t=k
Since
N N N—k+1
l1—gq 1 (k-1 N
S owi=) @i=uap T = 1_q<q —q )
i=k i=k

the expected utility at equilibrium is:

1 XL (X N
p_ 1 1 — o/ Vel N—k+1 _
g Nkl(tz;xt><k1>( .

N
T N / —1,/N—
N(1—1_ 9) [ (k:_1>((1_”)Q)k K

gV ivj (k]if 1) (1- U/)k—lv/N—k—i-l]

The first sum in the parenthesis is:

5 (7)) (ot ke =

k=1

N-1

=% ()1 -t

k=0



N
=3 ()10 o (=) = (=g - (=)
k=0

Note that the second sum is a particular case of the first sum when ¢ = 1, hence:

] R s

— kE—1
And therefore:
U= ﬁ (1 =o")g+ )Y = (1 =) —¢" (1 - (1 =o"))] =
- ﬁ [(1=v")g+ )N = g"]

On the other hand, in computing the safety level we assume that the other
agents know the bid of the agent and all the valuations, and that they seek to
minimize the utility of the agent. Recall from section 3 that the utility of the
agent in this case, given all valuations and his bid ¢’ is

. / Y
mln{xv-inde:p(i)’)Jrl(v B Uv-index(?)’)qLQ)’ xv-inde:}:(?)’) (U —b )} >

/ /
= xv-indew(g’)—i—l(v —b )

where v—index(@’ ) is a random variable that represents the number of adversar-
ial players with valuations strictly higher than the agent’s bid). Therefore, the
bid that the agent chooses, knowing his valuation and assuming that the other
players’ valuations are i.i.d with uniform distribution, is the one that maximizes:

N
U =Y EU|v-index(t) + 1 = k)P(v-index(b') + 1 = k)
k=1

R N —1 R R
P(v-index(t) +1=k) = <k . ) (1 —b)k-tyN-k

E(Ulv-index(t') + 1 = k) > zx(v' — V)

Therefore:

al N-1
T > I - _ pYk=1p/N—k _
U > max E xg(v b)<k—1)(1 )b

N
= max xl(v’ — 8’) Z (N - 1> ((1— gl)q)k—li)/N—k _



N—-1
= max z1( v — b’ Z < > _ B/)q)kB/N—l—k _

0<b'<1 =0

= max z1(v' —V)((1 = b)g+b)N?
0<b’<1

= max z1(v' — ¥)((1 - )b/ +¢)V
0<bv'<1

To find the maximum, we need to compute the derivative and compare it to 0:

d -
dy

= 21 (-1)(1—)b+)N a1 (V=¥ ) (N=1)(1—q)t +q)N 2 (1—¢q) =

= (L= ¥ + @2 [~(1 =@ + )+ ( — )N =1)(1 )
Since the first part of the expression is always positive, %U = 0 implies
(v = ¥)(N —1)(1 — q) — (1 — ) — ¢ = 0 and therefore:
VIN =D)L —q) —q= (1 -V +¥(N-1)(1-q)=N(1-q)¥
yoVW-HVA-g)—-q_ N-1 ¢
N(1-q) N N(l-g)

This expression is positive iff v/ > m, therefore the maximum is
achieved by the following strategy:

N-1
= L T ) if V2w
0 otherwise

Now we need to compute the competitive safety ratio in both cases.

Case 1: ’U/ 2 Wq(l—q)

Let us denote ¢ = ((1 —v')g +v') = ((1 — ¢)v' + ¢); using this notatlon

N—1 _ _
VA — N(lq—q) = — ﬁ. Therefore, by substituting b = v/ — N(1—q)
we have:

~ xic , Is N—-1
>_ 1% (1—gw - = -
U2 Na—y (( @) N+q>

M<1_1)N‘1>9«‘10N.1
N(1—gq) N " N1l—-gq) e
Recall that:

N

= ——— [(1=v)g+ )N —¢")] < m



And therefore the relative payoff loss from using safety level strategy is bounded
in this case by e.
.o q
Case2: v < VD00
In this case, the agent bids b’ = 0, gets the last slot for free and therefore:

U > lequ—l

On the other hand, recall that

_ 1 YN i N—i
—N(l_@;(i)((l—q)v)q

And therefore the relative payoff loss from using safety level strategy is bounded
in this case by:

U 1 NN o
7= NS (1 =gV =
U N(l—Q)Uqug;(Z) e

1 L /N . v
= — ) ((1 _ )v/)z—l N—i _
NgN—t ; < 2) ! !

= NQ}V1 > <if1)((1 — )" <

N-1

<> (VT Doy -

7=

— (- = (

Recall that in this case v/ < m; replacing v’ with this bound in the
expression from above:

o N-1 N-1
U Nq_1 q 1
= - = ]. - .
U < < q + N -1 <

(1—q)' + q)N_l
q

Therefore, the payoff loss ratio caused by using a safety level strategy instead
of playing for SN E is bounded by e. O



4.2 Linearly Decreasing CTRs

For the case of uniformly distributed valuations and linearly decreasing CTR’s,
the answer is given by the following theorem:

Theorem 4. In the incomplete information ad auction setting with the following
parameters:

— the agents’ valuations are distributed independently and uniformly over
[0,1],
— the CTR’s are given by x, = d(N — k + 1) for d > 0,

the ratio between

— the expected payoff in the best SNE that is induced by the valuations’ real-
izations and

— the expected payoff guaranteed by the safety level strategy, under the as-
sumption that other agents do not overbid

is at most 2.

Proof. The utility of agent ¢ in the best SNE is:

N
Ui = (vi — biy1)x; = viz; — Z ve(Ti—1 — 2¢)
t=itl

And therefore the expected utility of the agent in the best SNE is:

U=

N
E(U|v-index(v') + 1 = k) P(v-index(v') + 1 = k)
k=1

N -1
P(v-index(v') +1=k) = <k ) ) (1 — o)k Ly/N=k

N
E(Ulv-index(v')+1 =k) = E (vkxk — Z vp(xp—1 — )
t=k+1

v-index(v') + 1 = k))

N
=v'd(N—-k+1)—d Z E(vi|v-index(v') + 1 = k)
t=k+1
Note that given v-index(v') + 1 = k, the valuation of each of the N — k
players with valuations below v’ is uniformly distributed over [0, v']. Therefore



the expected value of each of them (without imposing any ordering on them) is
%, and the expected utility at equilibrium is:
dv'(N — k) N —k+2

E(Ulv-index(v')+1 =k) = v'd(N—k+1)— 5 = dv 5

Hence,

’ N .
:d% (N+1)§<]Z_ 11>(1_ /)kfllefk_
al N-1
_ (k—l) (1_ /)klv/Nk]
(i)

Notice that:

N N-1
N-1 Nk—1, IN—-k __ N -1 Nk, IN—k—1 __
S (Fo))a-vr M

k=1

Similarly,
= N -1 al N2
So-n (2] etk = Sy (Tt
k=1 k=2
N2 /N2
~wv-na-0 Y (V) a - - na - )
k=0

And therefore the expected utility in best SNE is:

- dv , dv’ , ,
_
2
On the other hand, recall from the previous theorem that the safety level of the

agent is:

(N = 1) +2)

- Al NI\
U > max Za:k(v’ - b’)( )(1 BNk
0<b'<11— k—1



N
N -1 A .
= max dv—b’ZN k;+1< >(1_b/>k1b/Nk_
k=1

0<b'<1 kE—1
N-1
N-1 .
= max d(v' — V) 1= )RV =
0<b'<1 ( Z < k >( )

O

N-1

A -1 FUA

= o e =) |3 (Ve
0<b' <1 . k

N-1
N — INkIIN—k—1| __
- k( 8 >(1—b)b =
k=1

N-1
= max d(v' — i)’) [N — (N -1) Z <N - 2) (1- j)/)k[;/N—k—ll _

—_

0<h' <1

= max d(v' — ) [N —(N-1)
o<y’ <1

L >(1 o B/)k—}-lé/N—k—Q] —

= max d(v'—b) (N (N —1)(1 - 13')) = max d(v/—b) ((N —DY 1)

0<br<1 0<b<1

To find the maximum, we need to compute the derivative and compare it to 0:

g G <(N )+ 1) Fd( — V)N —1) = d(N — 1)(v/ — 28/) — d

d - v’ 1
~U = N -1 —2)—1= V= ————
db’U 0=( ) ) 0= 3TN 1)

Now there are two cases:
Casel:” 2(N 1)>O:>v>
In this case the the safety level payoff is:

+ 2(N1— 1)) <v/(N2_ 23 D -




And therefore the competitive safety level is:

U N — 1) 4 20/

- <2 ( T+ 2 — <2

U ’UIQ(N* 1) +2U,+ m
CaseZ:%—Wl_l)<O=>U’<ﬁ

In this case, in order to guarantee the maximal value the agent should bid 0, take
the lowest slot and get U = v'd. On the other hand, the expected payoff in the
best SNE in this case is (remember that in this case v’ < ﬁ):

-~ dv 3dv’
U= 7((N—1)v’+2) <=

and therefore the competitive safety ratio is U < % Therefore, the payoff loss
ratio caused by using a safety level strategy instead of playing for SNE is
bounded by 2. a

4.3 Linearly Decreasing CTRs with quality effect

The actual ad auction mechanism that is used by Google (as described in (Var-
ian, 2006)) uses an additional parameter - the “ad quality” property of an ad-
vertiser. It is assumed that the actual amount of clicks that is received by an
ad that is allocated to slot 7 is the product of the slot’s CTR and the quality of
the ad. Consequently, Google ranks the ads by the product of a measurement
of ad quality and advertiser bid, rather than just the bid alone. The price per
click that each advertiser pays is the minimum bid that is necessary to retain
his position (given his quality value and the other players’ bids and ad quality
values). Since the basic model that we discussed in the previous sections is a
special case of this model (derived by assuming that all ads are of equal qual-
ity), our negative results regarding the complete information setting apply here
as well. To analyze the incomplete information model, we can rely on a simple
observation (due to (Varian, 2006)) that this model is equivalent to a variation
of the basic model in which the players’ valuations are taken to be their “core”
valuations multiplied by the ad quality parameter of the corresponding player.
Given this observation, if we assume that both the valuations and the quality
of advertisers are distributed independently and uniformly over [0, 1], we have
that the equivalent basic model is one in which the valuations are distributed
over [0, 1] according to PDF f(x) = —Inxz (Glen et al., 1999). In that case,
assuming linearly decreasing CTR’s, the competitive safety ratio is given by the
following theorem:



Theorem 5. In the incomplete information ad auction setting with the following
parameters:

— the agents’ valuations are distributed identically and independently over
[0, 1] with PDF f(z) = —Inx
— the CTR’s are given by x, = d(N — k + 1) for d > 0,

the ratio between

— the expected payoff in the best SNE that is induced by the valuations’ real-
izations and

— the expected payoff guaranteed by the safety level strategy, under the as-
sumption that other agents do not overbid

is at most 3
14+ E(N -1)

Proof. First of all, several properties of the logarithmic distribution. Given ran-
dom variable Z with PDF f(x) = —Inx:

F(a)=P(Z <a) = /Oa—lnxdx =[—zlnz +z]j = a(l —Ilna)

E(Z|Z <a)= P(Zlm/oam(—lnm)dx =

B 1 o (Inz  1\1"  a(2lna—1)
~ a(lna —1) v 2 4)], 4(na-—1)
The utility of agent ¢ in the best SNE is:

N
Ui = (Uz' - bz’+1)$z’ = V% — Z vt(:ct_l — xt)
t=i+1

And therefore the expected utility of the agent in the best SNE is:

N
U= Z E(U|v-index(v') + 1 = k) P(v-index(v') + 1 = k)
k=1

N -1
k-1

E(Ulv-index(v') + 1 =k) =

P(v-index(v') + 1 =k) = ( )(1 — F()F RNk



N
=F <Uk1‘k — Z ve(xp—1 — )

t=k+1

v-index(v') +1 = k)) =

N
=v'd(N—k+1)—d Y E(v|v-index(v') + 1 =k)
t=k+1
Note that given v-index(v') + 1 = k, the expected value of each of the N — k
players with valuations below v’ (without imposing any ordering on them) is:

E(vjv <) = % and therefore the expected utility at equilibrium is:

J d(N —k)v'(2Inv" —1
B(0le-index(v') + 1= k) = vd(N — k+1) ~ & 4(121715 _n17)J ) _

dv’ , , B
= fo D) [4(N —k+1)(Inv — 1) — (N — k)(2Inv" — 1)] =
dv' , ,
= fv -1 [AN(Inv' —1) — (N = 1)(2Inv' — 1)—
—(k—=1)(4(Inv' — 1) —2Inv' + 1)] =
dv’
o= |

2NInv' —3N +2Inv' —1— (k—1)(2Inv’ — 3)]
Hence,

- dv’ N
= — 2NInv' —3N +2lnv’ — 1
U (o = 1) [;[ nv —3N +2Inv ]

(320 )a- ey
N

-y (N . 1> (1= F) ' F@)Y (k — 1) (2’ - 3)

k=1
Notice that:

Similarly,



k=2
N-2
v -na-re) X (V)0 ey
k=0

=(N-1)(1 -2+ Inv)

And therefore the expected utility in best SNE is:

~ dv’
= _[2NInv' — 3N +2Inv — 1—
U 4(lnv’—1)[ nv' —3N +2lnv
—(2Inv' = 3)(N = 1)(1 —v' + v In?')| =
dv'’
=———— [2Inv = 3)(N —1) +4Inv' —4—
4(Inv" — 1) [( nv' —3)( ) +4lny
—(2Inv' = 3)(N = 1)(1 =o' + o' In?v)] =
dv'’

= qmy g Ay 4G =2 ) (N = i — 1) =

= dv/ [1 + Z(s —2Inv')(N — 1)]

On the other hand, recall from the previous theorem that the safety level of the
agent is:

0<b'<1 =1 k-1
= N-1 o
= max d(v' =) (N — k:)( L >(1 — PRGN =
0<b'<1 —
N I s | R
= max d(U/ — b’) N ( )(1 — F(b/))kF(b’)N_k_l_
0<b'<1 k




N—-1
= max d(’l}l—i)/) [N— (N — 1) (N _12> (1 _ F(BI))kF([;/)Nkll _
k=

0<b'<1 1 k—
) 2/N -2 . )
= max d(v/=¥) [N = (N -1) ) ( >(1 — PO FEE)N =
0<b'<1 pod k

:mde—y)N—WFDQ—HMD:

= max d(v' — ?)’) ((N — 1)1;'(1 —In l;’) + 1)
0<b'<1

To find the maximum, we need to compute the derivative and compare it to 0:

d
dv

U=—d ((N ~D)H (1 —Inb) + 1) Fd( — V)N —1)(~Inb) =

=d(N = 1)(=b' + ¥ Inb/ —v'Inb' + &' Inb') —d =
=d(N —1)(20'Inb +v'Inb/ =) —d

Note that the derivative is always negative and therefore in order to guarantee
the maximal value the agent should bid 0, take the lowest slot and get U = v'd.
Therefore the competitive safety ratio is

| S

/
v
= 1+ —B—-2Inv)(N -1
=<1 )N —1)
It can be easily verified that as a function of v/, this expression is monotonic
increasing over v’ € [0, 1]. Therefore the maximal competitive safety ratio is
achieved when v’ = 1, and then

3
- §1+1(N_1)

| S

Therefore, the competitive safety ratio in this case is less or equal to 1 + %(N —
1). 0

4.4 Considering Specific Valuation Values of the Agent

In the first part of this section, we computed bounds on the competitive safety
ratio that hold uniformly for all valuations of the agent - now we would like to
explore whether those bounds can be improved by limiting the valuation values
of the agent. In the terms of the decision problem formulated at the start of this
section, showing a good (close to 1) bound for a subset of possible valuations



suggests that if the agent’s valuation happens to fall in that subset, he should
consider using a safety-level strategy - whereas for other valuations he might do
better by using an alternative strategy.

First, we would like to present a simple theorem, which will motivate the
rest of this section.

Theorem 6. In the incomplete information ad auction setting, where the agents’
valuations are distributed over [0, 1] with PDF that is well-defined and strictly
positive in [0,1]8, if R is the ratio between

— the expected payoff in the best SNE that is induced by the valuations’ real-
izations and

— the expected payoff guaranteed by the safety level strategy, under the as-
sumption that other agents do not overbid

, then VN : lim,_,o+ R = 1, where v’ is the valuation of the agent.

Proof. Let x denote the CTR of the last slot and let U denote the safety level
payoff of the agent, then for any valuation v > c¢ of the agent: U > vy
(because the agent can always bid 0 and guarantee at least the last slot). On the
other hand, the expected equilibrium payoff is:

N
U= ZE(U|U—ind6x(v') +1=k)P(v-index(v') + 1 = k) =
=1
N-1
=vry + Z E(U|v-index(v") + 1 = k) P(v-index(v') + 1 = k) <
k=1
<wvzy + z1vP(v-index(v') + 1 < N)

And therefore:

X P(v-i N"+1<N
lim R< lim YN + z1vP(v-index(v') + 1 < N) _
o' —0Tt o' —0Tt VTN

=1+ lim ﬂP(v—z’nalex(v/) +1<N)=1
/=0t TN
The latter equality is due to the fact that as the valuation of the agent approaches
0, the probability that all other agents’ valuation are greater than his goes to 1.
O

8 That is, the distribution assigns zero probability to any singleton subset, and any subset of
cardinality ¥ has strictly positive probability.



The above theorem, while important from a motivational point of view, has
little practical importance. While it promises that for any desired competitive
safety ratio R > 1, there exists ¢ > 0 such that for all v' € [0, ¢] the ratio is at
most R, it does not show how to compute this ¢, neither does it promise that this
c is big enough to be practically useful. In order to analyze the behavior of the
competitive safety ratio for small values of v/, additional assumptions regarding
the distribution of valuations and the CTR values of the ad slots are required;
the following observations follow directly from the analysis presented in the
first part of this section, for the appropriate models:

Observation 1 In the incomplete information ad auction setting with the fol-
lowing parameters:

— the agents’ valuations are distributed independently and uniformly over
[0, 1],

— the CTR’s are given by xj, = x1¢" ' for 0 < ¢ < 1 and x1 > 0,

, when the agent’s valuation is v’ < m, the ratio between

— the expected payoff in the best SNE that is induced by the valuations’ real-
izations and

— the expected payoff guaranteed by the safety level strategy, under the as-
sumption that other agents do not overbid

is given by

N—-1 N—-1
((1 — Qv + q) _ (1 L1z qv,> ~ Dy
q q

That is, for small valuations of the agent, the competitive safety ratio decreases
exponentially as v” approaches 0. While this may sound promising, the relevant
range is very small - to illustrate, if we take ¢ = 0.5 and N = 10, in order to
achieve competitive safety ratio of 1.1 the valuation of the agent must be less
than 0.01 (approximately).

Observation 2 In the incomplete information ad auction setting with the fol-
lowing parameters:

— the agents’ valuations are distributed independently and uniformly over
[0, 1],
— the CTR’s are given by x, = d(N — k + 1) for d > 0,

, when the agent’s valuation is v' < ﬁ the ratio between

— the expected payoff in the best SNE that is induced by the valuations’ real-
izations and



— the expected payoff guaranteed by the safety level strategy, under the as-
sumption that other agents do not overbid

is at most 3 (N — 1)v/ +2) = 1+ &=Ly,

That is, for small valuations of the agent, the competitive safety ratio decreases
linearly as v" approaches 0. To demonstrate, let us take N = 11, then in order
to achieve competitive safety ratio of 1.1 the valuation of the agent must be less
than 0.02.

Observation 3 In the incomplete information ad auction setting with the fol-
lowing parameters:

— the agents’ valuations are distributed identically and independently over
[0, 1] with PDF f(z) = —Inz
— the CTR’s are given by xy, = d(N — k + 1) for d > 0,

the ratio between

— the expected payoff in the best SNE that is induced by the valuations’ real-
izations and

— the expected payoff guaranteed by the safety level strategy, under the as-
sumption that other agents do not overbid

is at most
/

1+ %(3 —2Inv)(N — 1)

To demonstrate, let us take N = 11, then in order to achieve competitive safety
ratio of 1.1 the valuation of the agent must be less than 0.0027 (approximately).
While this value may sound too small to be practical, note that if we assume that
the agent’s valuation has the same distribution as the opponents’ (i.e. its CDF
is P(Z < a) = a(1 — Ina)), the prior probability for the agent’s valuation to
fall in this range is approximately 0.019 - which means that in about 2% of all
interactions, the agent can find using the safety level strategy very useful.

5 Conclusions and Future Work

In this work, we have investigated whether useful C-competitive strategies exist
in the setting of ad auctions, both in the complete and incomplete information
models. We have focused our work on a model in which the slot values are de-
creasing exponentially or linearly, which we believe to be realistic assumptions.



For these settings, we have shown by examples that in the complete informa-
tion model there is no hope of achieving constant competitive safety ratio. On
the other hand, in the incomplete information model with uniformly distributed
valuations a competitive safety ratio of e can be achieved for exponentially de-
creasing CTRs, and a competitive safety ratio of 2 can be achieved for linearly
decreasing CTRs. The intuition behind the difference in results for the complete
and incomplete information settings, is that while we show a specific profile of
valuations that is arbitrarily bad for the agent, the probability that “bad” profiles
actually occur is negligible, and the profiles that do occur with high probability
exhibit constant competitive safety ratio.
We see two conceptually different directions for future work:

— Investigating the existence of C-competitive strategies in other models of ad
auctions. Those may include non-uniform distributions of valuations, other
models of slot values or refinement of auction rules (such as introducing the
quality factor parameter (Varian, 2006)).

— Investigating the existence of C-competitive strategies in other interesting
sub-classes of games, such as congestion games (Rosenthal, 1973), other
non-VCG auctions, etc.
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