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1 Introduction

Let 0 : Ry x R? — R and consider the stochastic heat equation

(L1) O X(ta) = SAX ()t + olt, 2, X (6 0)W (w,0) + bt 2, X(1,2).

Here A denotes the Laplacian and W is space-time white noise on Ry, x R. If o(t,z,X) and
b(t,z, X) are Lipschitz continuous in X it is well-known that there are pathwise unique solutions
to (1.1) (see (Wal86)). When o(t,z,X) = +/f(t,z, X)X such equations arise naturally as the
scaling limits of critical branching particle systems where the branching rate at (¢, ) is given by
flt,z, X(t,x)) and X(¢,x) is a measure of the local particle density at (£,z). Such coefficients are
not Lipschitz continuous and pathwise uniqueness remains open even in the case where f = 1,
b= 0 and X is the density of super-Brownian motion (see Section II1.4 of (Per(02)). In this case,
and more generally for f = X? for p > 0, uniqueness in law is known by duality arguments (see
(Myt99)). The duality arguments are highly non-robust, however, and pathwise uniqueness, if true,
would typically hold for a much less restrictive set of coeflicients. Our goal in this work is to show
pathwise uniqueness holds for solutions to (1.1) if o(t,z,-) is Holder continuous of order v and
v > 3/4. The attentive reader will have already noted that the motivating example given above
does not satisfy this condition.

The above equation does have the advantage of having a diagonal form—that is, when viewed
as a continuum-dimensional stochastic differential equation there are no off-diagonal terms in the
noise part of the equation and the diffusion coefficient for the x coordinate is a function of that
coordinate alone. For finite-dimensional sde’s this was the setting for Yamada and Watanabe’s
extension (YWT71) of Ité’s pathwise uniqueness results to Hélder (1/2) continuous coefficients,
and so our plan will be to carry over their approach to our infinite dimensional setting. This
programme was already carried out in the context of coloured noise in (MPS06), but the methods
used there when specialized to white noise gives nothing beyond the classical Lipschitz uniqueness.
In fact for coloured noise in higher dimensions the results in (MPS06) did not even come close
to the known results on pathwise uniqueness for Lipschitz continuous coefficients (Dal99)-see the
discussion after Remark 1.5 in (MPS06). This is what led to our belief that there was room for
substantial improvement in the methods of (MPS06) and hence to the present work.

We introduce a growth condition, a Holder continuity condition on ¢ and the standard Lipschitz
condition on b:

(1.2) there exists a constant ¢;.o such that for all (¢, 2, X) € Ry x R?,
|o(t, 2, X)| + [b(t, z, X)| < cra(1 + | X]),

. or some y > there are Ry, Ro > 0 and for a > 0 there 1s an Ry
1.3 f 3/4 th Ri, Ry > 0 and for all T > 0 there i Ro(T
so that for all t € [0,7] and all (z, X, X’) € R,
lo(t, 2, X) — o(t,z, X")| < Ro(T)e™ (1 + | X| + | X'|) 2| X — X']7,

and

(1.4) thereis a B > 0 s.t. for all (t,z, X, X") e Ry x R3, |b(t,x, X) — b(t,z,X")| < B|X — X'|.



We assume W is a white noise on the filtered probability space (Q2, F, F;,P), where F; satisfies
the usual hypotheses. This means W;(¢) is an F-Brownian motion with variance [|¢||3 for each
¢ € L*(R,dz) and Wi(¢) and Wi(¢) are independent if [ é(z)d(x)dz = 0. We set py(z) =
(2mt) Y2 exp{—a?/2t}, Pif(z) = [ f(y)pe(y — x)dy, and let F}¥ C F; be the filtration generated
by W satisfying the usual hypotheses. A stochastic process X : Q@ x R, x R — R, which is
jointly measurable and Fi-adapted, is said to be a solution to the stochastic heat equation (1.1) on
(Q, F, F, [P) with initial condition Xy : R — R, if for each ¢t > 0, and z € R,

(15)  X(tz) = /Rpt<y—x>xo<y>dy+ /O /Rpt_s@—x)o(s,y,xw,y))vv(ds,dy)

t
+/ /Rpt—s(y - Jf)b(saan(S,y))dyds a.s.
0

To state the main results we introduce some notation, which will be used throughout this work:
IfEC Rd, we write C'(E) for the space of continuous functions on E. A superscript k, respectively
oo, indicates that functions are in addition k times, respectively infinitely often, continuously
differentiable. A subscript b, respectively ¢, indicates that they are also bounded, respectively have
compact support. We also define

[1£11x = sup [£(x)]e 27,
[AS]

set Crem := {f € C(R),||f]ln < oo for any A > 0} and endow it with the topology induced by the
norms || - || for A > 0. That is, fn — f in Cie iff d(f, fn) = 5oy 27°(I1f = fallie A1) — 0 as
n — 00. Then (Ciepm,d) is a Polish space. By identifying the white noise W, with the associated
Brownian sheet, we may view W as a stochastic processes with sample paths in C(R, Ci,). Here
as usual, C(R,, Clep) is given the topology of uniform convergence on compacts.

A stochastically weak solution to (1.1) is a solution on some filtered space with respect to some
noise W, i.e., the noise and space are not specified in advance.

With this notation we can state the following standard existence result whose proof is a minor
modification of Theorem 1.2 of (MPS06) and is given in the next Section.

Theorem 1.1 Let Xo € Ciem, and let b,o : Ry x R* — R satisfy (1.2), (1.3), and (1.4). Then
there exists a stochastically weak solution to (1.1) with sample paths a.s. in C(Ry, Crem).

We say pathwise uniqueness holds for solutions of (1.1) in C(R, Ci,y,) if for every deterministic
initial condition, X € Cierm, any two solutions to (1.1) with sample paths a.s. in C'(R, Cyep,) must
be equal with probability 1. For Lipschitz continuous o, this follows from Theorem 2.2 of (Shi94).
Here then is our main result:

Theorem 1.2 Assume that b,o : Ry x R* — R satisfy (1.2), (1.3) and (1.4). Then pathwise
uniqueness holds for solutions of (1.1) in C(R4, Ciep).

As an immediate consequence of Theorems 1.1 and 1.2 we get existence and uniqueness of strong
solutions and joint uniqueness in law of (X, W).

Theorem 1.3 Assume that b,o : Ry x R* — R satisfy (1.2), (1.3) and (1.4). Then for any
X0 € Ciem there is a solution X to (1.1) on (Q, FV, FV . P) with sample paths a.s. in C(Ry, Ciem).
If X" is any other solution to (1.1) on (Q,F,F;,P) with sample paths a.s. in C(Ry, Ciem), then
X(t,z) = X'(t,x) for all t,x a.s. The joint law Px, of (X,W) on C(Ry,Ciem)? is uniquely
determined by Xy and is Borel measurable in Xg.



Proof. The Borel measurability of the law is proved as in Exercise 6.7.4 in (SV79). We now apply
Theorem 3.14 of (Kur07), with the Polish state spaces S; and Sy for the driving process (W) and
solution (X) in that work both equal to C(R, Ciep,). Theorems 1.1 and 1.2 imply the hypotheses
of weak existence and pointwise uniqueness of (a) of that result. The conclusions of an F}V-adapted
(strong) solution and uniqueness in law of (X, W) follow from the conclusions in Theorem 3.14 (b)
(of (Kur07)) of a strong compatible solution and joint uniqueness in law, respectively. (Note that
Lemma 3.11 of the above reference shows that a strong, compatible solution must be 7}V -adapted.)
Finally the equality of X and X’ is immediate from Theorem 1.2 on (2, F, F;,P) as X is also a
solution for the larger filtration. ]

Remark 1.4 (a) When assuming (1.2), it suffices to assume (1.3) for | X — X'| < 1. Indeed this
condition is immediate from (1.2) for | X — X'| > 1 with Ry =0 and R = 1.

(b) (1.3) implies the local Hélder condition:

(1.6) for some v > 3/4 for all K > 0 there is an Li so that for allt € [0, K]
and z, X1, X5 € [-K, K], |o(t,z, X1) — o(t,z, X2)| < Lk|X1 — Xo".

In fact it prescribes the growth rate of the Hélder constants Ly (polynomial in X and exponential

In order to give a bit of intuition for Theorem 1.2, we recall the result from (MPS06) which
dealt with the stochastic heat equation driven by coloured noise. Let W (t,z) be the mean zero
Gaussian noise on R, x R? with covariance given by

(1.7) E |\W(t,x)W(s,y)| = do(t — s)k(x — y),
where
(1.8) k(—y) < cla—y[™"

for some « € (0,d A 2). Note that the white noise considered in this paper is the case k(x) = dp(x).
It formally corresponds to a = 1 in dimension d = 1. Now let X satisfies the SPDE:

(1.9) %X(t,x) - %AX(t,m)dt b o (X(t2))W (2, 1),

with W being the coloured noise just described. Then the following result was proved in (MPS06).
Theorem 1.5 ((MPS06)) For a < 2y — 1, pathwise uniqueness holds for (1.9).

Let @ = X' — X2 be the difference of two solutions to (1.9). The proof of Theorem 1.5 relied on
a study of the Holder continuity of (t,-) at points where @(t,x) is “small”. Let £ be the Holder
exponent of u(t, ) at such points. The following connection between parameter ¢ and the pathwise
uniqueness was shown in (MPS06) (see condition (41) in the proof of Theorem 4.1 there): If

(1.10) a < &2y —1),



then pathwise uniqueness holds for (1.9). Hence, the better the regularity one has for 4 near its
zero set, the “weaker” the hypotheses required for pathwise uniqueness. It was shown in (MPS06)
that at the points x where @(t, x) is “small”, u(t,-) is Holder continuous with any exponent £ such
that

_c
2

(1.11) €< Al

L=~
(For the precise statement of this result see Theorem 2.2 in the next section.) Note that in the case
when a < 2y — 1, (1.11) turns into the following condition

(1.12) £ <1,

and this together with (1.10) imply Theorem 1.5.
Now assume W is white noise on R} x R and d = 1. This formally corresponds to the a = 1,
and in this case the conditions (1.10), (1.11) can be written as

(1.13) 1 < &2v-1),

1
(1.14) £ < s Mt

For v > 1/2, we have ﬁ > 1 and hence one can take £ < 1 arbitrarily close to 1 (a proof of this
is given in Theorem 2.3 below), substitute it into (1.13), and get a vacuous condition for pathwise
uniqueness, namely

v > 1.

To improve on this we will need to get more refined information on the difference, u, of two solutions
to (1.1) near the points 2y where u(t,z) ~ 0. To be more precise, suppose one is able to show that

(1.15) lu(t,z)| < ¢lx — ol*
for any
(1.16) DL

' 20—-7)

By substituting the upper bound for £ from (1.16) into (1.13) and doing a bit of arithmetic one
gets the following condition for pathwise uniqueness

(1.17) v > 3/4,

which is the result claimed in Theorem 1.2. We will in fact verify a version of (1.15) under (1.16)
and 7 > 3/4. A more detailed description of our approach, is given in Section 2.

The above discussion allows us to conjecture a stronger result on pathwise uniqueness for the
case of equations driven by a coloured noise:

Conjecture 1.6 If
(1.18) a<2(2y-1),

then pathwise uniqueness holds for (1.9).



The reasoning for this conjecture is similar to that for the white noise case. Let @ again be the
difference of two solutions to (1.9). Suppose that if @ (¢, xg) = 0 then at the points nearby we have

(1.19) a(t,z) < clr — xol*
for any
(1.20) €< 179

. 2

By substituting the upper bound for £ from (1.20) into (1.10) and simple algebra one gets (1.18)
as a condition for pathwise uniqueness for (1.9). Note that (1.18) can be equivalently written as

1 a
1.21 > — 4+ —.
(1.21) T>5+7

In the next Section we give a quick proof of Theorem 1.1 and then turn to the main result,
Theorem 1.2. Following the natural analogue of the Yamada-Watanabe argument for stochastic
pde’s, as in (MPS06), the problem quickly reduces to one of showing that the analogue of the local
time term is zero (Proposition 2.1). As described above, the key ingredient here will be tight control
on the spatial behaviour of the difference of two solutions, when this difference is very small, that is,
when the solutions separate. Roughly speaking, as in Yamada and Watanabe’s argument we first
show that solutions must separate in a gentlemanly manner and therefore cannot separate at all.
Section 2 includes a heuristic description of the method and further explanation of why v = 3/4 is
critical in our approach. It also gives an outline of the contents of the entire paper.

Convention on Constants. Constants whose value is unimportant and may change from line
to line are denoted cq,cs,..., while constants whose values will be referred to later and appear
initially in say, Lemma i.j are denoted c;; or C;;. Dependence of constants on R; or B will be
suppressed in our notation.

Acknowledgements. The second author thanks the Technion for hosting him during a visit
where some of this research was carried out. This project was initiated during the visit of the first
author to the UBC where he participated in a Workshop on SPDE’s sponsored by PIMS and thanks
go to the Pacific Institute for the Mathematical Sciences for its support. Both authors thank two
anonymous referees for their careful reading of the manuscript.

2 Proof of Theorems 1.1 and 1.2

Proof of Theorem 1.1 This is standard so we only give a sketch and set b = 0 for simplicity.
By taking weak limits as 7' — oo we may assume Ry(7T') = Ry is independent of 7. Choose a
symmetric ¢, € C so that 0 < ¢, < 1, [|[¢¥)[lc < 1, ¢¥p(z) = 1if |2| < n and ¢,(z) = 0 if
|z| > n+2. Let

on(t,z, X) = /U(t,x,X')pg_n(X' — X)dX ", (X).



It is easy to then check the following:

(2:22) |on(t, 2, X)| < 2c12(1 + | X]),

(2.23) lon(t, 2, X)) — o (t, 2, X)| < | X' — X,

and

(2.24) o (t, 2, X) = o(t, 2, X)| < cpoa | (X[ 4+ 1272 4 (14 X])(1 = ¢u(1X])

— 0 uniformly on compacts as n — oc.

Use (2.22), (2.23) and Theorem 2.2 of (Shi94) to see there are solutions X" to (1.5), (all with
respect to W)-here (1.5),, is (1.5) but with o, in place of 0. Now argue as in Section 6 of (Shi94)
(see the proof of Theorem 2.2) or in the derivation of Theorem 1.2 of (MPS06) (the present white
noise setting simplifies those arguments) to see that { X"} is tight in C(R, Clepp, ). More specifically,
using the growth condition (1.2), it is straightforward to carry over the proof of Proposition 1.8(a)
of (MPS06) (see Lemmas A.3 and A.5 of that paper) and show

(2.25) for all T, \,p >0, supFE( sup sup \X”(t,:v)\pe_)‘“c') < 0.
n 0<i<T R

The above bounds in turn give uniform bounds on the pth moments of the space-time increments
of X" (see Lemma A.4 of (MPS06)) and hence tightness. Indeed, the orthogonality of white noise
makes all these calculation somewhat easier. By Skorohod’s theorem we may assume X"* converges
a.s. to X in C'(R4, Cter,) on some probability space. It is now easy to use (2.24) to see that (perhaps
on a larger space), X solves (1.5). [

Next consider Theorem 1.2 and assume its hypotheses throughout. By Remark 1.4(a) decreasing
~ only weakens the hypotheses and so we may, and shall, assume that

(2.26) 3/4 <y <1

Let X! and X2 be two solutions of (1.5) on (2, F, F;,IP) with sample paths in C(R,, Ciepn) a.s.,
with the same initial condition, X*(0) = X?(0) = Xg € Ciem, and of course the same noise W. For
adapted processes with sample paths in C(R, Ciern), (1.5) is equivalent to the distributional form
of (1.1) (see Theorem 2.1 of (Shi94)). That is, for i = 1,2 and ® € C°(R) :

(2.27) /RXZ'(t,x da:—/XO da:—i—/ /XZ 5,T)= A(I)( )dxds
+/0 /IRa(s,x,Xi(s,x))@(x)W(ds,da:)
—|—/Ot/IRb(s,x,Xi(s,:c))@(x)dxds Vt>0 a.s.

Let

(2.28) Tx = inf{s > 0 :sup(| X' (s,7)| V | X%(s,y))e ¥ > K} A K.
Yy



We first show that the hypothesis (1.3) may be strengthened to

(2.29) for some 1 >~ > 3/4 there are Ry, R; > 1 so that for all ¢ > 0
and all (z, X, X') e R®, |o(t,z, X) — o(t,z, X')| < Roe™ 1| X — X',

Assume that Theorem 1.2 holds under (2.29) and that o satisfies (1.3). Define
ox(t,z, X) =o(t,z,(X V(-Ke")) A Kel*h1(t < K).

Then
ok (t, 2, X) — ok (t,2, X')| < Ro(K)e1*I(1 + 2Kelly 2 x — X'|7,

and so (2.29) holds with R; + R in place of Ry (the restriction that R; > 1 is for convenience and
is no restriction). Providing that for A =1, || Xo||x < K, we have

(2.30) o(t,x, X' (t,x)) = o (t,z, X'(t,x)) for all z and t < Tk.

Therefore ok satisfies(2.29) and of course (1.2). So we may apply Theorem 1.3 to the equation
(2.27) ;- with o in place of 0. Let Pk x, be the unique law of the solution (X, W) on C(R4, Ctem ).
Using the Borel measurability of these laws in X, it is now easy to “piece together” solutions to
construct solutions X%, i = 1,2 to (2.27) ;- starting at X on some probability space such that
(X'(- ATg),X2%(- ATg)) is equal in law to (X'(- A Tk), X2(- A Tk)). By pathwise uniqueness in
(2.27); we get X' = X? and so X'(- ATk) = X%(- A Tk). Letting K — oo gives X' = X2, as
required.

We now follow the approach in Section 2 of (MPS06) and reduce the theorem to showing the

analogue of the “local time term” in the Yamada-Watanabe proof is zero. Let
an = exp{—n(n+1)/2}

so that

(2.31) Ung1 = ane "L = ana?/™

Define functions v, € C°(R) such that supp(¢y,) C (an,an—1), and

2
ne

an—1
(2.32) 0 < p(x) < for all z € R as well as / Uy (z)dz = 1.

Finally, set

lz|  ry
(2.33) oute) = [ [ )iz

From this it is easy to see that ¢, (x) T || uniformly in x. Note that each v, and thus also each ¢y,
is identically zero in a neighborhood of zero. This implies that ¢, € C°°(R) despite the absolute
value in its definition. We have

||

(2.34) ¢n(7) = sgn(x) ; Un(y)dy,

(2.35) O (@) = n(|z]).



Thus, |¢},(x)| <1, and [ ¢} (z)h(z)dz — h(0) for any function h which is continuous at zero.
Define

uw= X - X2
Let ® € CP(R) satisfy 0 < @ < 1, supp(®) C (—1,1) and [ ®(x)dz = 1, and set 7' (y) =

m®(m(x —y)). Let (-,-) denote the scalar product on L (R). By applying 1t6’s Formula to the
semimartingales (Xti, @?) in (2.27) it follows that

(bn utu
/ / & (12, B)) (5,9, X (5,1)) — (5,31, X2(5,9))) B () W (ds, dy)
/ m 1 m
[ 6 G0 s g 07

1 [t - ,
w5 [ et ) (00500 X1 5,0) - o5, X¥s.0)
x O (y) dyds

t
+ / / O (g, ) (b5, X2 (5,)) — b(s, 5, X2(5))) B (y)dyds.
0 R

We integrate this function of = against another non-negative test function ¥ € C2°([0,%9] x R)
(to € (0,00)). Choose K; € N large so that for A =1,

(2.36) I Xolla < K1 and I' = {x : Us(x) >0 for some s < ¢y} C (—K1, K1).

We then obtain by the classical and stochastic versions of Fubini’s Theorem (see Theorem 2.6 of
(Wal86) for the latter), and arguing as in the proof of Proposition I1.5.7 of (Per02) to handle the
time dependence in W, that for any ¢ € [0, t],

(2.37) (@n((ug, ©77)), Ty)

/ / (s @B (1), W) (0,5, X (5,9)) — (5,5, X>(5.9))) W (ds, dy)
/ (0], (12, 7)), S AP )
/ L e 820D o9 5) = s X 5,))°
<O Py (e)irds + [ (Onllun @), ) ds

/ / (13, @)™ (), W) (b(s, 1, X1 (5,)) — b(s, 9, X*(s,y))) dyds

=1V + LV () + 150" () + 1" (8) + I (¢).
(2.38)

The expectation condition in Walsh’s Theorem 2.6 may be realized by localization, using the
stopping times {7k }.



Set my, = a;yf = exp{(n—1)n/4} for n € N. In the integral defining Ign"“’nﬂ we may assume

lz| < K1 by (2.36) and so |y| < K1 + 1. Let K € N = {K| K| 4+ 1,...}. If s < Tk, then for

such a y,
|X(s,y)| < KelVl < KeS1H) for i = 1,2.

Therefore (1.6), (2.32) and (2.31) show that if K’ = KeS1+1) (> K| + 1), then for all ¢ € [0, o],
I A TR

1 tATk
<5 [ ] [ ) e e T < 2] < 0)
% Lo (s, )P @700 ()0, () dydzds

SL%%L@WAW&//M%H<u%@wwwwmwaw%%Mwmuw@mw

(msz%%w”mAmk//ﬂ%ﬂ<K%@T“H<%WM&WW?M@NwMWM&
We define

(2.40) IWﬂzafﬂZMAi//MWm@?”W<GMM&MW@THWW4@@M%-
Proposition 2.1 Suppose {Upnrpnx : M,n, K € NJK > K1} are F;-stopping times such that for

each K € N=K1

2.41

EHl)) Uvinxk <Tr, Unpnx T Tk as M — oo for each n, and
limas— oo sup,, P(UM,n,K < TK) =0,

and

(2.42)

(Hz) For all M € N and ty > 0, lim,,—,oo E(I"(to A Uptn,i)) = 0.

Then the conclusion of Theorem 1.2 holds.

Proof. We adapt the reasoning in Lemma 2.2 of (MPS06) for the coloured noise setting to our
white noise driven equation. As in (2.25) we have

(2.43) for all T, \,p >0, E( sup sup |u(t,z)|Pe ) < .
0<t=T 2R

Let
Zu(®) = [ 6ul(u0, 27 ¥1(z) da.

10



Fix K € N2 and 0 < t < to. Note that since 0 < ¢p(2) < |2| and ¥ > 0,
0< Z,(tATi) < [ [ ult A Ties |82 () W(E A Tic ) dyd
< QK// Wleme ()W (t A Tx, 2)dyl(|z] < Ky)dz
(2.44) < 2K ef1tle (W),

With (2.43) in hand, the proof of Lemma 2.2(a) of (MPS06) is easily adapted (again it is in fact
easier) to show

(2.45) {I7"™(s) : s < tg} is an L*-bounded sequence of L* martingales.

The proof of Lemma 2.2(b) of (MPS06) applies directly to show that

Mp,n __ pmp,n,l M ;1,2
Iy =1, + I

9

where for any stopping time T,
1 tAT 1
(2.46) L™ (tAT) — / /|u(s,x)|§A‘lls(x)dxd8 in L' as n — oo
0

(again the key bound here is (2.43)), and we have the one-sided bound

(2.47) 2 (s) < 22O(0) for all s < to and n.
n
(In the notation of (MPS06), ;""" ( = [y 135" (r)dr and I"™%( 2 = [ I () + 135 " (r)dr.)

The proof of Lemma 2.2(c) of (MPSO6) also apphes dlrectly to show that for any stopping time T,
tAT )
(2.48) I'""tAT) — / /|u(s,w)|\lfs(a:)d3:ds in L' as n — .
0

Since |¢),| <1, (1.4) implies that for a stopping time T,
tAT ~
(2.49) L't AT) < B/ //\u(s,y)\@?” (y)Vs(x)dydrds = BI§(t ANT).
0

It follows easily from (2.43) that {IZ(to) : n € N} is L*-bounded and, as n — oo,

~ tAT
(2.50) IDAEANT) — / /\u(s,fv)\‘lls(:v)dacds a.s. and hence in L' by the above.

0

Let ¢ > 0. Then (H;), (2.44),(2.45),(2.46) and (2.48) show that, by a standard result for uniformly
integrable random variables, there is an My so that

(2.51) supE((\Zn(t ATg)| 4 I (8 AT )| 4 [ I5™™ (A T + 1™ (E A TK)\)
n

(Ui i < Ti)) < & for all M > My,
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From (2.37), (2.49), the non-negativity of 13" and I:Q, and Fatou’s Lemma, we have for M > M,

B( [ lute A Tic. )W (1))

< liminf B(Z, (¢ A T )W Usin i = Tic)) + E(Zn(E A T)WUntn i < Ti))

< liminf E(I"" (¢ A T)) + B Nt A Ti)) + E(I™ (6 ATe) 1 (Unpn i) = T )
+ B(IJ""(t A Unrn i) + E(I7™"(t ATk )) + BE(IZ(t A Tk))

(
— BE(I{"™"(t A Trk)l(Upnx <Tk)) — E(I;ﬂn’n’l(t ANTK) 1 Upn,x < Tk))
— Bt ANT) (U < Tk)) + E(Zp(t NTk)V (Ut < Tk))

<5 /O e / \u(s,x)%A\PS(w)dxds>
o /0 i / u(s, 2) b (a)dads ) + BE( /O i / u(s, 2)| (2)dods ) + .

by (2.45), (2.46), (2.47), (Hs) (together with the bound (2.39)),(2.48) (2.50), and (2.51), respec-
tively. Let € | O to see that

E(/ lu(t A Tre, )| Tonr (a:)da;) < E(/OMTK / |u(s,x)|(%A‘l’s(x) + () +B‘I’s(x))da:ds).

Let K — oo and use Dominated Convergence (recall (2.43)) on each side to conclude that

/E(|u(t,x)|)\llt(x)dx < /0 /E(|u(s,x)|)(%A\Ifs(x) (@) + BUL(x))dzds, 0<t<t.

This gives (34) of (MPS06) with an additional drift term BWs(x). One proceeds exactly as in
Section 3 of that reference, using the semigroup e!P; in place of P, to see that since E(|u(t,x)])
is a finite (by (2.43)) non-negative subsolution of the heat equation with initial data zero, therefore
E(Ju(t,z)|) = 0 and so X! = X2 by continuity of paths. [

The construction of {Upn, i} and verification of (H;) and (Hz) will be the objective of the rest
of this work.

Notation. For t,t' > 0 and z,2’ € R let d((t,z), (', 2")) = /|[t/ = t| + |2/ — z|.

Note that the indicator function in the definition of I" implies there is an &9 € (zr—+/a,,, z+/a,,)
such that |u(s, 20)| < an. If we could take #o = y we could bound I,,(t) by C'(t)an /> /"7 and
(H1) and (H2) would follow immediately with Upsn k = Tk. (The criticality of 3/4 in this argument
is illusory as it follows from our choice of m,.) The hypotheses of Proposition 2.1 now turn on
getting good bounds on |u(s, y) —u(s, #)|. The standard 1/2—e-Holder modulus ! not surprisingly,

! Although this is well-known “folklore” result we were not able to find the exact reference. One can easily check
that the estimates in the proof of Corollary 3.4 in (Wal86) give 1/2 — e-Holder spatial modulus; similarly the result
of (SS02) can be immediately extended to cover the white noise case; in both works the Lipschitz assumptions on
noise coefficients can be relaxed to linear growth assumptions and the proofs still go through.
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gives nothing. In (MPS06) this was refined to a 1 — e-Ho6lder modulus near points where u is small
as we now describe. Let

Z(N,K)(w) = {(t,z) € [0,Tx] x [-K, K] : there is a (o, %) € [0, Tk] x R such that
d((fo, &), (t,2)) <27V, and |u(fy, o) < 27N}

Return now to the SPDE driven by coloured noise (1.9) from Section 1. Let @ be the difference
of two solutions of (1.9) and a € (0,2 A d) be the covariance kernel exponent as in (1.8). Let
Z(N, K) be defined as Z(N, K) with @ instead of u. The following improved modulus of continuity
was proved in (MPS06) (see Theorem 4.1 and the first two paragraphs of the proof of Corollary 4.2
in that reference).

1-9

Theorem 2.2 For each K € N and 0 < £ < 1:7 A1 there is an Nog = No(§, K,w) € N a.s. such
that for all natural numbers N > Ny and all (t,x) € Z(N, K),

d((t', "), (t,z)) < 27N and t' < Ty implies |a(t', ') — a(t,z)| < 27V,

In the white noise setting the result holds with a = 1. Recall u is the difference of two solutions
to (1.1).

Theorem 2.3 Assume v > 1/2. For each K € N and £ € (0,1) there is an Ny = No(§, K,w) € N
a.s. such that for all natural numbers N > Ny and all (t,x) € Z(N, K),

d((t', "), (t,2)) < 27N and t' < Tk implies |u(t', ') — u(t, z)| < 27V,

Proof. The proof of Theorem 2.2 applies with « = 1 (the dependance of o on ¢,z alters nothing
in the proof). In fact it is now considerably simpler because of the orthogonality of white noise
increments. The required tools are Lemma 4.1 and Lemma 4.3 below. With this choice of a and
~v > 1/2, the upper bound on £ in Theorem 2.2 becomes 1. In (MPS06) there was no drift term,
but the calculations for the Lipschitz drift term are simpler still. Here one uses Holder’s inequality
to utilize the L? bounds in Lemma 4.3. [

The proof of Theorem 1.2 is long and involved so before descending into the technical details of
the derivation of (H;y) and (H3), we now give a heuristic description of the method with b = 0
throughout, and also try to explain why v = 3/4 is critical in our approach. The choice of
my, = a;yf appears arbitrarily in the above so let us for the moment set m,, = a;f“l) ~ a,*
for some g > 0. (H;) and (H3) are delicate ways of ensuring 1™ () approaches zero as n — oo and

so our goal is to show that

t
(252)  I"(t)~azio /0 / / ([ {uts, D741 < ) (s, )2V ()W () dylds

—0asn — oo.

We have taken (and will take) some small liberties with the “local time term” I"(¢) (with this new
choice of m,,) in the first line. In the integrand in (2.52) the variable y must be within 2a%° of a
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point T where |u(s, Z9)| < an. If we simply replace y with 2o, I"(t) is at most

¢
anlo‘()/ //ai’y@g@"“(y)‘lls(a:)dyda:ds < CtaZr 170 0,
0

if v > 1/2 and «ag is small enough. This is a bit too crude but shows it will be crucial to get good
estimates on u(s,-) near points where it is small (and also shows we are already forced to assume
v >1/2). Theorem 2.3 implies that

(2.53) ~v > 1/2 implies u(t,-) is £&-Holder continuous near its zero set for £ < 1,

and so allows us to bound |u(s,y) — u(s,Zo)|. Use this in (2.52) and take 0 < ap < 1 to bound

I"(t) by
t
a;l_a‘)/ //Caftl0§2"f@;nn+l(y)\lls(l‘)dydfljds
0

< Cta,;HO‘O(&Q'Y*l) — 0 as n — oo,

if v > 1 and we choose ag, & close to one. Of course v > 1 is not a viable choice but this shows
we are now getting close, and in fact in the coloured noise setting of (MPS06) the above argument
sufficed for the results there, although there was some work to be done to implement this idea
carefully.

To increase our control on u(s,-) near its zero set we will improve (2.53) to

(2.54) v > 3/4 implies u/(s, ) is &-Holder on {z : u(s,x) ~ u'(s,2) ~ 0} for £ <1,

where u' denotes the spatial derivative. Corollary 5.9 below with m = m + 1 is the closest result
which comes to a formal statement of the above, although the condition on ~ is implicit. We hasten
to add that the literal existence of these derivatives is not established, nor expected in general. We
will shortly give a rigorous interpretation to these statements but let us continue heuristically first.

We first make the case that for v < 3/4, we cannot expect the following slight strengthening of
(2.54):

(2.55) u(s,-) is C% on {z : u(s,z) ~ u/(s,x) =~ 0}.
A formal differentiation of (1.5) (recall b= 0 and u is the difference of the X*’s) gives for u(t,z) ~
u'(t,z) =~ 0,

@50 W)= [ [ Ay o, X ) = o X IV ).
If o is a Weierstrass-type function that realizes its Holder modulus at typical points we have

‘0(87 Y, Xl (57 y)) - 0(87 Y, X2(57 y))| ~ L‘U(S7 y)"y7
and for s < t and very close to t, we have by a Taylor series expansion in space,
(y —z)°
)=

uls, )] = o (s,2)
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Use these approximations in the finite square function associated with the right hand side of (2.56)
and conclude that

o >/ /Pt . |u (s,:c)Q\(y—a:)Q]%dyds

~ clu”(t,x \2“’/ /pt s 2t —s)72 = (t —5) 122V dzds
~ el (t,3) | / (t— 52 3ds,
t—4

which implies v > 3/4. (The last line uses p,(2)? < u~/2p,(z) and scaling.)
We next show how (2.54) will lead to (2.52). Taking further liberties with I"(¢) and recalling
my, ~ a,“°, we get

(2.57)
t
0 a0 [ 10t < o o) = s, ) P02 ()0 (s
ﬁ O

= ZIg(t)
B

where } ; indicates we are summing over a finite grid 3; € [0 , 3] (B to be determined below) and are

[ Bit1  Bi

partitioning space-time according to the which interval £+ ,an’) contains the value of (s, x)

(write u'(s,x) ~ *ap')-the end values of 3; being mterpreted in the natural manner. As the sum is
finite we may fix 8 € (0, 3] and consider only u/(s,z) ~ a2; the negative values of 3 may be handled
in a symmetric manner. The value § = 0 is a bit special but should be clear from the argument
below. A Taylor series expansion and (2.54) with § ~ 1 show that for y as in the integrand of I}3(?),
[u(s,y)| < [us,2)| + (| (s,2)] + My —x|*) |y — |
< ap +alto 4 Mago(&'l)

<C(Aﬂ) %7

where a comparison of the first and last terms in the second line leads naturally to ag = 1/2.
Substitute this into the integrand of I3, integrate out y, and conclude

3 ¢
(2.58) I3(t) < Cayp TTIN) / / (s, 2)| < an, (s, 7) ~ a®) U, ()dads.
0

For 3 = 3 the precise meaning of u'(s,z) ~ al is 0 < u'(s,x) < al) and we have from (2.58),

(259) 1) < Cta
Consider 0 < 8 < 3. Recall that {z : U 4(z) > 0 for some s < to} C [~ K7, K1], let
Sn(s) = {.1‘ € [_Kvil] : ‘u(‘g)x)‘ < a7wu/(s¢$) 2 ag}
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and |S,,(s)| denote the Lebesgue measure of S,(s). From (2.54) we see that if x € S,(s), then
u'(s,y) > % if |y —z| < Mﬁlag/g, and so by the Fundamental Theorem of Calculus,

u(s,y) > ap if 40177 < |y — x| < L71dP/E.
A simple covering argument now shows that |S,(s)| < ¢(M, Kl)a}fﬁa;ﬁ/5 and (2.58) implies
() SCM?MJHY(%/\E)H*&*%
(2.60) < sz(umﬁw—é—ﬁ(wb'

So from (2.59) and (2.60) we see that lim, o I (t) = 0 will follow for all 8 < B if

N w

Y1+ (28A1)) > and (14 (26A1)) > % + 28,

that is, v > (14 (268 A 1))71(2 v (3 + 23)). The right-hand side is minimized when 3 = 1, and
leads to v > %, as required, and also establishes the range 0 < 3 < %, which will be used below.

The above heuristics show that v > 3/4 and the regularity of u given in (2.54) (or (2.55)) is
optimal for our approach. If we try weakening the regularity condition on wu, the above discussion
shows we would have to increase 3/4 to show that I"(t) — 0. The earlier discussion shows that a
strengthening of the regularity on u would require increasing 3/4 as well.

A major obstruction to (2.54) is the fact that we cannot expect u'(s,z) to exist as soon as
u(s,z) # 0 (and don’t even know this is the case for u(s,x) = 0). So instead, if D(r,y) =

o(r,y, X' (r,y)) — o(r,y, X?(r,y)), then we will use (1.5) to decompose u as
t—an t
oy e = [ [ - oD Wnd) + [ [pe sty = 2) D)Wy
0 t—an

= U, (6, 2) + Uz, (L, ).

U1 ,q, is smooth in the spatial variable and so the above arguments may be applied with ull,an (t,z)
playing the role of «'(t,x), while us,, and its increments should lead to small and manageable
error terms. Proposition 5.14 gives the required bounds on the increments of us 4o, and (as noted
above) Corollary 5.9 is the analogue of (2.54) for uj ,a (@ € [0,1]). (The reason for the extension
to ag is discussed below.) The proofs of these results are incorporated into an inductive proof of a
space-time bound (P,,) for u(t, z) when (¢,z) is close to a point (fg,Z) where

(2.62) lu(to, 20)| < an and \u/la% (to, Z0)| < dP.
If

(2.63) d = /|t —to| + |z — 2ol

then, roughly speaking, (P,,) bounds |u(t, z)| by

(2.64) dc[d ™=t 4 aP),
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where 7,, increases in m and equals 2 for m large, and £ < 1 as usual. When 4,, = 2 this does
capture the kind of bound one expects from (2.54). The reader can find a precise statement of
(Py,) in (5.5) prior to Proposition 5.1 (the statement of its validity).

The m = 0 case will be an easy consequence of our improved local modulus of continuity,
Theorem 2.3. Note that (2.29) implies

(2.65) |D(r,y)| < Roe™Wu(r,y)|.

The inductive proof of (P,,) proceeds by usmg (2.65) and then (2.64) to bound the square functions
associated with the space-time increments of u} ,o and ug 4o for points near (to, #0) as in (2.62)(recall
(2.61)). These give good control of the integran?ls of these square functions near the points where
they have singularities. This will then lead to Corollary 5.9 and Proposition 5.14, our “mth order”
bounds for the increments of u’l ag and ugqa. We then use the slightly generalized version of (2.61),

(2.66) u(t, ) = uy o (t, ) + ug q0 (t, )

to derive (Pp,+1). At this point we will optimize over « since decreasing « increases the regularity
of uy 4o but increases the size of the error term usg 4o. The optimal choice will be so that aj =~ d,
where d is as in (2.63).

There are at least two issues to address here. First, how do you control u/La% (t,z) when all you

know is |uq , (t,7)] < al? Second, how do you control the time increments of U140 when you only
have good estimates on the spatial derivatives? The first question is answered in Proposition 5.11
which will give surprisingly good bounds on |u] ,a (to, Z0) — ul (to,#0)|. The second question is
answered in Proposition 5.13, where the key step is to note (see (5.73)) that for t > ¢/,

1,0 (8, ) — n,ag (¢, )| ~ | Prop (U1, (', ) (@) — ur,aq (¢, 7)),

where P, is the Brownian semigroup. The fact that the Brownian semigroup, P, f, inherits temporal
regularity from spatial regularity of f will give the required regularity in time.

A critical step in the above argument was finding a form of (P,,) which actually iterates to
produce (F,41). Note also that although the required bound on Ij(t) (see (2.58)) only required
good spatial estimates for u(s,-) near points (s,z) = (fg, #0) as in (2.62), the iteration of estimates
requires an expansion in both space and time.

Turning now to a brief description of the contents of the paper, we first set b = 0. In Section 3
we reduce (Hy) and (Hs) (that is (2.41) and (2.42)) to a result (Proposition 3.3) on control of the
spatial increments of ug 4o and size of u’l ag ON relatively long intervals near a spatial point where

[u(s, o)| is small and u} 4a(s,20) = al. This includes the covering argument sketched above.
Section 4 gives some integrgul bounds for heat kernels and their derivatives which will help bound
the square functions of the increments of v} ao and ug qa. The heart of the proof of Theorem 1.2
is given in Section 5 where the inductive proof of (Py,) is given. As was sketched above, this
argument includes good local expansions for u} ,o and ugae near points where |u| and |u] ,q| are
small, although the (easier) proof for usgqa is deferred until Section 7. These expansions, with m
large enough, are then used in Section 6 to prove Proposition 3.3 and so complete the proof of
Theorem 1.2 for b = 0. In Section 8 we describe the relatively simple additions that are needed to
include a Lipschitz drift b in the argument already presented.
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3 Verification of the Hypotheses of Proposition 2.1

We assume throughout this Section that b = 0-the relatively simple refinements required to include
the drift are outlined in Section 8. Let X', X2 be as in Section 2, u = X! — X2, and assume the
hypotheses of Theorem 1.2 as well as (2.29). If D(s,y) = o(s,y, X'(s,y)) — o(s,y, X?(s,y)), then

(3.1) u(t, ) :/0 /pts(y —z)D(s,y) W(ds,dy) a.s. for all (t,z),

and by (2.29),

(32) 1D(s,y)| < Roe™ W/ u(s, y)|".

d will always take values in (0, 1]. Recall that (P;) is the Brownian semigroup, and let
(3.3) u15(t,v) = Ps(up—g)+)(w) and ugs(t, z) = u(t, z) — u1s(t, ).

Since Pj : Ciemn — Cherm is uniformly continuous (by Lemma 6.2(ii) of (Shi94)), u; s and ug s both
have sample paths in C(R, Ciep,). (3.1) implies that

wata) = [[[ sl D0 W s ]t — )

A stochastic Fubini argument (Theorem 2.6 of (Wal86)) then gives

(t=0)*
(3.4) ur5(t, x) = / /pts(y —x)D(s,y)W(ds,dy) a.s. for all (t,z) € Ry x R.
0
(The above identity is trivial for ¢ < ¢ since u(0,-) = 0.) The expectation condition in Walsh’s

Theorem 2.6 may be realized by localization with the stopping times {1 }, working with D(sATk),
and letting K — oo. It follows that

t
(3.5) ug5(t, x) = / /pts(y —x)D(s,y)W(ds,dy) a.s. for all (t,z) € Ry x R.
(t=0)T

Hence u; ;s (j = 1,2) define jointly continuous versions of the right-hand sides of (3.4) and (3.5).

Notation. If s, > 0 and x € R, let G5(s,t,2) = Py_g)+15(u(s—s)+)(x) and
Fs(s,t,x) = —%Gg(s,t,:z:) = —GY(s,t,x), if the derivative exists.

Lemma 3.1 Gj(s,t,x) exists for all (s,t,x) € Ri x R, is jointly continuous in (s,t,x), and
satisfies

(s—0)*
(3.6) Fs(s,t,z) = / /p’(t\/s)r(y —x)D(r,y)W (dr,dy) for all s a.s. for all (t,x).
0
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Proof. Since G5(s,t,2) = [ pu_g)++s(y — z)u((s — 6),y)dy and

(3.7 sup e Wu((s — 6)*,y)| < oo for all T > 0 a.s.,
s<T,y

a simple Dominated Convergence argument shows that

(3.8) Gs(s,t,z) = — /p/(ts)++5(y —z)u((s —8)",y)dy for all (s,t,7) a.s

Another application of (3.7) and Dominated Convergence gives the a.s. joint continuity of the
right-hand side of (3.8), and hence of Gj.

To prove (3.6) we may assume without loss of generality that ¢ > s > 4. From (3.8) and (3.1)
we have w.p. 1,

5—0
Gg(S,t,ZC) /pt s+6 / /ps o—r Z— D(?”, Z)W(d’l”, dZ):| dy a.s.

Now use the stochastic Fubini theorem, as in the derivation of (3.4) above, to see that
5—0
Gs(s,t,x) / / /pt st6(Y — T)Ps—5—r (2 — y)dy}D(r, 2)W (dr,dz)
548
—/ /p;_r(z—x)D(r, 2)W(dr,dz) a.s.
0

In the last line we have used Dominated Convergence yet again to differentiate through the integral
in the Chapman-Kolmorgorov equation. As both sides of (3.6) are continuous in s we may take
the null set to be independent of s. |

Remark 3.2 Since Gs(t,t,x) = ui5(t,z), as a special case of the above we see that u’1’5(t,$) 18
a.s. jointly continuous and satisfies

(t—5)+
(3.9) uy s(t, ) / /pt Sy —x)D(s,y)W(ds,dy) a.s. for all (t,x).
Definition. For (t,z) € Ry x R,

Fult, 2)(w) = int{y € [z — Vam, @ + v/ : Julty )] = b {Ju(t, )] |2 — 2] < yan})
€ [z — Van, z + ay).

It is easy to use the continuity of u to check that Z,, is well-defined and B(R; x R) x F-measurable.
We fix a Ky € N2 and positive constants satisfying

1 3
']. N - N
(3.10) 0<51<100( 4) 0<Eo<100

We introduce a grid of 3 values by setting
L = L(o,e1) = [((1/2) — 6e1)/e0],
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and

1
(3.11) B = ieo€ 0,561, ai=2(8+e) €[0,1], i=0,...,L,
1
Bry1 = 3 el

Note that 6= 3;,i=0,..., L+ 1, satisfies

(3.12) 0<fB<=—g

DN =

If s > 0 set

R a
Inols) = {a 2] < Ko, {us, @7741)| < gty (5,8 (5.2)) > 2

R a
Ini(s) = {a s 2l < Ko (s, @2 < any o, (5, 0(s,2) € [0, %1},
and fori=1,...,L —1 set

; . apgtt aly
Jn,i(s) = {l‘ : |.1“ < Ko, |<u8>q)gln+1>‘ < an,ulﬂn(s,wn(s,x)) € [T> T]}
If to > 0is as in (H2) (in (2.42)) and i =0,..., L, define

Ini = {(s,:v) :0<s, x € Jn,i(s)},
and if 0 <t < tg, let
_3_2
) =an® n/ //1%(5 u(s, y) [ @7 (y) Vs () dydads.
Let
it
) = ay? / // o (5285, 2)) > 0)1(| (g, @41)] < ay)
X Ju(s, y) YO+ (y) Uy () dydads.

Then to prove Proposition 2.1 it suffices to construct the stopping times {Upsp, = Uprn.i, : M, 0 €
N} satisfying (H;) (in (2.41)) such that

(3.13) for each M € N, nlirgo E(I} (to NUnp)) = 0.

Note that (3.13) implies (H2) (in (2.42)) by symmetry (interchange X; and X5).
Our definitions imply

L
IT(t) <> IP(t) for all t <t
=0
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and so to prove (Hs) it suffices to show that for i =0,..., L,

(Ha;) forall M € N, lim E(I]'(to AUnrn)) = 0.

n—oo

Notation. I,(3) = ab .
Now introduce the related sets:

Fuo() ={ € [~ Ko, Kol [(tes @77)] < st o (5,') > 0t /16

1,an0
for all 2’ € [z — 51,(Bo), = + 51n(5o)],
[t 20 (5, 2) = uy goo (s,a”)] < 27Pa (|o — 2| v af 207
for all o’ € [x — 4y/an, v + 4/ay), 2" € [2' — 1,(Bo), 2" + 1.(5o)],
and |u(s, 2')| < 3a{170/2 for all 2’ € [x — \/an, z + M]},

Jun(s) ={ € [~ Ko, Ko : [{utg, @2 )] < an, ] o (5,')] < af

for all ' € [z — 51,,(8L), = + 51,(8L)],
and [uy qor (s,2) = uy 4or (s,2”)] < 2_75ag“l(|x' — g v a) 2=
for all o’ € [x — 4y/a,,x + 4/a,], 2" € [v' — 1,(BL), 2’ —I—E(ﬁL)]},

and fori e {1,...,L — 1},

Jnils) ={ € [~ Ko, Kol : [{uy, ®2)| < an, ) o (5,2') € [ /16, 07

1,azi
for all 2’ € [z — 5l,,(3:), x + 51, (5:)],

and ‘uzazi (8,.1'/) - U27aai (ij/1)| < 2—75agi+1(|x/ - J}”‘ V. a;;—?,@i(l—'y)—al)

n

for all 2’ € [z — 4y/an, T + 4v/ay), 2" € [’ — 1,(3:), 2’ +E(ﬂi)]},

Finally for 0 <4 < L, set 3 3
Jni={(s,2) 18>0, € Jni(s)}.

—epe1/4

Notation. nys(e1) = inf{n € N : a5 < 2778} ng(eg,e1) = sup{n € N : /a, < 27% +
where sup() = 1.
The following proposition will be proved in Section 6.

Proposition 3.3 jn,i(s) is a compact set for all s > 0. There exist stopping times
{Umn = Unn,i, : M,n € N} satisfying (Hy) from Proposition 2.1 such that for i € {0,..., L},
Jn,i(s) contains Jy, i(s) for all 0 < s < U, and

(3.14) n>n]\/[(€1)\/n0(50,€1).

Since Ko € N=51 was arbitrary this proposition implies that there exist stopping times satisfying
(Hp) such that the inclusion Jy, ;(s) D Jyi(s) holds up to these stopping times for n sufficiently
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large. This inclusion means that given a value of the derivative of u; 4, at some point in a small
neighborhood [z — \/a,,x + \/a,] of  where |u| is small, one can guarantee that the derivative of
u1 40 (for a certain «) is of the same order at any point in a much larger neighborhood of x (note
that 1,,(3) > Vay for g < % — 6¢1). Moreover we can also control usqe on those long intervals.
Our goal now is to show that this implies (Hz;) for ¢ = 0,..., L. The next three lemmas provide
necessary tools for this.

Throughout the rest of the section we may, and shall, assume that the parameters M,n € N
satisfy (3.14), although the importance of ng in (3.14) will not be clear until Section 6.

Lemma 3.4 Assume i € {0,...,L}, x € J,;(s) and |2’ — x| < 4,/a,,.

(a) If i > 0, then |u(s, ") — u(s,2')| < 2al (|2 — /| v a?fmi(l*w*sl) for all |2" — 2’| < 1,(3:).
(b) If i < L, and ay~id=m=er o lz" — '| < 1,(B;), then

> 2_5(1%“(1:” -2 afa >4,

< 2_5(15”1(1:” -2 afa <42

u(s, ") —u(s,2’) {

Proof. (a) For n,i,s,z,2', 2" as in (a), we have (since §; + 5e1 < %)

(3.15) |" — 2| V|2 — x| < 51,(5).

We can therefore apply the definition of jn,i and the Mean Value Theorem to conclude that
lu(s, ") —u(s,2')| < |u1’azi(s,x") =y qoi (8,2")| + [y oi (8,8"7) — uy 4o (s,27))]

< alia — 2| + 2Tl (Ja" — 2| v a) 28— e

< 24P (|2" — 2| v a) () me),

(b) Consider n,i,s,z,2’, 2" as in (b) with 2" > 2’. We again have (3.15) and can argue as in (a)
to see that
u(s,2”) —u(s,2’) = Uy g0 (s, 2) — Uy g0 (s, z') + Uy 03 (s, 2") — Uy 03 (8, ')
> (a5i+l/16)(x/l . .1‘/) . 2—75agi+1 (x// . m/)
> (abit1/32) (2" — o).
The case z"" < ' is similar. B
Notation. 1,(53;) = (65a}fﬁi“) v gy me Fo(s,z) = [ @71 (y — z)u(s, y)dy.

Lemma 3.5 Assume i € {0,...,L —1} and (s,z) € Jni-

(a) If 1n(B;) < v — Z| < 1,(B:), then

> 254 (3 -

< 2*5a£i+1(a~c — )

&

F,(s,2) — F(s,x) {

=
VANV

R

(b) [z = 1n (), & = La(B)] U [+ La(B), 2 + 1 (8)] € Jnils)°.
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Proof. (a) Assume 7 € [x + 1,,(3:), 7 + 1,(8;)]- Then
(3.16) Fo(s,z) — Fp(s,z) = / Ot (2) (u(s, T + 2) — u(s,x + 2))dz.
—\/an
For |z| < \/apn, let 2" =& + z and 2’ = x 4+ 2. Then |2/ — z| < \/a, and
2 — ' =7 — 2 € [l,(3),1.(3)]
Therefore Lemma 3.4(b) and (3.16) imply

Vaw |
HMnt1 (,2)2_5(152+l (T —x)dz

pggﬁa-fggﬁm:>/CWM

= 2750 (& — x).
The proof for & < z is similar.
(b) I & € [z —1n(B), & — 1a(Bi)] U [z + 1n(B:), @ + 12(8;)], then
[Fn(s,@)| 2 |Fu(s, 2) = Fu(s, )| — | Fa(s, )]

> 27240 1y (B) —an (by () and (s,) € Jps)

33
> —.,.
= 3%

Therefore & ¢ Jy, ;(s). |

To ensure that (b) is not vacuous we obtain some crude lower bounds on the interval given
there.

Lemma 3.6 Ifi € {0,...,L}, then
1—
ln(ﬁz) <+Vap < §ln(ﬁz)

Proof.

1B 1l 93 (1—n)—
ln(ﬁz)a71/2:(65a% ﬁz+l)\/a;}; 2 2,@1(1 7) €1

n
e 2773751 .
< (65a3!) V an (since B3; < 1/2)
<1

by (3.10) and because aS! < 278 by (3.14). This gives the first inequality. For the second one, use
B; < 3 — 6e1 and (3.14) to see that

$—Bi—be1

Vanl, (8:) 7" = a? <asl <1/2.

Let |A| denote the Lebesgue measure of A C R.
Lemma 3.7 For alli€ {0,...,L —1} and s >0,
[ Jni(8)] < 10Kol (8:) ().
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Proof. Fix s, i as above. Let Z,, ;(z) = (z — 1,,(5;), z + 1, (B )) C Tni(@) = (x —10(Bs), x4+ 1n(5:)).
This inclusion follows from Lemma 3.6. The compactness of J,, ;(s) (Proposition 3.3) implies there
are xy,...,TQ € jm(s) so that jm(s) C U?:lln,i(:z:j).

Assume that for some k # j, |z, — 25| < 1,(8;)/2. We claim that Z,, ;(x;) C Z, i(xg). Indeed, if
VRS In,i(l'j) then

ly — x| < |y — x;] + |25 — 2] < 0(6:) + 1 (8i)/2 < 1 (),

the last by Lemma 3.6, and the claim is proved. Lemma 3.5(b) implies

Jn,i(S) N (In,i(xk) - In,i(xk)) = @,

and so the above claim gives

Tni(25) O Jni(s) C Zni(zr) N Jni(s) = Tni(r) 0O Jnils).

Therefore we may omit Z,;(x;) and still have a cover of J,;(s). Doing this sequentially for
x1,...,TQ, we may therefore assume that

2k — zj| > 1,(31)/2  for all k # 4.
Since each z; € J,,i(s) C [~Ko, Ko, this implies Q < 2K (1,(6;)/2)"" + 1, and therefore
[Jni(5)] < (4K0ln(8:) ™ + 1)21n(5i) < 10Kola(8;) ™ 1n ().

Proof of (H;y) in Proposition 2.1. Fix M € N. Recall from our discussion after the definition
of J,,; sets that it suffices to show that for all i € {0,..., L},

(HQJ') lim E( in(to/\UMm)) = 0.

n—oo

We will in fact show that if we strengthen (3.14) to

2
(3.17) n>nM(51)\/no(€o,€1)\/E—,
1

then we have the stronger IL.°° bound

w

(3.18) IMto A Unrn) < e1(W)toKoan 2,

Wthh clearly implies (Ha;) since v > 3 Proposition 3.3, Supp(®z ") C [x — \/an, T + \/ay] and
2 < ey (by (3.17)) imply

to
(3.19) I (to A Unin) <a;“61/ // (s <Unmn)lj, (o) (@)luls, y)[>
x 1y — z| < Van) @0+t (y)¥s(z)dydrds.
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Consider first (3.18) for i = 0. For x € J,,0(s) and |y — x| < \/a,, we have |u(s,y)| < 3all—=0)/?
and so from (3.19),

_3_ o _
I2(to A Unin) < an 182702020 i / T (s)[ds
0

_3_
an? 327010750 || W || o to10Koa, 2L ((65a1750) v a) 1) (by Lemma 3.7)

IA

2?3
§cl(\ll)toKoan7 2an’yeo Te1
’Y—§
< (V)toKoan *,

as required, where (3.10) is used in the last two lines.
Consider now i € {1,...,L}. Assume z € J,;(s) and |[y—x| < \/an,. We have |(us, @z ")| < ay,
and

Supp(P11) C [ — /g, = + /).

Using the continuity of u(s, -), we conclude that
|u(s, n(s,2))| < an,
and of course we have |z,(s,z) — x| < \/a,. Therefore

(3.20) [y — n(s,2)| < 2/
<1,(8) (by Lemma 3.6).

Apply Lemma 3.4(a) with 2" =y and 2/ = &,,(s, ), to see that
[u(s, y)| < [uls, &nls,2))] + 27 (ly = Enls, )| v ag 20772
11 41
(3.21) < a4+ 4077 <5t

where (3.20) and Lemma 3.6 are used in the next to last inequality. Use (3.21) in (3.19) and
conclude that

L1 to _
(3.22) [P(to A Unin) < an? “527@?“2*2)”\11”00/ Foa(s)lds, i=1,..., L.
0

Assume now 1 < i < L — 1. Apply Lemma 3.7 to the right-hand side of (3.22) to see that

3_

- 1 _
IM(to AUnrn) < c1(9)toKoan ? 51+2'Y(ﬁ1+2)(a711—ﬁz+1 V GZ*Qﬁi(lf’Y)*El)a;S)El*ﬁi
(3.23) = 1 (0)toKolant' v an'].

A bit of arithmetic shows that

1
prLi=7—5—26;(1 —v) —eo — 6ex

2
3

> 2y — 5 o —6e1  (use §; < 1/2)
S 3
y 1’
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where (3.10) is used in the last inequality. We also have

3
P2,i = —5 + 2’}/ + ﬂi(4’}/ — 3) — 751
3

3
v — —
>27— 5 Teyp >y 1

again using (3.10) in the last inequality. Use these bounds on p;;, { = 1,2 in (3.23) to prove (3.18)
fori<:<L-—-1.

It remains to prove (3.18) for i = L. For this, use the trivial bound |.J, ;(s)| < 2Ky in (3.22)
and obtain

3¢

1
IE(to A Uni) < an® 5200 70| 2Kt

3 1
—5—e1+7+2y(5—6e1—¢0)
c1 () Kotoan * 2

_3_
C1 (‘I’)Kotoa?;f 2 1oen

A

IN

IN

1 () Kotoan *,

yet again using (3.10) in the last. This proves (3.18) in the last case of i = L. Having proved (3.18)
in all cases, we have finished the proof of (Hs). [

Proposition 2.1 therefore applies and establishes Theorem 1.2 for b = 0, except for the proof of
Proposition 3.3. This will be the objective of the next three sections.

4 Some Integral Bounds for Heat Kernels

If0<p<1l,geRand 0 <Ay <A <t define

=42 A \P
A1, Ay, A) = t—s)(1 ds.
Jp,q( 1,A2,A) /t—Al ( s) ( A t—s) 8

These integrals will arise frequently in our modulus of continuity estimates.

Lemma 4.1 (a) If ¢ > p —1, then

2
(4.1) Ipq(A1, Mg, A) <

A A A PAITEP,
_q—l—l—p( 1) 1

(b) If =1 < qg<p-—1, then

Ip.q(A1, Ao, A)
42)  <((@-1-g) '+ @+ D OAAADTI(A < A) + (A AAPALTPHI(A, > A)]
43)  <((p-1-9 '+ (@+ 1) HAP(AV Ay)TPHL

(c) If g < —1, then

(4.4) Tpa(A1, A0, A) < 2lg + 1|71 (A A Ag)PAFHP,
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Proof. For all p,q as above,

A1 A
Jpq = / uq<1 A —)pdu
Ag u

ANA1
(4.5) = 1(Ay < A) /A

Ay
uldu+1(A1 > A) / APuI™P du.
A2VA

(a) From (4.5),

A A A;)IHL Aq—P-l-l
(AAAYTT +1(A; > A)AP =L
qg+1 qg—p+1

<@+ 4 (g—p+)THAAAPATTP,

Tpg < 1(Ag < A)

which gives the required bound.
(b) Again (4.5) implies
(AN AT (Ao v A)atl-p
+1 p—1—gq
< 1A < A)AANAN)TH g+ )T+ (p-1-9)7)
+1(As > A)AAAPAT P (p—1—¢)7,

Jp,q < 1(A2 < A) + 1(A1 > A)A

which gives the first inequality. The second inequality is elementary.

(c) By (4.5),
AT Ay Vv A)at1-P
Jpg < 1(Ag < A) ‘qi 7t (A > A)AP%
1(Ay < A) 1 AL
S22 T AP AAPATTIP L (A < A< A)———
a1 1] (A AN A)PAG (Ag < 1)p_1_q

(A A A)PALTITP
p—1—g¢q
(A A Ap)PALTP,

+ 1(A < Ag)
2

<

lg + 1]

where we used AT < AT = (A A AQPATTP i Ay <A and g+ 1)1 > (p—1—¢) ! in the
last line. [

We let pj(x) = fpi(@).

Lemma 4.2
lp(2)| < 04.27571/21721&(2)'
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Proof. Trivial. [

Lemma 4.3 (a) There is a c43 so that for any s <t <t z,2' € R,

d((t,2), (¢,2))%]
t—s

@6 [ty sy =) dy < casle— )21

(b) For any R > 2 there is a c43(R) so that for any 0 < p,r < R, no,m € (1/R,1/2), 0<s <t <
<R, xz,2 €R,
/ery’”\y — P (prs(y — @) = pr—s(y = 2")*1(ly — x| > (t' = )27 v 2o’ — a|)dy

d((t,z), (t',z'))271-(m/2)
t—s ] '

(4.7) gamua@—srﬂamm—m@h-@ﬁmﬁﬁ}@A

Proof. (a) Let f(u) = u~/2. By Chapman-Kolmogorov, the integral in (4.6) equals
Pt —s) (0) + P2(t—s) (0) = 2pyr—s1¢—5(0) + 2(Pyr —s41—5(0) = Py —sps—s(x — .1‘/))
< @m) 7 2[|fQ - 9) + FRAt - 5) = 2 (F s+t 5)

+ (' —s+t—s)"1/? (1 - exp{ Q(tl_ixsli)i 5) }>

(4.8) = (2n) V2T + T).

Clearly T is at most (' —s)~ /2 [1/\%}. fo<u<u,0< f(u)—f(u) <u V2N —ul]
(by the Mean Value Theorem) and so

2
4.9 T<[ 2(t — _1/2/\<7t,—t>}
( ) 1= \/_( 8) (2(t_8))3/2| |
Use the above bounds on 7} and 7% in (4.8) to complete the proof of (a).

(b) This proof is very similar to that of Lemma 4.4 (b) below and so is omitted. There are some
minor differences leading to the factor of 1/33 (rather than the 1/64 in Lemma 4.4 (b))-e.g., the
much simpler analogue of (4.20) below has p, (w) on the right side. [

Lemma 4.4 (a) There is a cq.4 so that for any s <t <t ,z,2' € R,

d((t,), (¢, 2')*]
t—s

(4.10) /(PQ/_s(y — ) = pl_(y — 2))*dy < eyt — 5) 72 [1 A

(b) For any R > 2 there is a cq4(R) so that for any 0 < p,r < R, no,m1 € (1/R,1/2), 0<s<t<
<R, z,7 eR,
/er'y_’”'ly — 2P (pl_s(y — x) = Py (y — )1y — 2| > (' — 5)/>7™ v 2|2’ — z|)dy

@11) < craB)(t—s)" 2 exp{—m(t' — )" /64} |1 A d((taxt)ft’,x’))Z 1=n/2)
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Proof. (a) We first claim that

(412 [ wipitew oy = (5 - 7).

To see this, first do a bit of algebra to get

(4.13) pe(w)pe(w — ) = pyjo(w — (7/2))pac ().

Therefore the left-hand side of (4.12) equals

[Tt o = [P st — /) dupat)

12 t
z? par(x
= [ (2= D)npan28 = - (y2)
~(L- 9«“_2> pa()
2 4/ 7
giving the right-hand side of (4.12).
Next we claim that
(4.14) [ dotw = o ~ 2w = ¢+ ) e (0)

Some algebra shows that

(4.15) Py (w)ps(w) = py4(0)p_ye (w).

t+t/

Therefore the left-hand side of (4.14) equals

w2 w2
[ et )de = [ op w @dupa(0) = (04 £) pes0),

t't t+t/

and we have (4.14).
The left-hand side of (4.10) is bounded by

(4.16) 2 [/(pi/_s(y =) =Py —2))’dy + /(péf_s(y =) = pis(y — ¥))"dy
= 2(T1 + Tg).

Now expand T and use (4.12) to see that

T =2 / Py — x)2dy —2 / Py (w)ply_y(w + 2 — 2')dw

, \Da—s)(0) ) (z — ')\ Poqr—s) (2’ — )
= (=) (Qt’—s)Q _((t_s)_ 2 ) 2(t/—s)2
(' — x)°

= (t/ - 5)71(132(15'75)(0) - P2(tus)(l‘/ —x))+ ml&(tus) (33/ — )

2
I \—3/2 ($,_$)
< co(t' —s) [1/\ T }
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F 1na11y let g(u , and expand T and use (4.14) to conclude

(u) =

= (2 - s)) W) (0) + (2(t = 5)) " page ) (0) = 2(t 5+t = 5) " pi_yp(0)
= (2m) g2t — 8)) + 9(2At — ) — 29(¢ — 5+t~ )

< (2m) 722 (2(t - )2 A (2t - )2 — 1]

The last inequality follows as in (4.9). Use the above bounds on 77 and 7% in (4.16) to complete
the proof of (a).

(b) Note that |y — x| > (t' — 5)'/270 v 2|2’ — z| implies that

t/_ 1/2—7]0
(4.17) y—o| 2 ly—al— o' —a| 2y —alj2 > T

and in particular from the second inequality,
(4.18) ly —z| < 2ly —2'|.

Assume p, 7,1, 8,t,t" as in (b) and let d = d((¢,x), (¢, 2’)). By Holder’s inequality and then (a),
the integral on the left-hand side of (4.11) is at most

[ —2) sty =)y

2r _
X [/6"1 =y — PPy — @) = Py — )Ly — 2] > (' — )20V 2z — o))y

]17771/2

]?71/2

_33m d? 11-%
<arft=9) B LA )T [Ny - 02 4 - o)

/2
x 1y — | > (' — )20 v 2|z — x/\)dy] "
d? ]1"21

[l @1 > (¢ - 942 m)dw

]771/2

)

4 / en ol gl (w)21(jw] > (¢ — )7 /2)dw

where in the last we used (4.17) and (4.18).
If |w| > %UI/Q_WO, then by Lemma 4.2,

_ _ =2
P(w)? < ¢ yu™ pau(w)? < yum? e 0pg (w)
(4.20) < c3(R)pau(w).
The fact that 19 > 1/R is used in the last line. Use the above to show that

[ Ml @)1l > (¢ - 52 2)du
A |y, 22 11210

< e(B)] [ R ) pagy ()Ll > (¢ — )27 2)du

< es(R)E(en VOB g it ym/ap(1By | > —L_ (¢ — g)=m)ym/A (by Holder)

2V2
< c6(R) exp{—m (t' — s)7>™ /64}.

}771/2

]771/2
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In the last line the Brownian integral is bounded by some ¢(R) thanks to the bounds on the
constants involved. Use the same bound with ¢ in place of #' to see that the right-hand side of
(4.19), and hence of (4.11), is at most

er(R)(t — s/t )21 A ti} T (¢ — 5) P 64},

The result follows because (t — s)3/4 < R. [

5 Local Bounds on the Difference of Two Solutions

This section is devoted to establishing the local bounds on the difference of two solutions to (1.5).
These bounds are crucial for the construction of the stopping times in Proposition 3.3, which is
then carried out in Section 6. We continue to assume throughout this Section that b = 0. Recall
that X', X2 are two solutions as in Section 2, u = X! — X2, and we assume the hypotheses of
Theorem 1.2 as well as (2.29).

We refine the earlier set Z (N, K) and define, for K, N,n € N and 3 € (0,1/2],

Z(N,n,K,B)(w) ={(t,r) € [0,Tk] x [-K, K] : there is a (fo, ) € [0, Tk] x R such that
d((£07‘%0)7 (t7$)) < 2_N7 ‘u(£07j:0)‘ < ap A (V anQ_N)7 and |u/1,an (5071?0)‘ < a£}7
and for § = 0 define Z(N,n, K,0)(w) = Z(N,n,K)(w) as above, but with the condition on

‘u,Lan (tAO, .@0)| omitted.
Recalling % < <1, we let
(v—1/2) A —")

(5-1) Y = Ty +1, A = Tm A2

so that we have the recursion relation

(5.2) Ymt1 =VVm +1/2, v =1

Clearly 7, increases to Yoo = (v —1/2)(1 =)' +1 = (2(1 —4))~! > 2 and so we may define a
finite natural number, m > 1, by

(5.3) m = min{m : Y41 > 2} = min{m : vy, > 3/2}.
Note that
(54) :}/m+1 - 2

Definition. A collection of [0, oc]-valued random variables, {N(a) : a € A}, is stochastically

bounded uniformly in « iff
lim sup P(N(«) > M) = 0.

M—o0 qecA

Finally we introduce the condition whose proof will be the goal of this section. Recall that K
is as in (2.36).
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Property (P,,). For m € Z, we will let (P,,) denote the following property:

For any n € N, &, € (0,1), K € N2t and g € [0,1/2], there is an

Ni(w) = Ni(m,n, & e, K,3) in N a.s. such that for all N > Ny,
(5.5) if (t,z) € Z(N,n,K,B), t' < Tk, and d((t, ), (t',2')) <27V,

then |u(t', )| < a; 27N |(Van, V2 N) L 4 af1(m > 0)]

Moreover Ny is stochastically bounded uniformly in (n, 3).

Here is the main result of this section:

Proposition 5.1 For any m <m + 1, (P,,) holds.

Proof. (F) is an easy consequence of Theorem 2.3, as we now show—and we may even take ey = 0.
Let £ € (0,1) and apply Theorem 2.3 with ¢ = (£ +1)/2 in place of . If (t,z) € Z(N,K)(D
Z(N,n, K, [3)) and (g, &) is as in the definition of Z(N, K), then ({o,2¢) € Z(N, K 4+ 1) (we need
K +1 since |#o| < K+1). Theorem 2.3 implies that if N > No(¢/, K+1)v4(1—¢&)~! = N1(0,¢, K)
(it doesn’t depend on (n, 3) and there is no £¢), then

ju(t, ) < 27N + [u(fo, do)| < 2N
If (¢/,2') is as in (F), the above and Theorem 2.3 imply
u(t',2)| < |ut, )] + |u(t',2') — u(t, )] < 27N 4 27N < 92N < 97 NE,

where the last inequality holds because N > 4(1 — &)=L, (P,) follows.
The induction step will require some additional continuity results which also will be used directly
in the next section. We start by noting that (P,,) easily gives some global bounds on |u|.

Lemma 5.2 Let 0 < m < m + 1 and assume (Pn). For any n,&,e0, K and (B as in (Py,), if
dy =27V Vvd((s,y), (t,z)) and \/Cs2(w) = (4a,,%0 + 22N 2K eK) then for any N € N,

(5.6) on{w: N > Ni(m,n,§,e0, K, ), (t,z) € Z(N,n, K, )},
we have
(5.7) [u(s, y)| <\/Cszelv =21y,

X [(\/an Vdy) L4 1(m > 0)d?| for all s < Ty and y € R.

Proof. Assume N,w,t,z are as in (5.6).

Case 1. d = d((s,y), (t,z)) < 27N,

If d > 27N choose Ny < N’ < N so that 27V "1 < d < 27N and if d < 27 set N’ = N. Then
(t,z) € Z(N',n,K,$3), d < 27N < 27N v 2d < 2dy and so by (P,,) for s < Tk,

uls )] < a2 V[ (Var v 2Nt 4 1 > 0)af]

< da;o0 (dy)E [(\/av dy)m 1+ 1(m > O)ag]
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Case 2. d > 2N,
As K > Ky, for s < Tk,

lu(s,y)| < 2KelVl < 2Kl (@21 )s+im=1
< 2K el elvl192N1 (g ) e+ Tm =1,
The Lemma follows from the above two bounds. [
Remark 5.3 If m = 0 we may set g = 0 in the above and Ny will not depend on (n,eq,3) by the
above proof of (Pp).

To carry out the induction we first use (P,,) to obtain a local modulus of continuity for Fj.
Recall Fjy is given by (3.6) where

D(Ta y) = U(Ta Y, Xl (Ta y)) - 0(T7 Y, X2 (Ta y))
From the representation in (3.6), we have for s <t <t and s’ <t

|F5(s,t,x) — Fs(s',t',2")| <|Fs(s,t',2") — Fs(s',t',2")| + |Fs(s,t',2") — Fs(s,t,2)|

6.9 - /((S_ [ oty =)D )W (ar.dy)

(s—=8)*t
[T = o)~ By — ) D)W )|
0

This decomposition and (3.2) suggest we introduce the following square functions for 7y € (0,1/2)
and 0 € (0,1], and s <t <t ¢ <t

(svs'—o)t

QT,5(87 8/’ t/’ x,) = /

A F R e R I
SAs’'—

(s=0)*
(5.9)  Qsism(s,t,x,t,2') = / /1(\@/ —z| > (' = )2y 2z — o))
0
X (B (y — ') =P (y — @)W fu(r, ) dydr,
(s=0)*
QS,Q,&,no(satvxvtlax,) = / /1(‘y - J}| < (t/ - r)1/2_770 \ 2‘1} - J},D
0

X (ph_,(y — 2') — P, (y — 2)) 2> W u(r, )| * dydr.

Lemma 5.4 For all K € NZKl,R > 2 there is a c54(K, R) and an N5 4 = No(K,w) € N a.s. so
that for all ng,m € (1/R,1/2),6 € (0,1],5 € [0,1/2] and N,n € N, for any (t,z) € Ry xR, on
(51()) {w: (t7$) EZ(N,TL,K,Q),NZ]\%A},

(5.11)

Qs1.0m (s, t,z,t',2") < 5424 N54(@) d2*’71+(d/\\/<_5)27"1(573/2(d/\1)47] for all s <t <t and 2’ € R.

Here d = d((t',2'), (t,x)).
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Proof We let N5 4(K,w) = N1(0,3/4, K), that is we recall from Remark 5.3 that for m = 0, N,
depends only on ¢ and K and we take £ = 3/4. We may assume J < s as the left-hand side is 0
otherwise. Then for w as in (5.10) and s <t < ¢, Lemma 5.2 with m = 0 implies

QS,LMO s, t,x,t a:
(s=0)* 1/2— / / / / 2
< Cha(w Wy —a[> @ —r)/ V2 —2)(py_,(y — =) — P, (y — 2))
x 2Bl 2=l (=N v (VE =7 + |y — ]))"* 2dyds

(s—0)*
< Csa(w) / / 1y — 2] > (¢ — )2 v 2z — 2/|) Pl (4 — 2') — Pl (y — 2))°
0

% e21~21K€2(R1+1)Iy—:c|[2K~y3/4 +2ly — x\73/2]dyds

T.

(t' —r)=2m0 } [1 N d? }1*771/2d

s—08 —m
< Caalleo KR [ (0= P emp{ 2
0

t—r

In the last line we have used Lemma 4.4(b). Use the trivial bound (recall r < s <t <)

/G } { —m(t' — )72 } { —m(t —r) 72 }
< - 7 e
eXp{ 64 = oXp 128 +exp 128 ’

and then Lemma 4.1 in the above, to bound Qg 1,4x,(s,t,z,t',2’) by

d? }1—m/2

- (t/ _ t)—2770 }
t—r

Csa2(w)co(K, R) [/Osa(t - [1 " 128

’ /08_6(t - (1 A %) o eXp{ _m(tlgzsr)%o }dr]

_ I 4\—2no 5—0 d2 1—m1/2
< 2 p gV l-m/25-3/2 o~ — )7
< Cs(w)er (K, R) [(d A §) 532 exp{ 55 } OB | (1 ANz T) d?“]

< Csa(w)ea(K, R) [(d AVEZME32(d A 1M 4 dzfm]'

dr exp{

The final inequality with the sudden appearance of - is crude but produces a form which will prove
useful for this relative small contribution to the increments of Fs. Now since we may set eg = 0 in
the formula for C5o by Remark 5.3, the result follows. B

Lemma 5.5 Let 0 <m <m+ 1 and assume (P,,). For any K € N=2Er R~ 2 neN, g e (0,1),
and 3 € [0,1/2] there is a c55(K, R) and N55 = Ns5(m,n, R,eq, K, 5)(w) € N a.s. such that for
any 1 € (R71,1/2),m0 € (0,71/32),6 € an,1], N €N, and (t,z) € R xR, on

(5.12) {w: (t,x) € Z(N,n,K,3),N > N5},
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Q52,6 (8, t,x, ', 2")

< s (K, R)ag 20 + 2Wos) [2m [50m N0 4 201573
(A VORI 4 21|
foralls<t<t <K,|2'| < K+1.

Here d = d((t, ), (t',2")), dv = d V2™ and Sy = § V d%;. Moreover Ns 5 is stochastically bounded
uniformly in (n,3).

Proof. Let ¢ =1 — (8R)™! € (15/16,1) and define N55 = Ni(m,n,&, 0, K, 3) so that the last
statement is immediate from (P,,). We may assume s > §, or the left-hand side is 0. As d > a,,
when we use Lemma, 5.2 to bound u(r, y) in the integral defining Qg 2 5., we have d((r,y), (t,x)) >
V/arn, and so we may drop the max with \/a,. So for w as in (5.12), s <t < ¢’ and |2/| < K + 1,
Lemma 5.2 implies that

Q52,60 (s,t,x,t',2)
s—0
< 052/ /pt/ — pt r(y ))2€2R1K€2(Rl+1)2(2K+1)dy
X [271\7 vV ((t i ?”)1/2 + (t/ . T)l/ano v (2‘1: _ Q;/D)]Z'Yf

X {[2_N vV ((t - 7“)1/2 + (t, — r)l/Q_ﬂO iV, (2‘$ _ xl|))]»§m_1 + GQ}ZV dar.

The harmless exponential factor comes from the el¥=*! factor in Lemma 5.2, the Ef1lvl in Q52,610
the bound |y| < |z| + |y — 2| and the bounds on ¢, |z|, |2/| and |y — x|. Let v/ = (1 — 2np).
Recall that t < t' < K, |z| < K and |2/| < K + 1, so that vt —r < K"™(t/ — r)}/2=™ and
|z — 2’| < (2K + 1)|x — 2|1 72™. Use this and Lemma 4.4(a) to see that the above is at most

5—0 2
cl(K)Cg,,Q/ (=) (1A )@V (@ =)V o — 2P
0

t—r
(5.13) X [Q’QNV(;Y’"’“ V(=) Oy g — g2 G 4 0267 g
Note that
(5.14) 272Ny (t — ) Vo — 2P < 27N v a4 (b — )Y < 20dX v (t—1)T]
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Use this to bound the summands in (5.13) and conclude that
QS,2,5,170(87 t) T, tlv .1‘/)

s—0 d2
< cQ(K)cs,Q/ (t — r)*3/2(1 As
0

- T

Nk v (=)
X [[cﬁv V (t — )] Ol a%’%} dr
tng d2 5
< _ \Y'E-3/2 i _ )Y (Gm—1) 26
_cQ(K)cs,g{/O (£ =) 2 (1A =) [t =) + a2 dr
e [ (0 Va6 1 )}
0 t—r N N n
(515) = CQ(K)C&Q{Il —‘1_[2}
Apply Lemma 4.1(c) to see that
(5.16) I < (d A VB2 ¢ [y O 20

In the integral defining I; we may drop the minimum with 1 and, adding a log(1/dx) factor just
in case the exponent on v is —1, we arrive at

t t
I < & [ / oY G e =52y, | 267 / uw’575/2du}
N

oN

(5.17) < c3(K)d? log(1/dy) [S[Nv/(;fm+§—l)—3/2]/\0 i aig«@?\;g—?ﬂ]

The log 1/dy is bounded by ¢(R)d~"/? for 71 > 1/R. A bit of arithmetic shows that our conditions
no <m/32,1—&=1/8R and n; > 1/R allow us to shift £ to 1 and 7/ to v in the exponents on
the right-hand sides of (5.16) and (5.17) at the cost of multiplying by d="/2. So using this, (5.16)
and (5.17) in (5.15), we get

QS,Q,(;J]O (57 tu x, t/7 Jj/)
< ea(I, R)Cs o a7 [§{m2/20 20053702
—m1 5— 27 )
+ (d AV {dj\;” +a3f”d1\7]}.

The result follows from the definition of C59 and the identity
(5.18) (A 2) = 3/2] A0 = (39 — 3/2) A0
(use v > 3/4 here). [
Lemma 5.6 Let 0 <m <m+ 1 and assume (P,,). For any K € N2K1 R>2neN,g € (0,1),

and 3 € [0,1/2] there is a ¢56(K) and N5 g = N5g6(m,n, R, e, K, 3)(w) € N a.s. such that for any
m € (R71,1/2),6 € [an,1], N €N, and (t,z) € Ry xR, on

(5.19) {w: (t,z) € Z(N,n,K,3), N > N5},
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QT,(S(Sv 8,7 tlv .Z‘/)

< c5.6(K)[a,*° + 94Ns.0]|s" — 5\1_%1 [SJ(\’fY’Ym*W?)/\O I aigwgyj\;g/g
+1(0 < %)5—3/2 [CZ?VW’” + a?ﬂ%i?@]]
(5.20) foralls <t <t s <t <Tg, and|z'| < K + 1.

Here d = d((t, ), (t',2")), dv = d V2™ and Sy = § V d%,. Moreover N5 is stochastically bounded
uniformly in (n,3).

Proof. Let ¢ =1 — (2R)~! and define N5 6 = Ny(m,n,&, o, K, ) so that the last statement is
immediate from (P,,). We may assume sV s’ = § > §, or the left-hand side is 0. Let s = s A §'.
We again use Lemma 5.2 to bound |u(r, y)| in the integrand defining Q7 and the maximum with

/a@n, can be ignored as it is less than /t/ — r in the calculation below. So for w as in (5.19) and
s,t, 8t 2" as in (5.20), we have (note that r < § <t < Tk so that Lemma 5.2 applies)

QT,5(57 8/7 tlu ZE/)

5—0
<5 /( § / Py (y — af 2R E 2ERADI=2l =N\ (T 7 4 [y — )|
5—0

- 2
x [@ NV (V= 4y — )"+ afl] dydr.

Use Lemma 4.2, the inequality
(5.21) 27NV (VU —r+y—=z|) < (2*N\/ \x—m/\) +VE —r+ly—2| <dv+VE =71+ y -2,
and e2(FrtDly=2] < ¢ (K)e2(F+Dlv=2"l {6 bound the above by
B0 [ [ ) PGS 4 oo
% [(622]‘\7(%*1) (= ) Gm=D) [ 20Gm =D a%ﬁv} dedr
< a(K)Caz | T Y (@O @ =G D)+ a2 ar

< 62([()05.2{/( . 1(r <t —d%) [(t/ — ) Gmte=1)=3/2 4 267y _ r)75*3/2]dr

5—0 .
b N B e [ ]

(5.22) = CQ(K)Cg,,Q{Jl + JQ}.
In the first line use

/ |2[Ppu(2)?Mldz < (a2 for 0<p <2 and A >0,
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and recall dependence on R; is suppressed in our constants. Now

5—0
/ Lr >t = d3)(t' =)™ 2dr <16 < d)[(t' =5+ 8) 2" —s| A2(t = 5+6)/]
(s—0)t

<16 < d%)267%2(]s' — s| A 6),

and so
(5.23) Jo < 1(6 < d%)2673/2(|s' — s A §)dly >~ [Jiﬂm + agﬂ%ﬁg]
(5.24) < calK)1(6 < B)o~/2(1s' — sf 1 o) % [E" + 2 ).

In the last line we used y(1 —¢) <1—-¢ < (2R)"! < /2 and |s' — s| < 2K.

Turning to Ji, let p = y(3m + & — 1) — 3/2 or v¢ — 3/2 for 0 < m — 1 < m. Our bounds on
v and § (both are bigger than 3/4) imply p € [v¢ — 3/2,1/2] C [-15/16,1/2]. If p’ = p A 0 and
0<e<—p, then

56
I(p) E/ 1(r <t —d%)(t —r)Pdr
(s—0)*

5—0
< / 1(r <t — B)VE({ —r)Pdr
(s—0)F

_, |s'—s| ,
< \/Emin<|5/ — s|ok ,/ u? du)
0

/_ .
< 16VK|s' — s[P'*+! mln((%iﬂ) : ,1) (use p' > —15/16)
N

I o
<16VK|s' — S\P’H(M) r

ON
1—eze+p’
(5.25) = 16VK|s' — s|' 75637
Define ¢ = p + (1 — &), so that ¢ = vy, — 3/2 or v — 3/2.
Case 1. ¢ <0.

Then p/ =p < 0. If e = (1 — &) < (2R)™! < n1/2, then € +p' = ¢ < 0 and so (5.25) applies, and
gives

(5.26) I(p) < 16VE|s' — s|'76%, < 16K]|s' — s|'~ 2 6%,

Case 2. ¢ >0

Then p' = (¢ — (1 —&E)A0> —y(1 —¢). Let e = —p' < ~y(1 - &) < (2R)™! < n1/2 in (5.25) and
conclude

(5.27) I(p) < 16VK|s — s|'"¢ < 16K|s' — s|*~ 7.

In either case we have shown that I(p) < 16K|s" — 8‘1_%8%\0. This gives

1

(528) S L ) R )

Put (5.24) and (5.28) into (5.22) and use (5.18) to complete the proof. [

Notation. d((s,t,x),(s',t',2")) = \/|s' — s| + |t/ — t| + |2/ — z|.
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Lemma 5.7 Let ¢y, c1,ca, ko be positive (universal constants), n € (0,1/2), and A : Nx(0,1] — R
satisfy A(n, 27Nt < koA, 27N) for all n,N € N. Forn € N and 7 in a set S assume
{Y: (s, t,x): (s, t,x) € RiXR} is a real-valued continuous process. Assume for each (n,7), K € N,
and 8 € [0,1/2], there is an No(w) = No(n,n, K, 7, 8)(w) € N a.s., stochastically bounded uniformly
in (n,7,0), such that for any N € N, (t,x) € Ry xR, and s < K, if d = d((s,t,z),(s',t',2')) <
27N then
(5.29) P(|Yrn(s,t,x) — Yeu(s' ' 2')] > d"TAM, 27N, (t,x) € Z(N,n,K,3), N > Ny, t' < Tx)

< ¢ exp(—claz_”c?).
Then there is an Ny = Ny(n,n, K, 7, 3) € N a.s., also stochastically bounded uniformly in (n,, ),
such that for all N > Nj(w), (t,z) € Z(N,n,K,B)(w), d = d((s,t,x),(s,t',2") < 27N, s < K
and t' < Tk, )

Yrn(s,t,2) = You(sta)| < 2Tk3d " A(n,277).

Proof. Let
My = MJ"0 = max{|Vy (i +€)27%, (G + )27, (k + 9)27") = Yo (272, j27% k27)] -

(G272 k27 e Z(N,n, K +1,8),e, f = —4,-3,...4,i27 % < K +1,
g=-2,—-1,....2,(j+ 27X <Tgy1,i,4,i+ej+ fely kel

and

Ay ={w:3>N+3s. t. Myy >20"00DA@m, 27N N > No(n,n, K + 1,7, 6)}.
For i,7,k, e, f, g as in the definition of M, y and £ > N + 3,
d(((i+ )27, (G + )27, (k+ ¢)279), (127, j27% k27)) <297 < 27N

Therefore (5.29) implies that for some ¢} = ¢} (n) > 0,

(o) oo
P(UR—yAN) < DY D 592K + 1) + 12 (K + 1) + Lcg exp(—ey (2°71) 772)
N'=N {=N"+3
< ¢3(K) exp(—;27V12).

Let
Ny = Na(n,n, K,7,3) = min{N : w € N{_nyA3N }-

The above implies that

Define
N{(n,n, K,,8) = (No(n,n, K +1,7,8) V Na(n,n, K, 1, 3)) + 3.

N} is stochastically bounded uniformly in (n, 7, 8) by (5.30) and the corresponding property of Nj.
Assume

(5.31) N >N}, (t,z) € Z(N,n, K, 3), d((s,t,z)(s',t,2')) <27V, s < K and t’ < T.
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Define dyadic approximations by s, = [2%5]|27%, t, = [22t]272%¢, x, = sgn(x)|2¢]2||27¢, and simi-
larly define s}, ¢, and 2, for (s/,#',2'). Choose (fy,2¢) as in the definition of (¢t,z) € Z(N,n, K, 3).
Then |z < |2| < K, |2y < || < K+1,s; Vs <s'Vs < K+1,t,Vt, <t' vVt < Tk, and if
¢> N,

d((tg, 0), (fo, @0)) < d((tp, ), (¢',2")) + d((t', a"), (t, 2)) + d((t, 2), (o, o))

<A/t =]+ |y — 2|+ 2N

< 92N,

This proves that

(5.32) (ty,xp) € Z(N —2,n, K +1,8) C Z(N —3,n,K +1,(3) for all £ > N,

and even more simply one gets

(5.33) (to,z¢) € Z(N — 3,n,K,3) for all £ > N.

In addition, the fact that N > N{) implies w € A§_3 and N — 3 > N, which in turn implies
(5.34) My 3 < 26700 A(n,27N=3)) for all £ > N.

Choose N’ > N such that 2=V =1 < d((s,t,z),(s',t',2')) = d < 27", Then |2’ — z| < 2N which
implies @'y, = z 7 + g2~ for g € {—1,0,1}. Similarly sh = s\ + €272V and thy =tn + o2
for e, f € {—1,0,1}. In addition, s; = sp—1 + ed™l ty =ty + f47° and xp = xpq + g2 ¢ for
some e, f € {0,...,3} and g € {—1,0,1}, and similarly for s}, t;, and . Let wy = (s¢, ¢, 2¢) and
wy = (s, 1), x;). Now use (5.32), (5.33), (5.34), the definition of My x_3 and the continuity of Y7,
to see that for (s,t,z), (s',t',2’) as in (5.31),

|Yrn(s, t,z) — Yon(s' 2"

o0
< |Yen(why) = Yen(wn)|+ D [YVen(w)) = Yenu(w) )| + [Yen(we) = Yen(wey)|
(=N'"+1
< My N—3+ Z 2My N—3
(=N'+1
< [2-NA-) 4 o Z 20-00-D] A(n, 27 )  (by (5.34))
(=N'+1
(36)2 N = A(n, 2= (N=3))
2k d " A(n, 27 V).
| |

Notation. Introduce
(5.35) Au/l (m,n,a, o, 27N) (1750|: ,;30‘/427]\77:”" + (af{/Q V 27N)(7m+172)/\0

+ a2 a2y 27Ny

We often suppress the dependence on ¢y and .
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Proposition 5.8 Let 0 < m <m + 1 and assume (Py,) (in (5.5)). For anyn € N, n; € (0,1/2),
go € (0,1), K € NzK1 e [0,1], and B € [0,1/2], there is an N5 = N5g(m,n,n1,e0, K, o, 5)(w)
in N=2 q.s. such that for all N > N, (t,x) € Z(N,n,K,p), t' <Tk, s< K,

d((s,t,x), (s, ', 2")) < 27N implies that
|Fao (s, t,2) — Faa (', ', 2)| < 27%0d((s,t,2), (s, ¢/, ")) Aui (m,n, a,e0,27Y).
Moreover Nsg is stochastically bounded, uniformly in (n,«, [3).

Proof. Let R = 33n; ! and choose 19 € (R™1,m1/32). Let d = d((t,z), (t',2")), d = d++/]s' — 5],
dy =dV 27N 6, n =a Vv d3 and (recall the Q’s are as in (5.9))

2
Qa% (87 t7 Z, 8/7 tlu ZE/) - QT,a% (57 8/7 tlu ZE/) + Z QS,i,a%,no (57 tu Z, tlu ZE/).
=1

By Lemmas 5.4, 5.5 and 5.6 with § = af, there is a constant ¢;(K,7;) and a random variable
Ny = No(m,n,m,eo, K, 3)(w), stochastically bounded uniformly in (n, 3), such that for all N € N
and (¢, x), on

(5.36) {w:(t,x) € Z(N,n, K +1,5),N > Na},

(5.37) R{Qqo (s, t,x, 8,1, a')1/?
< ey (K)o + 22 2 a3 d + e

n (\/ﬂ) (yym—3/2)A0 —i—aﬁ”( SmN)w—B/z}

forall s <t <t s <t <Tk,|2/| <K+2.
Let N3 = (33/m1)[Na + N4(K,n1)], where Ny(K,n;1) is chosen large enough so that
(5.39) ex () + 22227/ < oy (K a0 4 222298

< a—Eo 2= 104
= Wn .
Let

Apm,m,dy) =270 {a A + Ny

n (\/ﬂ) (yym—3/2)A0 +a§7< Sn,N)W_g/Q}-

Let N’ € N and assume d < 2=V, Use (5.37) and (5.38) to see that on
{w:(t,x) € Z(N,n,K +1,8), N > N3, N' > N3}
(which implies |2'| < K +2),
(5.39)
RgQa%(s,t,x, s',t',w’)1/2 < e (K,m)a,° + 22N2]2_771N,/46Z1_(37“/4)ZIOOaZOA(m,n, dn)

A(m) n, CZN)

< Jt—Bm/4)
=d 16

forall s <t <t s <t <Tg,|z|<K+2.
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Combine this with (5.8), (3.2), the definition of Qqe, and the Dubins-Schwarz theorem, to conclude
that for s <t <t, s <t, d((s,t,x), (s, t,2)) <27V,

P(|Fag (s, t,x) = Fag (s, 1, 2")| > d((s, t,2), (', ', 2")) "™ A(m, n, dn) /8,
(t,l‘) € Z(N,’I?,,K—i— 175)7 N'AN > N3, t' < TK)
A(m,n,JN))

< 2P( sup |B(u)] >d'™m =

u<d?=B11/2) (A(m,n,dy)/16)2

< 2P(sup|B(u)| = d-/4)
u<l

(5.40) < coexp(—d~"/2/2).

Here B(u) is a one-dimensional Brownian motion.
To handle s > ¢, recall that Fua(s,t,x) = Fya(s, sV t,x). One easily checks that

VsVt —s V| <y/|s—s|+ /|t —1]

and hence d((s,s V t,z),(s',s' V', 2')) < 2d((s,t,z),(s',t',2')) = 2d. So (5.40) implies that for
t <t and all 5,8, 2/, if d((s,t, ), (s, t',2')) < 27N'=1 then

P(|Fug (s, t, @) — Fae (', ¢, 2")] = d((s, t, ), (5,1, 2") T A(m,n, dy) /4,
(t,l‘) S Z(N,TL,K—I—l,ﬁ), t/ < TKa N/+1 > N3+1’ N > N?))
(5.41) < coexp(—d ™/?/2).

If (t,x) € Z(N,n,K,(3), t' <t and d = d((t,z),(t,2')) <27V, then we claim that (#,2') €
Z(N — 1,n,K + 1,3). Indeed if (fy,&0) is as in the definition of (t,z) € Z(N,n, K, (), then
d((to, &0), (t',2")) < 21(N*1). Also |#/| < K41, t' <t < Tk, and the claim follows. Note also that
as d < 27N, we have dy = 27V. An elementary argument using, 73, < 2, shows that

(5.42) A(m,n,27N) > 47 A(m, n, 27 N-1),
So, by interchanging (¢',2’) and (¢, ), and replacing N with N — 1, (5.41) and (5.42) imply that
fort/ <t,d<2 N andd <27V,

P(‘Fa% (87 t, :C) - Fa% (Sla tlv .Z'/)| > Jl_ﬂlA(m’ n, 2_N)7

(t,z) € Z(N,n,K,3),N' AN > N3 + 1)
< P(|Fag (st @) = Fag (s',¢',2")| = d"" ™ A(m,n, 27 V7Y) /4,
(tlv'x/) S Z(N_ Ln K+ 176)7]\[/ > N3 +1,N—-1=> N3, t < TK)

(5.43) < coexp(—d™/?/2).

If N5(m,n,meo, K, 3)(w) = N3(w) + 1, then Nj is stochastically bounded, uniformly in (n, 3). We
have shown, (taking N’ = N in the above) that for all (s, ¢, x), (s, ¢, 2'), if d = d((s, t,z), (s', ¢/, 2)) <
27N then

(5.44)
P(|Fug (5,1, 2) — Fag (s, ,2)| > & A(m,n,27N), (t,2) € Z(N,n, K, 8), N > Ns,t' < Tx)

< ¢oexp(—dM/2)2).
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Now apply Lemma 5.7 with 7 = a € [0,1], Y;, = Fye and kg = 22, the latter by (5.42).
(5.44) shows that (5.29) holds with Ny = Nj. (The implicit restriction K > Kj in (5.44) from
Lemmas 5.4-5.6 is illusory as increasing K only strengthens (5.44).) Therefore there is an N5 g(w) =
Nss(m,n,m,e0, K, a, 3) > 2, stochastically bounded uniformly in (n, «, 3), such that for N > N5,
(t,z) € Z(N,n,K,(3), if t' <Tk, s < K and d= d((s,t,z), (s',t',2")) <27V then

(5.45) |Fa (s, t,2) — Fua(s', ¢, 2)] < 2B A(m,n,27N)d' ~m.
Note that
(5.46) A(m,n, 2_N) :2_100(1;50 [a;?’a/42_NWm + (af{/2 Vv 2_]\[)(“’“””_3/2)AO

+a) (a, 2427 NT 4 (a2 v 27N )82
§2_99a;60 [a;3a/42—Nwm i (af{/2 v 2—N)('ym+1—2)/\0
tar TN vagy].
Use this in (5.45) to complete the proof. [
Since Fs(t,t,z) = —uj 5(t,z) (see Remark 4.2), the following Corollary is immediate.

Corollary 5.9 Let 0 <m <m+1 and assume (Pp,) (in (5.5)). Let n,m,e0, K, and 3 be as in
Proposition 5.8. For all N > Nyg, (t,z) € Z(N,n,K, () and t' < Tk,

d((t,x), (t',2")) < 27N implies that
- —n1 A -N
[0 g (t,2) = Ul g (', 2")] < 27d((t, @), (¢',2')) ™ Ay (mym, a, 20,277,
We will need to modify the bound in Lemma 5.6 to control |uj s — uj , |. Note that if § > a,
and s =t — 0 + a, then

d d
(5.47) 5 (t2) = - Pa(uay)(2) = 2 Piesva, (4(s-a,1) (@)

= _Fan(s? t?'T)
=—F, (t—90+an,t,x).

Therefore the key will be a bound on |F,,, (s,t,x) — Fy, (t,t,z)| in which the hypothesis (for Propo-
sition 5.8) v/ — s < 27V is weakened substantially.

Lemma 5.10 Let 0 < m <m+1 and assume (P,,). For any K € N=K1 R >92neN, e e (0,1),
and B € [0,1/2] there is a c510(K) and N5.19 = Ns.10(m,n, R, e¢, K, 5)(w) € N a.s. such that for
any 1 € (R71,1/2), N €N, and (t,z) e Ry xR, on

(548) {w : (t,x) S Z(N,H,K, ﬂ),N > N5.10},
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QT,an (87 ta t7 'T)
< e5.10(K)[a, > + 24N5'1°]{|t — | (= 5) V an) T2 4 a2PV (8= 5) V an) TP

+ 1(a, < 2—2N)((t —8)A an)a;3/22Nm/2[2—2NWm + aiﬁv2—2m]}

for all s <'t.

Moreover Ns1g is stochastically bounded uniformly in (n, ).

Proof. Let ¢ =1—(4yR)~! and define N5.19 = N1(m,n,&(R), €0, K, 3) so that the last statement
is immediate from (P,,). We may assume ¢ > a,. Argue as in the derivation of (5.22) with 2’ = z,
s =t =t and 6 = a,. The only difference is that instead of the upper bound in (5.21), 2’ = =
allows to use the trivial upper bound 27V = \/t =7 + |y — 2|, that is dy is replaced by 27V. So
(5.22) now implies that if

t—an -
= / U(r < t = 272N)[(t — ) O tED=32 4 6207 (¢ — p€3/2)gy,
(s—an)*t

and
t—an ~
Jy = / 1(r >t — 272N (t — )3/ 2@r272NE 272N 0Om=1) | 267]
(s—an)*
then
(5.49) QT.a,(s,t,t,2) < c(K)Cs2[)1 + Jo).

As in the derivation of (5.23), now with dy =27V, § = a,, and s’ = t, we get
(5.50) Jy < Uan < 272M)2(ay A (t — s))a; 322N 0= [972NYTm 4 2079=2N7]
For Jy, let p = y(m+£—1)—3/2 or p = v{—3/2. Our choice of £ and R implies p € [—15/16, 1/2]

and so, considering p > 0 and p < 0 separately, we arrive at

/tan (t — r)Pdr < 16[(t — 5 + a,)PT — aPT) < 16(2PVO) (¢t — 5)((t — 5) V ap)?
(

s—an)t
< 24(t — s)((t — 8) V ap)P.

Therefore
T < 24(t = 5)[((t = ) V ) 0D L 21— ) v a, )]
(5.51) < 24(t — )t 070 {((t — 8)V a,) 32 L a207((t — ) v an)7_3/2] .

Put (5.50) and (5.51) into (5.49), noting that v(1 — ¢((R)) = (4R)™! < /4 and t — s < K, to
complete the proof. ]
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Proposition 5.11 Let 0 < m <m+1 and assume (P,,). For anyn € N, n; € (0,1/2), g € (0,1),
KeNK1 gndpe [0,1/2], there is an N511 = Ns.11(m,n,n1,0, K, )(w) € N a.s. such that for
all N > Nsq1, (t,z) € Z(N,n, K, $3), s <t and /T —s < N~4™ implies that

‘Fa (S,t,ZC) - Fan(t,t,.l‘)|

S 2781a7;5() {271\7(17171) (a711/2 v 27N)('ym+172)/\0

n

2—N

+2N771a;1/4(_ + 1) (27N'y’ym _i_ag'y(vafN)'y)
\ an

+ (t — s)I=m)/2 ((\/m v \/@)'Y:Ym*% +ad(VE—sV \/@)%%) }
Moreover Ns11 is stochastically bounded, uniformly in (n,[3).

Proof. Apply Lemma 5.10 with R = 2/n; so that on
{w : (t,l‘) € Z(N,’I?,,K, ﬁ)vN > N5,10(m,n, 2/771>€0aK’ ﬁ)}’
for s <t,
RgQT,an(Sa t7 tu .’E)l/2
(5.52) < (K)R}[a,® + 22N5'10]{(\/E)”1/4(\/E)1*% (Vt—sV \/@)Wm*%
+ a7 (Vt=sV \/an)“’_%]
+ 27N771/4a;1/42N771/2[27N'Y'~Ym + ag'YTN'Y]}.
Let No(m,n,ni, €0, K, B)(w) = %[Ng,,lo + No(K)], where No(K) € N is chosen large enough so that
(5.53) cl (K)R’(‘)/[a;f?o + 22N5.10]2*%1N2 <c (K)Rg [a;EO + 22N5.10]2*2N5.10*2N0(K)
< 27100,—20,

It follows from (5.52) and (5.53) that for N > Ny, (t,z) € Z(N,n,K,3), s < t,and v/t — s < 272,

RgQTﬂn (87 ta t7 w)l/Z

< 2_100a;5°{(\/t T [(VE= sV van) e + a2 (VE— s V Van) 2]

+ a;1/42N771/2[2*N'Y’~Ym + ag’YQ*N’Y]}
= (Vi — s)lJITlAl(m,n, VE= sV an) + 282 Ao (m,n, 27 Y),

that is A; and Ay are defined as the appropriate two terms from the previous line. Combine
this with (3.2), (5.8) (now with ¢ = ¢ = ¢/, x = 2/, so the second integral there is 0) and the
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Dubins-Schwarz theorem to see that if B(-) is a standard 1-dimensional Brownian motion, then

(5.54) P(|F,, (s,t,x) — F,, (t,t,2)| > (V= 8)L "M AL (m,n, VE— sV /an) + 2V M Ag(m,n, 27N),
(t,x) € Z(N,n,K,3),N > Ny, /T —s < 27N2)
< P(sup |B(u)| > (VE—s) /2 A2NM/2)1 (1 — s < 1)

u<l

1
< co exp{—§[(t — s)_”1/2 A 2Nm]}.

Let ¢y = 22(N+3) N=8/m and set

|Fan (,L'272(N+2)’j272(N+2)’k27(N+2)) _ Fan (j272(N+2)’j272(N+2)’k,Qf(NJrZ))‘ .

(V7 = 2 D) A,y (V] = 2= V42) v Jam) + 25 A, m,2Y)
0<j—i<ty, (527N k2 N¥2)) € Z(N,n, K, B),i,j € Ly, k € Z}.

My (w) = max{

If N3 = 2", then
(5.55) N > N3 = N~¥m < o=Ne=l [y o= N=2 _ gN—4/m < o=Ne,
The fact that My =0 if /5 < 1, (5.54), and (5.55) imply

P(My >1,N > Ns)

< (K +1)2280N D (2 4 1)2V+2¢, exp{— ((En272N+2))=m/2 5 2]\“71)}1(5]\, > 1)

| —

1
< e K325 exp{—g((\/ﬂNQ_N) v 2—N)—771}1(£N > 1)
< ¢ K325N exp{—2_5/2N4} (recall 7 < 1/2).
IfAN = {MN > 1,N > Ng} and

Ny = Ny(m,n,n,e0, K, 3)(w) = min{N : w € N"F._yAS },

then
P(Ny > N) = P(US_yAn) < aK? 3 2V exp{—2*5/2(N/)4}
N'=N
(5.56) < co(K) exp(—N1/6).

Let N5(n1) be large enough so that
(5.57) N > Ns = 2!=N < N~4/m,

Define
N5.11(m>n7771>€07K76) = (N5.8 \ N3 \/N4 \/NS) + 2.

It follows from Proposition 5.8, (5.56), and the definition of N3 that N5 17 is stochastically bounded
uniformly in (n, 3). Assume

(5.58) N > N511, (t,x) € Z(N,n, K, 3),s < tand vVt — s < N—4m,
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Case 1. t — s > 21-N,
The condition N > N5 11 implies w € A§_5 and N — 2 > N3, which in turn implies

(5.59) My_o < 1.

Let sp = [2%5)2726 ¢, = |22¢]272¢ and 2, = sgn(z)[2|z| |27, be the usual dyadic approximations
to s,t and x, respectively, and let (£, 2o) be as in the definition of (¢,z) € Z(N,n, K, 3). Then

d((ty,zn), (fo, 20)) < 27N +VEi—tn + |z —an| <227V, ty <t < Tk, |zn| < |2| < K,
and so
(5.60) (ty,xN) € Z(N —2,n, K, 3).
Write
|F,, (s,t,x) — Fy, (t,t,2)] < {\Fan(s,t,x) — F,, (snytn,zn)| + | Fo,, (t,t,2) — F,, (tn, tn, 2N)|

+ [|Fan(3N7tN7~TN) —F,, (tn,tn,zN)|

The fact that (t,z) € Z(N,n,K,B), tyn <t <Tg,s<t<K,
d((t,t,x), (tn, tn, zn)) Vd((s, b, z), (sn, iy, an)) < 3(27N) < 2= (V=2),
and N — 2 > N5g, allows us to use Proposition 5.8 and infer that
(5.62) Ty < 27852 (W=2U=mIA L, (m,n, 1,60,27(V72),
For Ty we have from N > N5, (5.57), and the last part of (5.58),
Vin —sy <Vi—s+217N <oN~m <\ Jiy 527N,
In view of (5.60) and (5.59), this implies
Ty < My [ViN = sn' " Aa(m,n, Vix =58 V /) + 20772 Ay (m, n, 27N 2)|
(5.63) < |[Viv—sn " Aimon Vin = sx V Van) + 28701 Ay (m,n, 27N

Ast — s> 2272V (recall this defines Case 1), we have

1
t—s<(t—ty)+(tn—sn) <272V 4 (ty —sn) < 1= 8) + (tx —sn),
and so
1
(5.64) IN — SN 2 5(75—8).
More simply,

(5.65) ty —sy <t—s+2172N <2(t — ).
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Use (5.64) and (5.65) in (5.63) and then combine the result with (5.62) and (5.61) to conclude that
|Fy, (s, t,x) — Fy, (t,t,, )]
< 97859~ (N=2)(1=m) ;—eo [(a;ﬂ v 2~V =2)) (1 -2)A0
+ a8/ [2—(1\7—2)“/% +aP(a? v 2—(N—2))"/H
(5.66) 427950 (T — )l [(\/m V/an) s 4 a T (VE— sV \/@vf%]
4 9100, €0 o (N=2)ms [2—(N—2)Wm 4 QQVQ—(N—Q)W]'

Next use

9~ N(=m) g =3/4 | gNmig=1/4 _ o=1/49Nm [2;

m+1]

to combine the first and third terms in (5.66) and conclude, after a bit of arithmetic, that

‘Fan(87t7x) - Fan(t7t7$)‘

271\7 _
—81 — —1/49N —N~ym 1/2 -N
<2 anao{ [an /4gNm (—M + 1) (2 Vim 4 oV (al/? v 2 )V)

+ 271\7(1*?71)(%11/2 V QfN)(va—z)/\o}
(5.67) + (VE=)' 7 (V=5 V) R el (V= v Van) )

Case 2. t — s < 21-N,
As (t,z) € Z(N—1,n,K, ) (by (5.58)), s <t < K, N—1> Nsg, and d((s,t,z), (t,t,2)) <2~ N-1,
we may use Proposition 5.8 with a = 1 to conclude

‘Fan (S? t? .T) - Fan (t7 t? x)‘

<270 (/E=8)"" M A (m,n, 1,50,2” V)

< 278327N(17m)a;50 [a;3/4271\7ﬂm n (G}/Z Vv 271\7)(%“72)/\0 I a;3/4+ﬁ'y(a711/2 Vv 27N)7}

~83 —eof —1/4oNm 2~ N
<27%a,*°qa, /"2

Vv an
which is bounded by the first term on the right-hand side of (5.67). [

) (TNwm a2y QfN)w) o NA-m)(gl/2y 27N)(vm+1—2)A0}

We also need an analogue of Proposition 5.8 for G4a. A subset of the arguments in Lemma 3.1
shows that

(s—0)*
(5.68) Gs(s,t,x) = / /p(t\,s)r(y —x)D(r,y)W(dr,dy) for all s a.s. for all (¢,z),
0

which is just the analogue of the expression for Fys, (3.6), with p;—, in place of pj_,. Although we
only will need bounds on Gga(s,t,z) — Gaa(t,t,2) (and for v/t — s small as in Proposition 5.8),
this seems to require bounds on the analogues of the three types of square functions handled in
Lemmas 5.4, 5.5 and 5.6, but now with no derivatives on the Gaussian densities. This results in
some simplification and a smaller singularity in af;. We omit the proof of the following result as
the details are quite similar to those used to establish Proposition 5.8.
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Proposition 5.12 Let 0 < m <m+ 1 and assume (Py,) (in (5.5)). For anyn € N, n; € (0,1/2),
go € (0,1), K € BT [0,1], and 8 € [0,1/2], there is an N5i2 = Nji2(m,n,n,e0, K, a, )
in N a.s. such that for all N > Ns.19, (t,x) € Z(N,n,K,3), s <t and \/t —s <27V,

n

x [(a%/? v 27 NYYIm 4 07 (022 v Q’N)'Y].

(Gag (5,t,7) = Gag (t,1,3)] < 27%2(t — 5)2 (1M 20g, /4

We need to use our global modulus of continuity for u’La% (Corollary 5.9) to get a modulus for
u1,qo itself. This is of course easy for spatial increments, but a key observation is that it is possible
to also use control of the spatial derivatives to get a better modulus on the temporal increments.

Notation. Define
(5.69) Ay, (m,n,a, g, 27Ny = a;so_gaﬂ [aﬁaf’f‘” + agv(af{ﬂ v 2~ Nyt

+ (a2 v 27N I L 1 (m > m)ad A (a2 v 27N,
Dependence on « or g is often suppressed.

If n > 0 let N 15(n) be the smallest natural number such that 21~ < N7 whenever N > Nf 15(n).

Proposition 5.13 Let 0 < m < m + 1 and assume (P,,). For any n € N, n; € (0,1/2), €g,e1 €
(0,1), K € NzK1 o € [0,1] and 8 € [0,1/2], there is an N5i13 = Nsis3(m,n,m,e0, K,,3) € N
a.s. so that for all N > Ns.13, n,a satisfying

(5.70) an < 9=2(Ns.11(m,m,m /2,60,K,8)+1) A 2—2(Né.13(77161)+1)7 and a > e1,
(t,x) € Z(N,n, K, (), t' < Tk, if d((t,z), (t',2")) <27V, then

Jurag (t, @) — wrag (', 2)| < 27%0d((8, 2), (t',27)' " Ay, (1, 0, 20,27Y).
Moreover Ns 13 is stochastically bounded uniformly inn € N,a € [0,1] and § € [0,1/2].

Remarks. Although n appears on both sides of (5.70), the stochastic boundedness of N5 11 ensures
it will hold for infinitely many n.

The non-increasing behavior of N 5(n1€1) in €1 shows (5.70) becomes stronger as the lower
bound on «, €1, goes to 0. This effectively rules out o = 0 from the above conclusion. This is
not surprising as allowing « to approach 0 allows, a% to move away from the value a, where the
definition of Z(N,n, K, 3) ensures some control on ull,an'

Proof. Let
Ng.13(m7 n, 1M1, <o, Kv «, ﬁ) = ((2N58)(m’ n, "71/2’ €0, K+ 1’ «, ﬁ) \/NS.IQ(m’ n, 1M1, <o, K+17 «, ﬁ)) +1.
Clearly NY 5 is stochastically bounded uniformly in (n, o, §). Assume (5.70) and

(5.71) N > N§ 3, (t,z) € Z(N,n, K, B), t' < Tx and d((t,z), (t',')) <27V,
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As in the proof of Proposition 5.8, (#',2') € Z(N — 1,n,K + 1,(3), and by interchanging (¢, z)
with (#',2'), N with N — 1 and K with K + 1, in the argument below (again as in the proof of
Proposition 5.8) we may assume without loss of generality that ¢’ < ¢. Indeed, this is the reason
for having K + 1 and adding 1 in our definition of N .

Recall that

(5.72) Gag(t' t,2) = Prpriag (u((t' — ap, ) (2) = Proy (u1,ag (¢, ) (2),
and so
|ut,ag (', 2') = utaq (8, 2)] < Jurag (t,27) — urag (¢, 2)| + [wrag (¢, @) — P (wr,ag (¢, ) ()]
+ [Gaa (t', t,2) — Gaa (t, t, )|
(5.73) =T\ + Ty +Ts.
For T, let (fg,Zo) be as in the definition of (¢ Z(N,n,K,). For y between z and 2/,

) €
d((t',y), (t,x)) < 27N and also d((tg,20), (t,x)) < 27N, Therefore by Corollary 5.9 (twice) with
71/2 in place of 7y,

[ 0 (8, )| < ) 0 (', ) — ) g (8, 2)] + 1] o (1, %) — 1) g (fo, 20))
+ |u] 4o (fo, £0) — 4, (fo, £0)| + af
(5.74) < 27842*]\7(1*%1)5% (m,n,a,e0,27Y)
+ |Fy, (fo — a® + an, to, &0) — Fy, (fo, to, &0)| + a?.
We have used (5.47) in the last line.
We now use Proposition 5.11 to control the F' increment in (5.74). Choose N’ so that

(5.75) 2Nl < Ja, <27V
(5.70) implies \/a, < 9~ Ns.11(mn. 520, K08) =1 g g0
(576) N/ > N5,11(m,n,771/2,€0,K, ﬂ)

In addition, (5.70) implies 2=V~ < /@, < 2= N513(m=1)=1 and so N’ > N} 15(me1) which in turn
implies
4e 4

(5.77) a2/2 < 9N'e < omN'e < NI = N

Since

\u(fo,i‘o)\ <a,=a,A (\/an2_N ) (by (5.75)),
we see that (o, 20) € Z(N',n, K, 3). (5.76) and (5.77) allow us to apply Proposition 5.11 with N’
in place of N, (fo, Zo) in place of (t,x), n1/2 in place of 71, and s = to — a® + ap, and deduce

‘Fan (50 - ag + ap, 507 9730) — Fy, (50, 7?0, 330)|
ni+1

§2—78a;50 @(1—%)\/@(%1“—2)%_’_@_ P (Mﬂm +ag71/an))
3

Mg(l—%)(ag(wm—g)+a%%(v—%)>}

20



The middle term in the square brackets is bounded by the last term because \/a,, < a,?. Therefore

‘Fan(fo - a(rlz + an,fo,j}o) - Fan(£07£07'i‘0)|
1,"1) —3a

(5.78) §2777a;50 /—an(l—%l) /_an("fm+1—2)A0+aE( ERP (ag’Y’Ym_i_ag,yag'y)]'

We also have " N )
\/@17 3 +('Ym+1*2)/\0 S ((IE vV 27N)1771+(’ym+172)/\0

)

because the above exponent is positive since 1 < 1/2 and v > 3/4. Use this bound in (5.78) and
then insert the result into (5.74) to conclude that for any y between x and a/,

‘ull,a% (tla y)‘
S 2777a550{271\7(17%)(a§ v 27N)(’ym+172)/\0
_3a ~ 3
4+ N5, s [Q*NW’” + a7 (ag v Q’N)'Y}

+ (a§ vV 2_N)1_7]71+(7m+1_2)/\0
a(_my =3« QLN a
—I—aﬁ( 2)an“ (aﬁW —I—ag“’aﬁv)} +al
o 1 _3a «a ~
<27 g %0 (g v 2~ N)I= 7 [(a,g v 2N me =20y g (g2 v 27N )i
_3a a
+an T (ag Vv 2_N)7} +aP

(5.79) =2"A, (m,n,a,e0,m,a2 V 27V) + ag.

Note that Aul is monotone increasing in the 27V Va2 variable due to the positivity of the exponents
(since m; < 1/2). The Mean Value Theorem now shows that

(5.80) T < [ag + 27 A, (myn, o, e0,m1, a3 V27V || — &),

Recalling that ¢ <t and that (from (5.71)) N > N1 and v/t — t/ < 27V, we may apply Proposi-
tion 5.12 and infer

(5.81) Ty < 2792(t — ¢/)2(l-m) g —eo—a/4 | (q@/2 \y 9= Ny¥im 4 87 (q2/2 y 2—N)v].

For T5, let {B(s) : s > 0} be a one-dimensional Brownian motion, starting at = under P,.
Assume first that

(5.82) IB(t —t') — 2| < 272N,
Recalling that N5g > 2 and (5.71) (which implies N > 2Nj53), we have

d((t', B(t — 1)), (t,2)) < VE— 1 +27 388 <27V 4 973 Nos
S 272N5.8 _I_ 2*%]\[5.3

< 27 Nos,
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Define a random N’ € {Nsg,...,N} by

(i) it d((t', B(t — 1)), (t,x)) <27V then N' = N;

(ii) if d((t', B(t —t)), (t,z)) > 27N then 27V~ < d((t', B(t —t')), (t,z)) <27V
In case (ii) we have 27V =1 < 27N 4 |B(t — t/) — x|, and so
(5.83) 2N < o=N L 9|B(t —t') — 2,

a result which is trivial in case (i). If y is between x and B(t — t') we may argue as in (5.79), but
now using (t,z) € Z(N',n, K, 3), to see that

(5.84) [ 4o (', )] < 27N, (myn, 0,20,m, 08 V2 N) + al.
Use (5.83) and the monotonicity of A,, observed above to see that

o
a _N!
Aul(m)nvavgoanlaaﬁ V2 )

(5.85) A
8[[a§ + 2N 4Bt —t) —2]'F

€0
anp
<

3a

x {(a§ + 27N 4 |B(t —t') — g|)m1mDN0 g [(cé +27 N 4 |B(t' —t) — z])"m
+a(ad +27V + |BE - ) - )] }].

Use (5.85) in (5.84) and then the Mean Value Theorem to obtain (the expectation is over B alone-
N3¢ remains fixed—and we are dropping a number of small constants)

B, (| B(t —t') = 2] < 27258 jug g (¢, Bt — ) — w10 (¢, )))
Q1" o ~

< Eo(|B(t - t’)\{ag +ap®las"" ) 427N LB — ) [a;3a/4[a,3 +27N Bt — )]

(a2 )2 e gl 27N B - )] |
<avi—t{a]+ a;®[(ad v 2N 4 (¢t — 303 [a;3a/4(a§ V2N 4 ey

+ (a2 v 27N =20 o —8a/d By (q0/2 o= N t/)’Y}
< coVit — t/{ag + a;so(aé vV 27N)(1*n71) [(af{/Q V 27N)(7m+172)/\0 + a,;3°‘/4(aﬁ/2 V 2*N)Wm
+ a3 a7 (a2 v 2_N)“’] } (since vVt —t/ < 27N)

(5.86)
= oVt —t[al + Ay, (m,n, o, e0,m1,a2 V2.

To handle the complementary set to that on the left-hand side of (5.86), note that for K > K; and
t' < Tk,

[urag (', 9)| < Ey(lu((t' —a) ™, B(ap))]) < 2K B, (el ")) < 250,
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This and the fact that /& — ¢/ < 2~2Ns.8 imply that
E (1Bt —t') — 2| > 272Y58) |uy o (', B(t — ') — un o (', 7))
< P0(|B( tl)| > 2——N5 8)1/28K€E ( 2|B(t—t')| +62\$\)1/2
< c3(K)Py(|B(1)| > (¢t —t/)1/8)1/2 (since [x| < K by (5.71))
)

<ecy(K)(t -t
(5.87) < 05(K)\/t—t/Aul(m,n,a,Eo,m,a§ v 2y,

where in the last line we use
Ao (myn,a,e0, 71,02 V2N > (a2 vaF > 27N > i1,
(5.86) and (5.87) imply
(5.88) Ty < cs(K)Vt — t’[aﬁ + Aul(m, n,Q, €0, N1, a,% Y, 2_N)].
Use (5.80), (5.81) and (5.88) in (5.73) to conclude
|U1,a% (t,a x/) — Ul,a% (t7 Jj)‘
< C?(K)d((t’ J}), (t/7 .Z‘/)) [ag + Aul (mv n,a,e0,M, a% \% 27N)]
+2792(t' — t)%(l—m)a;aoagﬂa;iﬂa/ﬁl [(aﬁﬂ V Q—N)Wm + aﬁV(aﬁ/Q V Q—N)’Y] )

since d((t,z), (t',2")) <27 N a bit of arithmetic shows the above is at most
(07(K) 7 + 2_92)d((t,x)7 (t,’x/))l_nla;EO—?)a/ﬁl
(559 x { (@2 v 2 (@i v 2N ) 4 (/2 v 27Ny

i a3a/4( ﬁ/Q v 2—N)(7m+1—2)A0} i aia/4a£}'
Choose Ni(K,m) so that
272 (K) < 27%,

and define N5i13 = N/ |5V Ny, which is clearly stochastically bounded uniformly in (n,«,3) €
N x [0,1] x [0, 3]. Assume N > Nj13. Note that if m < 7, then

a%a/zl(ag/Z V. 27N)(7m+172)/\0 _ aiza/4(a?o;/2 V. 27N)'y'y,nf%
(5.90) < (a2/? v 2~ N)yrm
< (ap/? v ),

and so the last term in square brackets in (5.89) is bounded by the first term in the same brackets.

If m > m, the left-hand side of (5.90) is a%a/ Therefore if N > N5 13 we conclude that

U1 a0 t,2') — Uy qo (t, )]
< 2_90d((t, x)7 (t,, x/))l—ma;eo—?)a/zl

— — S __ _N
X [a£+3a/4 +aPr(@@? v 2Ny (@02 v 9 NYYIntL 4 1 (m > ) (a2 V 2 )a;’;a/ﬂ
=2794((t, ), (', ")) " Ay, (m,n, a, £o, 2~ Ny,
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We also require an analogue of the bound on increments on uj 4o (Proposition 5.13) for ug qa.

Notation.

A1y (m,m,e0,27Y) =a, 027N [(arll/2 v 2 Ny Gm=1) 4 ag“’}
1

_ & (Y — = a1
- Yim=13) (r—3)
B ualim,m0,20) =7 [0 T8 1 0§07

We often will suppress the dependence on €y and a below.

Proposition 5.14 Let 0 < m <m+1 and assume (P,,). For anyn € N, n; € (0,1/2), g € (0,1),
K S NZKl, [ AS [O, 1], and /8 S [07 ]-/2]} the""e 15 an N5.14 - N5,14(m,n77]1,€0,K,a,ﬂ)(w) € N a.s.
such that for all N > Ny14, (t,z) € Z(N,n, K, 3), and t' < Tk,

d=d((t,z),(t',2")) <27 implies that
1— _ _
27]1 Al,ug (ma n,eo, 27N) + dlinl AQ,ug (’I?’L, n,a, 60)] .

z,05.(8,) = w205, (¢',2)] < 27 d
Moreover Ns14 is stochastically bounded, uniformly in (n,«a, [3).
The proof is more straightforward than that of Proposition 5.13 and is given in Section 7 below.
Lemma 5.15 For alln e N, 0<3<1/2 and 0 <d <1,

' (Van Vd) T <dvadl.

Proof. Recall that vy — 1=+ — % and 2y — % > 1.

Case 1. d > ag.

ad (an vt <dP 2 < d.

Case 2. d < ag. ) )

aﬁ”(\/@\/d)m_l < a57+5("/—§) _ 05(2"/—5) < ag' 1

We are finally ready to complete the

Proof of Proposition 5.1. Let 0 < m < and assume (P,,) (in (5.5)). We must derive (Py,41).
Let g9 € (0,1), M = [%], € = ﬁ < ep/2 and set a; = igq for i = 0,1,..., M, so that o; € [e1,1]

fori > 1. Let n, &, K, and 3 be as in (P,,) where we may assume § > 1/2 without loss of generality.
Define m = 1_56 (0?1/2)7 5/:£+(1_5)/2 € (5»1)7
NQ(m>n7£750>K’ ﬁ)(W) = vi]\ilN5-13(m7n’771750/27 K + 17 Oéi,ﬁ)(W),
N3(m>n7£750>K’ ﬁ)(W) = vi]\ilN5.14(m7n’771750/27 K + 17 Oéi,ﬁ)(W),

N4(m7n7§7EO7K7 ﬂ) = (1—36((1\[5.11(771,71,771/2750/2,K + 17&) \ Né.13(77151)) + 1)-|

= (1—i£N5(m,n,7717507 K, ﬁﬂ?
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(recall £1 is a function of ) and
(591> Nl(m?nvéago’K? ﬁ)(w) = (NQ V N3V N4(m?n7£750’K’ ﬁ)) v Nl(o?glaK) +1€Nas.

Recall that in the verification of (FP), we may take e = 0 and N7 = N1(0,¢’, K) was independent
of n and B. Then Ny = Ni(m,n,&, e, K, §) is stochastically bounded uniformly in (n,3) because
N5.11, N5.13 and N5.14 all are.

Assume

N >Ny, (t,z) € Z(N,n, K, ), t' < Tk, and d=d((t,z), (' z")) <27V
Suppose first that
(5'92) ap > 2—N5(m,n,771,50,K,ﬁ)'
Since N > N;(0,¢,K), we have by (P), with ¢ = 0 and £ in place of £, and the fact that
Ym+1 — 1 <1,
lu(t', )] < 27N¢
< 27N§/ [(\/a\/ 2*N)’?m+171:| 2N5/2
< 9—N(1-£)/29N5/29—N¢ [(m V. 2—N)‘fm+1—1 + ag]
< 9~ N¢ [(\/an v 2T Ny mar =Ly aﬁ] ,

where in the last line we used N > Ny > (1 — &)7'N5. This proves (Py,11).
So assume now that

(593) A, S 2*N5(m7n77717507Kﬁ)'

Let N’ = N—1 > NoV N3. Note that (o, %) (the point near (¢, z) in the definition of Z(N,n, K, 3))

isin Z(N,n, K+1,8) C Z(N',n, K +1,3) and by the triangle inequality d((fo, Zo), (¢, z")) < 2~V

(5.93) shows that (5.70) holds with (¢0/2, K + 1) in place of (¢, K). Therefore the inequality

N’ > N allows us to apply the conclusion of Proposition 5.13 for a« = «; > &1, 1 = 1,..., M

with (g, #0) in place of (¢,7), £9/2 in place of £, and N’ in place of N. Simpler reasoning, using

N’ > Nj, allows us to apply the conclusion of Proposition 5.14 with the same parameter values.
Choose i € {1,..., M} so that

g1 ;g1
2

(5.94) (q) if N > Va,, then an?l <o <ap?® =altap?,
(i) if 27N < \/an, then i = M and so an?l = Va, >27V.

In either case we have

Q4

(5.95) a? V2N < Ja,va2 TV,
and

_3qy , _3e1
(5.96) an * (Van V2 V)2 <q, .
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Now apply Propositions 5.13 and 5.14, as described above, as well as (5.95), and the facts that
A = Y for m < T, Ymi1 = Yym + 5 and d((fo, £o), (¢',2")) <27, to conclude

fulio, o) — (' '>\
< oo 30) =t g (02| 5 20 = 51, 2)

<989, {2—N§[ tan *aP(Van v 2 V)0 g (\/—\/2— Y m+)
4 1(m = m)(Van V Q*N/)} 42 NG [(Jay v 2N yrom =D 4 aij]
+2_N,§|:(\/a_v2_N/)('Ym+l_1)+aﬂ7(Mv2_N,)("/_%):|}
gg*%ﬁgwf{ Fan t (Vanv 2N (Yam v 2N )b
Fan (Va2 N (yan v 2N ) omD) m = ) (yan v 2 )
(5.97) + (Van v 2N [(ay v 2 Nym ) 4 o]

+ (Wa v ) Omn D ai(ay v N0

Now apply (5.96) and combine some duplicate terms to bound |u(to,Zo) — u(t',z')| by

3
2

50

51 ! ! ! !
2787 To NGB 4 P (Jan v 2 N2+ (Van v 2N ) 0mD 41 (m = m) (Vay v 2N )].
Use the fact that

(Van V2~ NY0ma=D) L1 (m = m) (Van V2V < 2(ya, v 27N ) (min2)=h)

(consider m < m and m = m separately) and ¢; < £¢/2 in the above to derive

‘ (to,l‘o) —u( )| < 9—86, —602 N§|: B +aﬂ7(\/_\/2— ) -3 (\/_\/2— ) (Ym+1A2)— 1)]
(5.98) < 2 8q eop— V¢ [ag +aP (Yan v 202 4 (an v QfN)((vaAz)fl)} ‘

Finally combine (5.98) and |u(fo,%0)| < /@n2~" to conclude (note also that 79 = 1 so the
k =0 term in the sum below simplifies considerably)

1
[u(t!, @) < Va2 + 2 M2 NNl (07N v a4 (27N Vg

k=0
1
(5.99) < a2 N2V 4 oM S 0Ny a4 (27N v eyt
k=0

Our definition of N (and especially Ny) ensures that N(1 —¢) > 1 and hence

8
9—N(1-¢) ~ v "< In
Vtin =2 =07
In addition by Lemma 5.15

ﬂ'Y(\/—\/Q N)m 1<aﬁ\/2 N<a + (27 N\/\/_)’Ym+1 L
Substitute the last bounds into (5.99) to obtain (FP,,+1) and hence complete the induction. [
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6 Proof of Proposition 3.3

We continue to assume b = 0 in this Section. Having established the bound (Pm41) in Proposi-
tion 5.1, we are now free to use the conclusions of Corollary 5.9, Proposition 5.11 and Proposi-
tion 5.14, with m = m 4+ 1, to derive local moduli of continuity for u/Laa and ugqa. In view of our
main goal, Proposition 3.3, it is the space modulus we will need—the time modulus was only needed
to carry out the induction leading to (Pp41)-

We fix a Ky € N2E1 and positive constants £¢, 1 as in (3.10). For M,n € Nand 0 < 5 < %—61,
define

(6.1) a=a(f)=2(6+e¢1)€[0,1].
and
U](\élf?n,,ﬁ' = inf{t s there are e € [0,27M], |z| < Ko+ 1, &9, @' €R, s.t. |x —2/| <27M,

|z — Zo| <e, |u(t,zo)] < an A (Vane), |u&7an(t,i‘0)\ < ag, and
e 3e1
\u/La% (t,z) — u/La% (t, ") > 27824, 2 |z — af |15 [a;w/Q(s Ve —z))? +1

_3
+ 0D ey — o))} A T,

Define UJ(\/l[?n,o by the same expression (with § = 0) but with the condition on [u} 4a (¢, 0)| omitted.

{U](\/Al,)n 5 <t} is the projection onto €2 of a Borelx Fi-measurable set in K x [0,t] x £ where K
is a compact subset of R*, and so U](é?nﬁ is an (Fy)-stopping time as in IV.T52 of (M66).

Lemma 6.1 For each n € N and (3 as in (3.12), U](\})nﬁ 1 Tk, as M 1 0o, and in fact

lim  sup PUY < Tk)=0.
M=o, 0cpe o ’

Proof. By monotonicity in M the first assertion is immediate from the second. Proposition 5.1
allows us to apply Corollary 5.9 with m =m + 1, m; = €9, K = Ko+ 1, and «, 5 as in (6.1) and
(3.12), respectively. Hence there is an Ny = Ny(n, 9,1, Ko+1,3) € N a.s., stochastically bounded
uniformly in (n, ) (as in (3.12)), and such that if

(62) N > N()(w), (t,l‘) S Z(N7n7K0 + 176)? ‘33 - .1‘/| < 27N’
then
|01, (8 ) — 0 g (2, 27)]
3eq1

—ep—3EL _36 _3
<27 — /[0, 0 [0 T 27 1T (gt v 2 V).

_38
Note that a, 2 Tt (Breny < 1 since v > 3/4, and so by the above we have

(6.3) |u/1,a% (t,z) — ull,a% (t7$,)‘

—eg—3a1 _38 _3
< 2—84an50 5 |x o 1‘,‘1_60 |:an 2 2—2NW +1 _'_agﬁ 2)2—N'y]'
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Let us assume 8 > 0 for if 3 = 0 we can just omit the bound on [u] ,a(¢,20)| in what fol-
lows. Assume M > Ny(n,eo,e1, Ko + 1,5). Suppose for some t < Tk, (< Tk,+1) there are
£€10,27 M), |z| < Ko+1,20,2" € R satisfying |z —a'| < 27M | |2g—x| <&, |u(t, 20)| < anA(Vane),
and |u} , (t,%0)] < al. Iz # 2/, then 0 < |z — 2/| Ve < 27M < 27N and we may choose N > N
so that 27V~! < eV |z — 2| <27V, Then (6.2) holds and so by (6.3),

e 3e1 _38
|u/1,a% (t,z) — ull,a% (t7$/)‘ < 2782an50 e — o |17 [an *(eViz - x/‘)h +1
_3
+ ag(v 2)(5 Ve — x'\)"’].

If x = 2’ the above is trivial. This implies U J(Vl[)n 5 = Tk, by its definition. We have therefore shown

P(UY), 5 < Try) < P(M < No).

This completes the proof because Ny(n,eq,e1, Ko + 1, 3) is stochastically bounded uniformly in
(n,B) (as in (3.12)). [

Turning next to ug 4a, for 0 < g8 < % — &1, define
U](\j?nﬁ = inf{t : there are € € [0,27M], |z| < Ko+ 1, #0,2" € R, s.t. |z — 2| <27M,
lx — Zo| < e, |u(t,Zo)| < an A (Vane), \u/lan (t,20)] < ag, and
2,05 (,7) = w5 (t,2")] > 27 a, 0 (Jo — &' 2" [(Van Ve v [ = al)®
+aP(Jag VeV — xm]
+ |z — m/\lfsoa?%)} A Tk,-
Define U](\/Ql?mo by the same expression (with § = 0) but with the condition on [u} 4. (¢, Z0)| omitted.
Just as for UD), UJ(\/QI,)n,,B is an F;-stopping time.
Lemma 6.2 For each n € N and (8 as in (3.12), UJE/ZI,)n,ﬁ 1Tk, as M T oo, and in fact

lim  sup PUP . <Tk,)=0.
M=o, 0cpget o i

Proof. As before we only need to show the second assertion. Proposition 5.1 allows us to apply
Proposition 5.14 with m =m+1, g1 = e9, K = Ko+ 1, and «, § as in (3.12), (6.1). Hence there is
an Ng = Ny(n,eo,e1, Ko + 1, 3) € N a.s., stochastically bounded uniformly in (n,3) (as in (3.12)),
and such that if

(6.4) N > No(w), (t,x) € Z(N,n,Ko+1,8), |z —2'| <27V,
then

|ug,qa (t, ) — ug 40 (t, )]

<29, f|o - o/ [(Van v 2 NP + @ (Vag v 2 Y]

_1 _1
(6.5) + |z — 1,1‘1—50 [agﬁ+€1)(2w 3) 4 aﬁ«,agﬁ-l—ﬂ)(v 2)] }
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Since v > %,
a, Bre-3) 4 agyagﬂ%l)('y*%) < after 4 s < 2a5+%'

n

Therefore (6.5) shows that (6.4) implies

‘UZ,a% (t7 Jj) — U2,a% (t, x/)|

1—¢
< 2_89a;5°{\m - x'|TO [(\/an v 2 N 4o (a, Vv 2_N)“’]

€1
(6.6) +2) — o/ ~0ay "},
The proof is now completed just as for Lemma 6.1 where (6.6) is used in place of (6.3). [
Notation.
(6.7) Au’l (n,e,e0,0) = a;s%*so{s + (ea;* + a1 /%) (52'7 +a?(ev \/an)v) }

For 0 < B < % — €1, define

(B+e1)ep/4

U](\j?nﬁ = inf{t : there are € € [27(1;

27M) 2] < Ko+ 1, 9 € R, st
‘x - jf‘O‘ <e |u(t7i‘0>‘ < an A ( an€)7 |u/1,an(tvi‘0)‘ < aga and
_78( & B+5
‘ull,an(tvw) - ull,ag(tvwﬂ >2 78(Au/1(n,5,50,ﬁ) +an ° )} A Tk
Define U ](\3’[)” o by the same expression (with 3 = 0) but with the condition on |u} 4 (t, 20)| omitted.

Just as for UMW, U](\j?nﬂ is an JF-stopping time.
Lemma 6.3 For each n € N and (8 as in (3.12), U]S)nﬁ 1Tk, as M T oo, and in fact

lim  sup  P(Uy, 5 < Tx,) = 0.
M=00p 0<p<t—e1 ”

Proof. It suffices to prove the second assertion. By Proposition 5.1 we may apply Proposition 5.11
withm=m+ 1, m1 =9, K = Ko+ 1 and 3 as in (3.12). Note also that if s =t — a% + a,, then

(6.8) Vi—s <a®? =alte,

and
(69) angEl < N74/5() PR 27N > 27a;(ﬂ+51)50/4‘

So Proposition 5.11 shows there is an Ny = Ny(n,eo, Ko + 1,3) € N a.s., stochastically bounded
uniformly in (n, 3), and so that if

—(B+e1)eg/4

(6.10) N > Ny, (t,z) € Z(N,n, Ko+ 1,6) and 27 > 27

9
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then

|10, (£, ) = U] ga (¢, 2)]

= |F,, (t —ay +an,t,x) — Fy, (t,t,z)| (by (5.47))
(6.11) < 2—81a;€0{2N60 [Q_N a2 Va2 1) N 1 B (2N v Jan) }

+ g{ften)(1-20) [aglﬁﬂl)@%%) " agyaéﬁﬂl)(%%)} }
We have used 3+ e < 3 (from (3.12)) in the last line. The fact that
(B+e)@y - 2) > By + (B+e)(y— 3)

implies that

a0 (fren(—eo) [a,(fﬁl)(%’_%) " agv+(ﬂ+el)(v—%)

< 2% af}ﬁ+61)(1*50)+ﬁ(2’k tei(v=3)

1 1 €
B T

€1
< 2612+ ®,

where (3.10) is used in the last two inequalities. This allows us to simplify (6.11) and show that
(6.10) implies

~ 1
(6.12) |u/1,an (t,x) — ull,a% (t,z)] < 278! [Au'pso(nv 27N7507ﬁ) + 2a§+ .

The proof now is similar to that of Lemma 6.1. As before, we may assume § > 0. Assume
M > Ny(n,e0, Ko+1, 3). Suppose for some ¢ < Tk, there are € € [2_";(5+51)50/4, 27 M) x| < Ko+1,
and &y € R, such that |20 — z| < ¢, |u(t,20)| < an A (Vage), and |u}, (t,@0)| < ay. We may
choose N > M > Ny(w) so that 27¥=1 < ¢ < 27N, Then (t,z) € Z(N,n,Ky + 1,3) and

—(B+e1)e0/
27N > ¢ >2m oo 4, and therefore (6.10) holds. Therefore we may use (6.12) and the fact

that A(n, 2e,¢e0,0) < 8A(n,€,€0,6) to see that
/ / —T787 X B+t
‘ul,an(tvx) _ul,a%(tvx” <2 [Au’l(n7€7€07ﬂ) +an ]
This shows that M > Ny(n, o, Ko + 1, 3) implies U](\j?nﬂ = Tk, and so

sup P(UJ(\EI)nﬁ<TKo)§ sup P(Ng> M) —0as M — o
n,0<B<3—e1 o n0<B<g—e1

by the stochastic boundedness of Ny uniformly in (n, 3). [
Finally for M € N, define

U](\jl[) = inf{t : there are € € [0,27M], |z| < Ko+ 1, @g,2" € R, s.t. |z — 2| <27M,

|z — 20| < e, |u(t,zo)| <e, and |u(t,z) — u(t,z')] > (e V|2’ — x\)l_so} ATk, .
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Lemma 6.4 U](\jl[) 1Tk, as M T oo, and

lim P(ULY < Tx,) = 0.

M—oo

Proof. It suffices to prove the second result. This follows easily from Theorem 2.3 as in the proof
of Lemma 6.1. The constant multiplicative factors arising in the proof can easily be handled by

applying Theorem 2.3 with £ =1 — (/2 in place of £ = 1 — &y. [
Let ‘
UM,TL,,@ = /\?ZlU](\j?n,ﬁ7
and
619 st = (NG i) AT,

where we recall that {; : i < L} were introduced in (3.11). We have suppressed the dependence of
Ui on our fixed values of Ky, e and €1. Note that 3; € [0, % —¢&1] for i =0,...,L by (3.12) and
a; = of;). Lemmas 6.1, 6.2, 6.3 and 6.4 therefore show that {Un,,} satisfy hypothesis (H;) of
Proposition 2.1. Hence to complete the proof of Proposition 3.3 it suffices to establish compactness
of Jp,.i(s), and the inclusion J,, ;(s) D Jyi(s) for all s < Uprp, (n, M) as in (3.14), and i = 0,..., L.
The next lemmas will show the inclusion part of the proof. We assume (n, M) satisfies (3.14)
throughout the rest of this Section.

Lemma 6.5 If i € {0,...,L}, 0 < s < Upmpn, and x € Jy(s), then (a) |uy, (s,2n(s, 7)) —

e
U} e (8,30 (s,2))| < 9Tt

(b) fOT’I; > 0, "I,Lll azi (S7i‘n($’x))‘ S ani/Q,
(c) fori < L, u! ag.(s’i‘n(s’x)) > a1 8,

K3

)

Proof. (a) Assume (n,i,s,) are as above and set ¢ = \/a,,. We have |(us, ®3""")| < a,, and
Supp(®z+) C [x = an,  + a].

Using the continuity of u(s,-), we conclude that

(6.14) lu(s, Zn(s,x))| < ap = an A (Vane), |in(s,z)— x| <e.

The definition of J,, ; also implies

(6.15) U] 4, (8, Zn(s,2))] < al /4 fori > 0.

In addition, (3.14) and £; < 1/2 (by(3.10)) imply

—epey /4

(6.16) 27 M > Ja,=e>2"%
Combine (6.14), (6.15) and (6.16) with |,(s,2)| < Ko + 1 and s < Unrn < ULy, 5. and take
& = &9 = &n(s,x) in the definition of U®), to conclude that

A - — X i+
(6.17) U}, (8, Zn(s,2)) — ) oi(s,Zn(s,2))] <2 78(Au/1(n, Van, €, Bi) + ag 5.

Lan
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Now

Ay (n,\fan 20, 6;) < a, >/ [\/@+2a‘1/4(a7+ o 1Bt ))}

,l
,350/2 |:\/—+ v(Bit ) ] (since B < %)

1-3eq _3eq 4 3e1
§4[an2 +agl 2+2} (using'y>%andﬂi§%—651)
<8t

The last line follows from (3.10) and a bit of arithmetic. Use the above bound in (6.17) and conclude

that el
o A - i+ g
|U/1’an(8,l‘n(8,.1')) —U/Lazi (8,$n(8,$))| <2 74an °.

(b) This is immediate from (a) and the fact that [u} , (s,%n(s,2))| < an'/4 (by the definition of
Jn,i for i > 0).

(c) Since g9 < £1/8 by (3.10), a o g < al*'. For i < L we have uy 4, (8,2n(s,7)) > agi“/él. The
result is now clear from (a) and the trlangle 1nequality. ]
Lemma 6.6 Ifi € {0,...,L}, 0<s < Upn, z € Jni(s) and |z — 2’| <50,(3;), then

(a) fori>0, [u] (s:c)\<aﬂl

(b) fori < L, u] aai(s,x) > agl“/lﬁ.

Proof. Let (n,i,s,x,2’) be as above and set € = |z — 2’| + \/a,,. Then we have (6.14), (6.15), and
also (by (3.14))

(6.18) e < 5aX + /a, <27M,

and

6.19) l' — & (s,2)| <e <27M) iu(s,2)| <|z| +1 < Ko+ 1.

(
§6.14), (6.15), (6.18) and (6.19) allow us to use s < Uprp < U(l) np; and the definition of UJ(\/[)n,,Bl

for i > 0 or ¢ = 0), with 2, (s, z) playing the role of z, and deduce that

[t e (5, 2") = 0] o (5, (5, )|
Cen_3e1
<2720, 7 (o — o] + Van) " a2 (0! — al + yan)®
140 (e~ )+ vy,

Use the fact that §; + 5e; < 1/2 (recall (3.11)) to infer |z — 2'| + /a, < 6ali T < gl (by (3.14))
and so bound the above by

31 (9~ —
979 507 2 a%&ﬁsl)(keo) [agl(m 2)+1+ n(v 2)}

3e
< 2779%:507% a,(fﬁ‘r’sl)(l*EO)S

< 2777agi+1’
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provided that ;11 < (8; + 5e1)(1 — o) — 9 — 3%, or equivalently
g0+ (Bi +1)eo < ((7/2) — 5eo)er.
This follows easily from (3.10). We have therefore shown that

‘U/La%i (8, x/) — u/l,a%i (8, *%n(57 Q;))| < 2*770514.17

and so both (a) and (b) are now immediate from Lemma 6.5 (b), (c). [

Lemma 6.7 Ifi € {0,...,L}, 0< s < Upmp, = € Jpi(s), and |z — 2’| < 4\/a,,, then

|ty goi (8,2") =ty oi (s,2")] < 2_75(15”1(\@" — 2| v a) 20N whenever |2 — 2] < 1.(5).

Proof. Assume (i,n, s, z,2') are as above and set ¢ = 5,/a, < 27 by (3.14). Then
|o" — &p(s,2)| <o’ —z|+an <e, |2/ <|z|+1< Ko+1, |u(s,@n(s,2))| < an = an A (Vane),
and the definition of (s,z) € J,; implies that for ¢ > 0,

[1),0, (5, En (s, 2))| < aif/4 < agl.

Let
1—e
Q(n,eo, Bi,r) = a;EOTTO [(\/an vV ?“)27 + ag”(\/an Vv T)'Y].

Assume |2/ — 2" < 1,(8;) < 27M the last by (3.14). The condition s < Ujs,, < UJ(\/QI,)n,,Bi and the

definition of U®, with (2, 2”) playing the role of (z, '), ensures that

‘ulaﬁi (s,2") — Uy 4o (s,2')] < 2_87(1;60 [|x" — x’|1_% [((5\/@) Vz" = 2'))®

Al (5an) V[ = 2'|)] 1 — oo

(6.20) <278 [Q(n, g0, Bi, |2 — 2'|) + 2" — 2’ 1_5°agi+%_60].

We first show that
(6.21) Q(n, 0, Bi,r) < 2an (r v a) 2500 =51) for 0 < r < T, ().
Case 1. \/a, <71 <1,(3).

Q(n, g0, Bis7) = a,=° [7“2'”%*%0 + aﬁ”r”*é’%o],

and so (6.21), will hold if

(6.22) r=3=% < ghriteo
and
(6.23) ag”rvféf%o < gJriteo,
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(3.10) implies 2y — £ — 2 > 1 and so (6.22) would follow from
r< agi+1+50'

Hence, by the upper bound on r in this case, it suffices to show that a2 t%1 < @225 and this is
immediate from (3.10).

Turning to (6.23), note that
agmr’yféf%a;ﬂiﬂ—eo < agi’y+(ﬁi+551)('}/*%*7)*ﬁi+l*50

3 £ 1 5
< agi(QW—g — D) +5e1(y—5—2)—2¢0

where in the last two inequalities we are using (3.10). This proves (6.23) and hence completes the
derivation of (6.21) in this case.

Case 2. aszi(lfwfsl <r < \/ay.

Then

_ 1—¢g L _ 1—eg 1
Q(n, &0, fisr) = a,"r 2 [QZ‘FGZ(/& 2)] < 2a,°°r 2 az(ﬂ 2)7

and so (6.21) will hold if

€ B q— 41 a1 5
(6.24) Y anﬁurl co+v(Bity) _ anﬂl(l N+3-20

Our lower bound on r implies that

5 B (1— Y050 1
1-&-20 Z aglfy—Qﬁi(l—'y)—al)(l-l—eo)/Q > anﬂz(l ’7)+;/+ 20 21

r

which implies (6.24) by (3.10).
Case 3. r < ax_zﬁi(l_ﬂ’)_sl.

This case follows from Case 2 and the monotonicity of Q(n, e, 5;,7) in r. Strictly speaking we also
need the fact that Case 2 is non-empty as was done in Lemma 3.6.

This completes the proof of (6.21). Consider next the second term in (6.20). If r > a,, then

€1
—&0 *26()4»?

—eo BitF—e0, B -
rleogy, (aﬁ“‘lr) L= p=e0q,

—3egp+ L
<ap, "% <1

by (3.10). It follows that

el _ A
(6.25) Plm20g T < P ey a,) < al (e v ay 2=,

the last inequality being trivial.
Insert (6.21) and (6.25) into (6.20) to derive the desired bound. [

Lemma 6.8 If0 < s < Uy and x € Jyo(s), then

(6.26) lu(s, z) — u(s, z')| < (Van V |2’ — )15 whenever |z — 2’| < 27M,
and
(6.27) lu(s, z')| < 3(v/@n) 7% whenever |2’ — | < \/an.

64



Proof. Asin (6.14), if e = \/ay, (s,x) € Jpo implies

(6.28) lu(s, Zn(s,x))| < ap <e, |Tn(s,z)—z| <e, and |z| < K.

In addition, (3.14) ensures that ¢ <27 and so s < Ump < U](é) means that
lu(s,z') —u(s,z)| < (Van V|2’ —z|)t7%0 for all |2’ — 2| < 27M,

This proves (6.26). Next take 2’ = Z,(s,z) in the above inequality and use (6.28) to obtain for
2" — 2| < \/an,
|U(8,x/)| < ‘u(87$,) - U(S7l‘)‘ + |’LL(8,.T) - u(87§:n(57$))| + ‘u(87jn(57$))|

<2yan 0 +a, < 3ya, .
This proves (6.27). ]

Proof of Proposition 3.3 The compactness is elementary and left for the reader—note here that
continuity allows us to replace the closed intervals on which the inequalities defining jm(s) hold
with open intervals.

The inclusions J, ;(s) C J,4(s) for 0 < s < Upr,, are immediate from Lemmas 6.6, 6.7 and 6.8.
[

This finishes the proof of Proposition 3.3 except for the proof of Proposition 5.14 which is the
objective of the next section.

7 Proof of Proposition 5.14

We now continue to assume b = 0 and give the proof of Proposition 5.14. Assume first ¢’ > ¢ and
use (3.5) to write

(7.1)
g 5(t' :v)—uQa(t )|

‘/M(t, /pt—s(y - x)D(&y)W(ds,dy)‘ + ‘/(:_5)+vt /ptls{y — D sy dy)

8+

w1t =t <o) [ [y o) = pesly = o) D)W )|

This decomposition and (3.2) suggests we define the following square functions for 6 € (0, 1] and
no € (0,1/2) (noting also that (¢’ — 8T V>t — (A —t))):
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N tA(H
Qras(t:t',x) = / / Pr-s(y — 2)° W (s, ) [ dyds,
(t—8)*

t/
Oras(t,t', o) / / pu—a(y — o) 2eXR 0 (s, )P dyds,
—(6A(H 1))
Osnam(toz,t',a') = 1(t' —t < 8) / / Iy — 2| > (¢ — )2 v 2z — ']))
t'—6
X (pr—s(y — ') — prosly — )P u(s, )P dyds,
t
Qs2.6m(tz, ', 2") =1 —t < 5)/ /1(|y —x| < (¥ - 8)1/2”70 v (2|z — 2']))
(o)
X (pr—s(y — ') — pr_s(y — )XW |u(s, ) |* dyds.

Lemma 7.1 For any K € NZEL and R > 2 there is acr1(K,R) >0 and an N7; = N71(K,w) € N
a.s. such that for all no,m € (1/R,1/2), § € (0,1], Ny,ne N, € [0,1/2] and (t,z) € Ry xR, on
(7.2) {w: (t,z) € Z(N,n,K,B), N > N7},

Q5162 2") < er1 (K, R)2N1[d((t,2), (', 7)) AV M2 for all t <t' and 2’ € R.

Proof. The proof is quite similar to that of Lemma 5.4. We let d = d((¢,z,), (¢, 2")) and N7; =
N1(0,3/4,K), where Nj is as in (Pp). Recall here from Remark 5.3 that for m = 0, N; depends
only on (§, K) and we take { = 3/4. We may assume t' —t < §. Then for w as in (7.2) and ¢t < ¢/,
Lemma 5.2, with m = 0, implies

QS,Léno (t,z, t x

< Csa(w / / (Jy =] > (t' = )'/27° v 2z — ') (pr—s(y — 2) = prs(y — 2))°
x e2ly=2l+ Rl (0=N v/ (VT =5 + |y — 2[))*"/? dyds

t
<Coae) [ [1ly—el > ¢ ) =) pesly =) sy =)

62R1K€2(R1+1)\yfx\[1 +ly — :c|]37/2 dyds

t

(t — 5) /2 exp(—M> [1 A i } P ds,

< (K, R)C52(w) / 33 t—s

t'—6

where we have used Lemma 4.3(b) in the last line. Now use

m(t — 8)2’70) ( m(t - t)Z”O) ( m(t — 8)2"0)
v 7 )< B S A e S
exp( 33 < exp 66 + exp 66
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to bound the above by

c1(K, R)Cs.2(w) [exp(-M) /t,t_é(t_ §)~1/2 [1 A td2 ] _%ds

66 s
o (e I it
< (K, R)Cs.2(w [exp( )(d2 /\5)1/2

m

’ ds] (use (4.2))

d2 1—
3/2 1
1M1

< ¢3(K,R)Cs0(w)(d® A8 26%%  (use (4.1) and ¢/ —t < d? A §).
As we may take €9 = 0 in the formula for C52(w) (by Remark 5.3), the result follows. [

Lemma 7.2 Let 0 < m < m + 1 and assume (Py,) (in (5.5)). For any K € N°X' R > 2 n ¢
N,eg € (0,1), and g € [0,1/2] there is a c72(K) and N7o = N7a(m,n,R,c0, K,()(w) € N a.s.
such that for any n; € (R™1,1/2),1m9 € (0,1/24),6 € [an,1], N €N, and (t,x) € Ry xR, on

(7.3) {w:(t,x) € Z(N,n, K, (), N > Nqa},
QS,Z,&WO (t’ z, tlv wl)
< era(K)la, >0 + 272 | (d AVG) = a0 + a2
+(dAVE)Z™ [Wm*a + aiﬁvm*%]]
forallt <t < K,|2/| <K +1.

Here d = d((t,z), (t,2")), dy = dV 27N and dn.N = \/@n V dy. Moreover Ny is stochastically
bounded uniformly in (n, 3).

Proof. Set ¢ =1 — (24R)™! and N7a(m,n, R,e0, K, 3) = N1(m,n, €&, e, K, 3), which is clearly
stochastically bounded uniformly in (n,3) by (P,,). We may assume t' —t < §. For w as in (7.3),
t<t' <K and || < K + 1, Lemma 5.2 implies

QS,Z,é,nO (t’ z, tlv wl)

< Coa)er(t) [ [ [ oty =) = sty — )Py e i)
t—

X (N ! =)+ (= ) (Vv N v~ al)

+(t - 3)%*770)27(“%*1) + aiﬁv] ds

t

t

_2] (27N v =2y 4 (t — 8)%—?70)%5

_ 2
(t—s) [/\t—s

S 05,2((,0)02(}() /

(=6

(7.4) X [((m v 2Ny @lm2my 4 (¢ — 5)zmm)20(m =) | a%ﬂv} ds.
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We have used Lemma 4.3(a) in the last line. Below we will implicitly use the conditions on 7,71,

R and ~ to see that
w-2mne> (31)(5) (%) > 3

and also use the conditions on ¢, z,t', 2" which imply d < ¢(K) (the latter was also used in (7.4)).
By considering separately the cases

(t—s)2 ™ <27 Nyg=2m  (t—g)2™ > /gy 2Ny gl
and 27N v d' 70 < (t — 5)%7’70 < ap v 2N v gt
(the latter case implies \/a, > 2~ vV d=2m), and then using Lemma 4.1 we may bound (7.4) by

Coatleati){ [} =021 Jas(eo v ooy

% [( fan V2N v d2m0)29Gm=1) aiﬁv]

t a1 B . 1 B d2
+/ [(t_s) 1= (m=140) | (207(4 _ =4 +0 2770)75} [1/\ }ds
t—&)+ t—s

. /t (t — 5)1-2mNE= [1 A d? ]ds[a%(:YM7l) n a%ﬁ'y]}
' —o)+ t—s

< 05,2(w)04(K){(d2 A 5)1/2(2—N v di=2m)2E
+ (d® A0 [5(1 200)7(Gm—1+0)=5 267 5(1-2m0)7 5__}
+ (d2 A 5)60-2m0E 5 [qyGim=1) aiﬁv]}

(by (4.2) and (4.1), respectively).

The last term is less than the middle term because § € [ay, 1]. Therefore QSQ,(;,,?O (t,z,t',2') is at
most

05.2(00)65(K){(d A \/5)1*%1 2 Nv d)(1*2n0)2v€+%1
(7.5) [(\/— V2N v )22 GO L 207( gy 9N )71]
+ (@ 7 3) =% [0-2onGin1r-be g 2ors0-mne e ]
Our conditions on 79, 11, and R imply
(1= 2m)26 + 7 > 2, <1 = 200)27 (i = 1) + 5 229G — 1),
(1= 2m0)y(Am — 1+ &) + 5 > Y, and (1 — 2n9)7E + % > .

Finally, insert the above bounds into (7.5) to derive the required bound on Q572,5,,70(t, z,t'2'). g
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Lemma 7.3 Let 0 <m <m+ 1 and assume (P,,). For any K € N2K1 R>2neN,g e (0,1),
and 3 € [0,1/2] there is a c¢7.3(K) and N73 = N73(m,n, R, e, K, 5)(w) € N a.s. such that for any
m € (R74,1/2),6 € [an,1], N €N, and (t,z) € R, xR,

(7.6) on{w: (t,z) € Z(N,n,K,B3),N > Ny3}, and for allt <t < Tk, |2'| < K +1,

QT,l,(S(tvt,am)
367,3(K)[a;2€° +24N7,3]|:( / /\\/_) —71 [‘2"/(%71 1)+aiﬂ7]

+ (VE =t AV 2 4 a2P157 2|

and

Qras(t,t,2)
< cra) a2 + 207 (VT =T A VB R B [ + o).

Here d, dy and JnﬂN are as in Lemma 7.2. Moreover, N7 3 is stochastically bounded uniformly in

(n, B).

Proof. Set ¢ = 1 — (4R)™! and Ny3(m,n, R,co, K, ) = Ni(m,n,§, e, K, 3), which is clearly
stochastically bounded uniformly in (n,3) by (P,). For w, t, z, ¢ and 2’ as in (7.6), Lemma 5.2
gives

QT,Q,ﬁ(tu t/u .’El)

t/
< 05.2(@01/ /pﬂ_s(y /2B D) =’ 211 (2K +)
(A —1))
x 27N V)z -2 |+ V! — s+ |y —a||P¢
X {[@\/2‘N |z — 2| + VT — s + |y — 2|20 1)+a2ﬂ7}dyds
t/
< Cs9(w)ea(K) / ' — )22 NV |z —a )P+ (' — 5)¢
(A —t))

(7.7)
x{((\/@ V2NV |z — 2/))20m =) 4 (1 — g) Om D)y 4 aiﬁ“’}ds.

For t <s <t and c,p >0,

(eV ]z —2'|)P + (' — s)P/2 < 2(cV d)P.
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Use this with ¢ = 27" or \/a, V27 to bound (7.7) by
Csa(w)es(K)((# — 1) A0)E2N v d] 2%{ (Van v 2N v @y Gm=1) 4 a%}

< Csa(w)es(K) (VT =t AVE) -3y {dw”m‘”mfﬂv}.

The conditions on 7; and definition of § imply 27¢ + &+ > 2v, and so the bound on QT,M is
established.
Turning to QTJ,(;, we may assume t' > 4§, or else QTJ,(; = 0. Argue as in the derivation of (7.7)
to see that for w, ¢, ¢ and x as in (7.6),
X A —5)
(7.8) Qrast,t,z) < Csa(w)ea(K) / (t—s) 227N 4 (- 59

(t=8)*

x{(\/@ v 2 N2 Gm=1) 4 (¢ — g)7Gm=1) 4 aiﬁv}d&

Elementary calculations give

tA(t —06)
(7.9) / (t — 5)"2ds < 2(VT = A VD),
t—48
and for p > 0,
tA(t —06)
(7.10) / (t — s)Pds < OP((#' —t) A 6).
t—48

For the integral in (7.8) consider separately the cases (i) v — s < 27, (ii) vVt — s > /a, V277,

and (iii) 27V <Vt — s < \/a, V27, the latter implying \/a, V2~ = \/a,, to bound QT1 st x)
by

. . NGED) ) 1/2,759-2N7 9= N2y (Ym—1) 2By
5.2(w)es(K) s (t —s) S (Van vV ) + a

tA(t'—0) ~
+ / (t— 8)7(7’”%71) 3 a2Vt — s)E 2ds
(t=0)*

tA(t —6) ~
+ / (t — s)5 2 ds |:a71("fm_1) 4 aiﬁv]}
(t=8)*

< Csa(w)es(K ){(\/_ AV —t)dy A2 d [*2«1(% Dy a%“f]
(A = 1) [N g 20 ge]
+ (5N —1)) [5”5‘%2(%—1) n 575—%a31ﬂ7} }

In the last we have used (7.9) and (7.10), and the fact that our choice of £ implies 7§ > 1/2 and
hence our choices of p are indeed non-negative when applying (7.10). Since § > a,, the third term
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above is dominated by the second term. Therefore

Qr5(t, ) < Cra(@)eo(B){ (VEAVI= D=3 ays 2 [210m ) + a27]

n,

+ (A — t))1*7 [57(’7m+671)7%+%1 I aiﬁm”f*%%] }
Our choice of £ and conditions on n; imply that
275+%227and7(§—1)+%20’

and the required bound on QT,L(; follows. |

The above square function bounds suggest we will need a modified form of Lemma 5.7 to obtain
our modulus of continuity for us4a. The proof of the following result is almost identical to that of
Lemma 5.7 and so is omitted.

Lemma 7.4 Let cy,c1,ca, ko be positive (universal constants), n € (0,1/2), and A; : N x (0,1] —
Ry, i = 1,2 satisfy Ay(n,27NT1) < kgAi(n,27N) for alln,N € N and i = 1,2. Forn € N and
T in a set S assume {Y;,(t,x) : (t,x) € Ry x R} is a real-valued continuous process. Assume
for each (n,7) € Nx S, K € N, and g € [0,1/2], there is an Ny(w) = No(n,n, K, 7,5)(w) € N
a.s., stochastically bounded uniformly in (n,T,3), such that for any N € N, (t,z) € Ry x R, if
d=d((t,z), ', z") <27V, then

(7.11) P([Yrn(t,x) = Yy, )| > d20DA (0, 27N) 4 A 1Ay (n,27N),

(t7$) € Z(NanaKaﬂ)uN Z NOyt/ S TK)
< cgexp(—ecpd™?).

Then there is an N|(w) = Nj(n,n, K,1,8)(w) € N a.s., also stochastically bounded uniformly in
(n,,8), such that for all N > Nj(w), (t,z) € Z(N,n, K, 3)(w), d = d((t,z),(t',2")) <27V, and
t < TK}

Yon(t.2) = Yoo (t'2')] < 27k3|d207D Ay (n,27N) + d"Ag(n, 2‘”)]-

Proof of Proposition 5.14. The proof follows closely that of Proposition 5.8, using Lemma 7.4

in place of Lemma 5.7. Let R = —1 and choose 79 € (%, 2). Define dy = dV 27N, as usual, and

set )
Qa% (t7 xz, t/7 .’El) = Z QS,i,a%,no (tu x, t/7 Jj/) + QT,l,a% (t7 t/7 l’) + QT,Q,(I% (t7 tlu .’El).
i=1
By Lemmas 7.1, 7.2 and 7.3 with 6 = a, for all K € N (the restriction K > K is illusory as these

results only strengthen as K increases) there is a constant ¢1 (K, 1) and No(m,n,n,e0, K,5) € N
a.s., stochastically bounded uniformly in (n, ), such that for all N € N, (t,z) € Ry x R,

on {w : (t,l‘) € Z(N,TL,K—l—l,ﬁ),N ZNQ}a
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RE)YQa% (t, x, t,, x,)l/Q
< c1(K,m)la, ™ + 22N2]{(d A aﬁ)%(lf%)d

(7.12)
forall t <t < Tk, |2/| < K +2.

Let N3 = %—f[Ng + Na(K,m)], where N4(K,n1) is chosen large enough so that
e (K, m)[a;%0 + 22N2]2*N3771/8 < 1 (K, m)]a; + 22N2]2*3N2 9—3Na(K,m1)
(7.13) < a, 027104,

Let Ajy, =27100A; i =1,2. Assume d < 27, Use (7.13) in (7.12) to see that for all (¢,z), N,
on
{w:(t,x) € Z(N,n,K +1,8), N > N3} (which implies |2'| < K + 2),

[N

RYQus (t, 2, ', 2) /2 < (d A )2 Ay, (myn, 27V /16
F(dAag) T  Agyy(myn)/16  forall t <t < Tk, 2’ € R.

|2

Combine this with (7.1), (3.2), the definition of Qa% and the Dubins-Schwarz theorem to conclude
that for t <t/, 2/ € R, and d((¢,z), (t',2")) <27V,

P (\uz,as (t,2) — unag (', 2")| > d2 0T Ay (m, 1, 27N) /4 + A7 Agy (m,m) /4,
(t,l‘) € Z(N,TL,K—i— 175)7 N > N37 ¢ < TK)
< 3P (sup{|B(u)| s u < [0 HD A, (m, 7, 27Y) /16 + @' Ay (m, ) 161}

> (@O (mn,27N) +d Ay (m,m) /12)
n1

(7.14) < 3P(i1;1:1> 1B(u)| > d*%) < ¢ exp(_d‘;).

Here B(u) is a one-dimensional Brownian motion.

If (t,2) € Z(N,n,K,[3), d <27V, and ¢ < t, then as in the proof of Proposition 5.8, (,z') €
Z(N —1,n,K + 1,) and one can interchange the roles of (¢,z) and (¢,2') and replace N with
N —1 in the above to conclude (as in (5.43)),

P(lug go(t, ) — ug.qo (t', 2’ zd%(l_m)Alu m,n, 27 V) +d" M Ay, (m,n),
n Un yU2 ;U2

(t,z) € Z(N,n,K,3), N> N3+ 1)

a1
(7.15) < cpexp (— 5 )
(7.14) and (7.15) allow us to apply Lemma 7.4 with 7 =a, Y7, = ug,eg, and kg = 4. The result is
then immediate once one recalls that 27k2A,; ., = 2739A, ,,. [
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8 Incorporating Drifts

Beginning in Section 3 we assumed that the drift b is zero. Here we point out what additional rea-
soning is needed to include a drift b satisfying (1.4). If B(s,y) = b(s,y, X' (s,9)) — b(s,y, X%(s,7)),
then (3.1) becomes

(8.1)
u(t, ) //ptS —x)D(s,y)W (ds,dy) //pts — x)B(s,y)dyds a.s. for all (t,x)
=up(t,x) +up(t,z),
and by (1.4),
(8.2) [B(s,y)| < Blu(s, y)|

If uy5,uss and Gj are defined as at the beginning of Section 3, then as for (3.4), (3.5) and
Lemma 3.1, but now using the ordinary Fubini theorem for up, we get

(t-0)* (t-0)*
urs(t,z) = / / Prs(y — 2)D(s,y)W (ds, dy) + / / Pr—aly — ) B(s, y)dyds

u1D5 t x +u135(t x)

uz,@(t,:v)):/(S /pts —x)D(s,y)W (ds, dy) /6 /pts — z)B(s,y)dyds
t t

= u2,D,5(t7 .Z') + UZ,B,(S(tv 'T)a

and

—GS(s,t,z) = Fs(s,t,x)

s—8)T (s—8)*
/ / Plevs)—r (Y — 2)D(r,y)W (dr, dy) + /0 / Plovs)—r(y — 2) B(r, y)dydr

= Fps(s,t,z) + Fps(st,x).

In addition, no changes are required in the verification of (Py) (including the refinement noted in
Remark 5.3) or the proof of Lemma 5.2.

The theorems in Section 5 apply directly to quantities like u; p s and Fp s. The correspond-
ing expressions u; g5 and Fps are in fact much easier to handle because we are dealing with a
deterministic integral and so regularity properties are easy to read off directly from the bounds in
Lemma 5.2. Furthermore, the Lipschitz condition on b effectively sets v = 1 for these calculations.
To illustrate this, we now prove a simple result which includes both Propositions 5.8 and 5.11 for
Fp.qe and only requires (Fp), a consequence of the “crude” modulus Theorem 2.3, already noted
above.
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Proposition 8.1 For any n1 € (0,3) and K € N=51 there is an Ngi(m, K)(w) € N a.s. such
that for alln € N, a € [0,1] and 8 € [0,4], N > Ng1(m, K), (t,z) € Z(N,n, K, 3), and t' < Tk,

d=d((t,z),(t',2") <27V and |s' —s| < N~ imply
|Fp.aa(s,6,2) — Faa (st /)] <2788 |s — s|227N=m) |/ — g1

+d1—n1(1 +a;3a/42—2N) )

Proof. Let £ =1 — 1t and assume first that

(8.3) N >Ny (0,6, K +1)+1,

where N7 is as in (Fp) and Remark 5.3. Assume

(8.4) (t,x) € Z(N,n,K,B),t' <Tx,d <27 and |s' —s| < N1

One easily checks that [t A s — ' A s'| < N~! and so, by replacing (s,s’) with (t A s,#' A 8'), we
may assume that s < ¢t and ' < /. Define 3 = sV ¢ and s = s A s’. As before, (t,2') €
Z(N —1,n,K 41, 3), and again, by interchanging (¢, ) with (¢, z’), we may assume ¢t < ¢’ (this is
the reason for the K + 1 and adding 1 to Ny in (8.3)). As for (5.8), (8.2) implies

\FBaa(stl’ Fpaa(s',t',2")]

(5—a¥ (s—a¥
/( / 1Py (y — )| Blu(r, y)|dydr + / / Py — ) — By — )| Blutr,y)|dydr

s—a®)t
=T +T1s.
To bound 77, we may assume 35 > a%. Elementary inequalities using ¢’ < T < K, show that
for p > 0,
©5) [ty =Py < @ =) [y - oy

1

<a(Kp)(t —r)7.

Now apply Lemma 5.2 with m = 0 to see that

Ty < By 05.2/ ’ / Iphs . (y — 2l el =l (VE=T7 + |y — 2|) v 27N )Sdydr
(s—ag)*
s—ad ,
<otV [ / sy — Nz — /| v 2NV VT 4|y — o/ €l dydr

< es(K)\/Cas / ¢ )2 NE L (¢ )6 (by (8.5) and |o — 2| < 27 N)

< (K2 —8\1/22 NO=) 4 [ — s
< ca(K)2N @) o= Nm/2 o _ gm/A))|s — g|/22-NO=m) g — §/|1= 5]
(8.6)

< oq(K)22M @[ Nm/2 o N=m/A)[|g) — g|1/27NI=m) 4|5 — s/\l’%].
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Recall in the above that we may set g = 0 in the definition of C55 (see Remark 5.3).

For T, we use both |u(r,y)| < Kelvl for r < < Ty (K > K;) and Lemma 5.2 with m = 0 to
write (we may assume s > af),

/ / Py (y— ') — phny — 2 BEEM1(ly — o] > (¢ — )34 v (2o’ — al))dydr
/ / Py (9 — 2') — B (y — )| By/Crael = [(VE=T + |y — al) v 2~ V¢
Wy — 2| < (' = )3~ % v (22 — ))dydr
<es WG [ [y =) ity - et
Wy — 2| > (' = )31 v (22" - ]))e P ldydr
/ W) vt —:c>u<|y—x|§2<2K+1>>dy<<t'—r>%—%v|x’—x|v2—N>fdr]
<es(K)y/Cos / / By oy — o) = oy (y — 2)) 20

i

1/2
Iy — x| >t — r)%_T V (2]2" — z]))dy/? (/ e_2|y_$|dy) dr
[T [0t bl - PR 1) - v B,

where in the last line for the second term we use d < 2~V and

3

o _mn _m _m
e RV e N S RV
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Now apply Lemma 4.4 and conclude

s—a B r —m /2 2 1_m
T, <c7(K, 771)\/05.2{/ (t— 7“)—3/4 exp{ m —r)™m }(1 A d )2 L
0

128

s—agy 2 1/2
+/ (t =)~ FEOB (1A d ) ar
0 t

S—anp 2 1
+/ 1(r2t—2—2N)(t—r)—%(1/\ d ) 2 o Nf“——)}
0 t

-
t—d? 2
—m(t — m
St mTrad = [ ot g (D,
0
—md—m t s
+eXP{W}/td2(t—r) idr +d

+1(a < 272V)d(ag) A2 VEO—ED
<co(K, 771)\/6’5.2{‘Z1J?1 + 1ay, < 272N)da53“/4a2/22w5(17%)}
*311 3N

<cg(K,m)\/Cs, 2d1 [1 Lapt o 2*N2*N(1*3%)}

(8.7) <eio(K,mp ) 22N W@lg=Nm/Agl=m[y 4 ¢, oo ].

We have used Lemma 4.1 in the above with a bit of algebra to see which case applies, and in the
last two lines again used d < 27V. (8.6) and (8.7) together show there is an Ng1(n, K)(w) € N
a.s. such that Ng1(n, K) > N1(0,§, K +1)+ 1 and, if N > Ng1, then

_3a
T+ Ty < 2788||s — s|1/22~NU=m) | | _ g|1=3 4 gl-m[] 4 q, 2—2]\’]].
| |

A bit of arithmetic shows that the above bound in the contexts of Propositions 5.8 and 5.11
lead to upper bounds that are bounded by the ones obtained there for increments of Fp 4. For
Proposition 5.8 one only needs the first two terms in Au’l and we leave this easy check for the
reader. For Proposition 5.11 we may set (s',t',2’) = (¢,¢,x) in the above so that the upper bound
becomes (recall [t — s| <1 and ¥, — 3 < % S 1)

2_88[|t_8‘1/22—N(1_771)_i_‘t_ ‘1_%]
< 97889 N(=m) 4 (4 — 3) 2 (VE= 5V \Jan) ™2,

which is bounded by two of the terms on the right-hand side of the upper bound in Proposition 5.11.
Hence we may combine these bounds for Fig 4o with those derived in Propositions 5.8 and 5.11 for
Fp 4o and hence complete the proofs of Propositions 5.8 and 5.11 (and hence also Corollary 5.9)
for solutions with Lipschitz drifts.
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We omit the analogues of the above for Propositions 5.12 and 5.14 as they are even simpler. The
proof of Propositions 5.13 and 5.1 now proceed as before. With Propositions 5.1, 5.13, 5.14, and
5.11, and Corollary 5.9 in hand, the proof of Proposition 3.3 may now be completed for Lipschitz
drifts b, exactly as in Section 6. Then verification of the hypotheses of Proposition 2.1 may now be
completed for Lipschitz drifts b exactly as in Section 3 and this finishes the proof of Theorem 1.2.
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