SELF-INTERSECTION LOCAL TIME OF («,d,3)-SUPERPROCESS
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ABSTRACT. The existence of self-intersection local time (SILT), when the time
diagonal is intersected, of the (a, d, B)-superprocess is proved for d/2 < « and
for a renormalized SILT when d/(2+ (1+8)7!) < a < d/2. We also establish
Tanaka-like formula for SILT.
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1. INTRODUCTION AND STATEMENT OF RESULTS

This paper is devoted to the proof of existence of self-intersection local time
(SILT) of (a,d, 3)-superprocesses for 0 < 3 < 1. Let us introduce some notation.
Let By (R9) (respectively Cy(R?)) be the family of all bounded (respectively, bounded
continuous) Borel measurable functions on R?, and M (R%) be the set of all finite
Borel measures on R?. The integral of a function f with respect to a measure y is
denoted by u(f). If E is a metric space we denote by D([0,+00), E) the space of
all cadlag F-valued paths with the Skorohod topology. We will use ¢ to denote a
positive and finite constant whose value may vary from place to place. A constant
of the form ¢(a, b, ...) means that this constant depends on parameters a, b, ....

Let (', F', F', P") be a filtered probability space where the («, d, 3)-superprocess
X = {X; : t > 0} is defined. That is, by X we mean a Mp(R%)-valued, time
homogeneous, strong Markov process with cadlag sample paths, such that for any
non-negative function ¢ € By (R?),

E[exp (= X1(p))| Xo = p] = exp (—u(Vi(p))) ,

where 1 € Mp(R?) and Vi(p) denotes the unique non-negative solution of the
following evolution equation

t
v = Sy — / Si_s ((vs)1+5) ds, t>0.
0

Here {S; : t > 0} denotes the semigroup corresponding to the fractional Laplacian
operator A,.

Another way to characterize the («,d, 3)-superprocess X is by means of the
following martingale problem:

For all ¢ € D(A,) (domain of A,) and pu € Mg(R9),

Xo = p1, and My() = X, () — Xo(9) — fy Xa(Aagp)ds, (1.1)
is a Fy-martingale.
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(1), (2) Research supported in part by the Israel Science Foundation.
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If 8 =1 then M.(¢) is a continuous martingale. In this paper we are interested in
the case of 0 < 8 < 1, and here M;(p) is a purely discontinuous martingale. This

martingale can be expressed as
/ / M(ds, dx), (1.2)
Rd

where M (ds, dz) is the martingale measure and the stochastic integral with respect
to it is defined in [12] (or in Section I1.3 of [10]).
The SILT is heuristically defined by

//de z — y)Xs(dr) X (dy)dsdt,

where B C [0,00) X [0, 00) is a bounded Borel set and § is the Dirac delta function.
Let D = {(t,t) : t > 0} be the time diagonal on Ry xRy. For =1, BND =g
and d < 7, Dynkin [6] proved the existence of SILT, vx, for a very general class
of continuous superprocesses. Also, from the Dynkin’s works follows the existence
of SILT when 8 =1, BND # & and d < 3 (see [1]). For 8 =1, d = 4,5 and
BN D # &, Rosen [16] proved the existence of a renormalized SILT for the (o, d, 1)-
superprocess. A Tanaka-like formula for the local time of («, d, 2)-superprocess was
established by Adler and Lewin in [3]. The same authors derived a Tanaka-like
formula for self-intersection local time for («,d, 2)-super-process (see [2]). In this
paper we are going to extend the above results for the case of 0 < 5 < 1.

The usual way to give a rigorous definition of SILT is to take a sequence (¢¢)e>0
of smooth functions that converges in distribution to §, define the approximating
SILTs

¥x,e(B / / Pe (@ — y) Xs(do) Xy (dy)dsdt, B C Ry xRy,
R2d

and prove that (yx.(B))eso converges, in some sense (it is usually taken L2(P’),
L'*8(P"), L'(P), distribution or in probability), to a random variable yx (B). In
what follows we choose ¢, = p., where p. is the a-stable density, given by

1 —i(z-(z—y))—e|z|™
pe(x,y)zw/we ()=l g, 1y e RY,

when 0 < a < 2 and

1

2
pe(z,y) = We—lx—y\ 2 z,yeRY,

for o = 2. In this paper we will consider the particular case when B = {(¢,s) : 0 <
s <t < T}. Here we denote yx (B) by vx,(T), that is

vx,e(T / / / pe(x — ) Xs(dax) X¢(dy)dsdt, VT > 0.
R2d
Moreover, we are going to consider the renormalized SILT
T
o) = xe0) = [ [ X6 (- )Xo,
R

where

e}
GM (2) :/ e Mpi(z)dt, \e>0.
€
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Notice that G*¢(z) T GM0(x) = G () as e | 0 for all x € R, and if d > a then
G(z) = G*°(z) = c(a,d) 2", (1.3)

where ( 1/2)
I'((d—«)/2
d) = —o—n—"2——
() = ST (a)2)
and I' is the usual Gamma function. G is called Green function of A,. Also notice
that, for A > 0, we have

A GME () = AGME (2) — e Mp (), x € R, (1.4)

Now we are ready to present our main result.

Theorem 1. Let X be the (a,d, 3)-superprocess with initial measure Xo(dx) =
pu(dx) = h(x)dz, where h is bounded and integrable with respect to Lebesgue mea-

sure on R, Let M be the martingale measure which appears in the martingale
problem (1.1) for X.

(a) Let d/2 < a. Then there exists a process vx = {yx(T) : T > 0} such that
for every T >0, >0

P (supfyXE( ) —vx ()] > 5> — 0, ase | 0.
t<T

Moreover, for any A > 0,
/ / /R G — y) X, (da) X, (dy)dtds w3
‘/0 | Xr(GNa = )X, (da)ds
T
+/ e Xo(GMNa = ) X, (dx)ds
/ /Rd/ R4 Gz — y)M (ds, dy) X,(dx)dt, as.

(b) Letd/(2+(14+8)""') < @ < d/2. Then there exists a process yx = {yx(T) :
T > 0} such that for every T >0, >0

P (sup |Fx.e(t) —Ax(t)] > 6) — 0, ase | 0.
t<T

Moreover, for any A > 0,
T ot
@) = A [ ] @)X Xildy)deds (16)
R2d

—/ Xr(GMz — ) X, (dx)ds
0 R4

T t
+/ / / Gz — y)M(ds, dy) X, (dz)dt, a.s.
0 JREJo JR

The processes vx and 7x are called SILT and renormalized SILT of X, respec-
tively, and (1.5) and (1.6) are called Tanaka-like formula for SILT.
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Remark 1. [t is interesting to note that our bound on dimensions
d<2+(1+p)Ha

for renormalized SILT does not converge, as 37 1, to the bound d < 3« established
by Rosen [16] for finite variance superprocess (8 = 1). In fact, our bound is more
restrictive, and we believe that it is related to the fact that («,d, 3)-superprocess
(with B < 1) has jumps. Our conjecture is that for § < 1, the renormalized SILT
defined by (1.6) does not exist in dimensions greater than (2 + (1 + 3)~1)a.

The common ways to prove the existence of SILT for the finite variance super-
processes (see e.g. [2], [16]) do not work here. The reason for this is that such
proofs strongly rely on the existence of high moments of X (at least of order four),
and (a, d, 3) superprocess X has moments of order less than 1 4+ 5. To overcome
this difficulty let us consider the path properties of X more carefully. It is well
known (see Theorem 6.1.3 of [4]) that, for 0 < 8 < 1, the («, d, 8)-superprocess X
is a.s. discontinuous and has jumps of the form AX; = rd,, for some r > 0, z € R%.
Here §, denotes the Dirac measure concentrated at x. Let

Nx(dz,dr,ds) = > S(ars)s (1.7)
{(z,r,8):AX=rdy}

be a random point measure on R? x R, x R, with compensator measure Nx given
by

Nx (dz,dr,ds) = nr—2"Pdr X, (dz)ds, (1.8)
where

_B(B+1)
Ti-p)

Let K > 0 fix. From [8] and [4] we have that the (a,d, 3)-superprocess X has the
following decomposition: Let ¢ € D(A,), t > 0,

Xip) = plo)+ / X,(Dap)ds — C(K) / X.(p)ds

+/Ot /OK /Rd ro(e)Nx (de, dr, ds)

+/0t /: /R ro(x)Nx (de, dr, ds), (1.9)

where N x=Nx —Nxisa martingale measure and
Ui
Cs(K) = W

As we have mentioned already, one of the problems of working with the (a,d, §)-
superprocess X is dealing with “big” jumps. In fact, the “big” jumps produce
the infinite variance of the process and they appear in the term corresponding to
the integral with respect to Nx on (1.9). So, the first step in the establishing the
existence of SILT for («, d, §)-superprocess X is to “eliminate” those jumps. This
is achieved via introducing the following auxiliary process.

Let us considerer the canonical space, Q° = D([0,00), Mr(R%)), F° = B(Q°)
and FP = o{V,X : 0 <r < t}, where VX (w°) = w°(r). For any p € Mp(R?) there
exists (see [4]) a measure @, on (2°, F°), such that

B, [exp (~Y/(9)) 172] = exp (<Y (VE,(9)), WO <s <t (110)
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and

E, [exp (=Y (¢))] = exp (—u (Vi (¢))), V>0, (1.11)

(notice that the expectation is taken here with respect to the measure Q). VX is

the unique non-negative solution for the non-linear equation

ok

L = (e G B ), (112
o= P
where
K
oK () = 77/ (e — 14 uz) u " 2du. (1.13)
0

Note that when K = oo the resulting process Y*° and the regular («,d, 3)-super-
process X have the same distribution. Now, for any K > 0, define the stopping
time

T = inf{t > 0:[AX;| > K}. (1.14)

In Section 2 we will show that if we define the process which evolves as X up to
time 7k and then continues to evolve as Y ¥ starting at X, _, then this process
has the same law as Y¥. This together with the fact that 7 T 0o as K — oo (see
Lemma 2) implies that it is enough to show existence of the SILT for the process
Y. This task will be accomplished in Section 3, modulo some technical moment
estimates that will be derived in Section 4. The main steps leading to the proof of
Theorem 1 will be described in the next section.

2. PROOF OF THEOREM 1

The process Y% whose Laplace transform is given by (1.10), (1.11) has the
following decomposition:

K _ Lok 6 'K B
YE(@) = o)+ / YX(Anp)ds — Cp(K) / Y (p)d

t K
+/ / / ro(x) Ny (dz, dr,ds), YVt >0, (2.1)
0o Jo Jre

where Nyl{ = Nyx — NyK, and

NYK (dl’, dr, ds) = Z 5(.’1:,7‘,8)7
{(z,r,8):AY K =ré,}
Ny« (dx,dr,ds) = N0, (r)r 2 PdrY S (dz)ds.

Note that Ny« is defined in a way analogous to (1.7), however it does not have
jumps “greater” than K.

In the following lemma we are going to construct the probability space where
Y& coincides with X up to the stopping time 7.

Lemma 1. There exists a probability space on which a pair of processes (YK, X)
is defined and possesses the following properties:

(a) YE coincides in law with Y,

(b) YE =X, Vt<rTk.
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Proof. Define
N=Q' x0°, F=F xF°, Fr=F xF,
and let

YA (', w?)

X (w'), t < 1w,
wo(t — 1 (W), t>7r(W).
Define the measure P on (2, F):

P(B x C) :/ 15(w")P™@)(C) P (dw'),

where

PTe(C) = Qx, oy ({0 €97 VE (u',w?) € C).

Let ¢ € Dom (A,) and ¢ > 0. From the definition of Y we have

VR = ple)+ / VE(Awp)ds — Ky / VX (o)ds

/ / / r¢(z) Ny« (dz, dr, ds),
R4

where Ny« is defined by (1.7) for t < 7k and

NYK (d.’lﬁ‘, d?", dS) = Z 5(z,r,s)7
{(z,r,s): AV K =rd,}

for t > 7. Let us check that fot fOK Jga ro(x) Ny« (dz, dr, ds) is an F;-martingale:
For any t > u, B € F/,, C' € F2, we obtain by using the definition (2.2) of P7x®")

P (mxc ( [ [ [ ret)ontas.ar.as

[ rew s ds>)>

= [ Pt <1c ( / t / : | el Ny s dr. ds)
-] ) |, rela) ¥y, ar, ds>)> P'(dw)

= [ P (10 ( [ [ [ rete)stas.av.as
-/ e / 3 [ ret@) Ry c(asar, ds>>> P/ (du)

(tATK (W"))Vu
/ P (1, / / / Ny« (dx, dr, ds)
Rd
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_/u /K/ T(p(a:)ﬁi;x(dx,dr,ds))) Pl(d’wl)
0 0 R4
— /BPTK(“/) (QXTK(W/),UC

t K
X /( / /Rd r¢(z) Ny« (dz, dr, ds)|.7-"fMK(w,))vU]> P'(dw)
0

tATK (w'))Vu

iy
B

(tATE (W' ))Vu  pK— _
X / / / ro(z)Nx (dz, dr, ds)) P'(dw")
u 0 Rd

t K
- /PTK(w') <1CQXTK<WI>_ (/ / / r¢(2) Ny« (dx, dr, ds)
B (tATK (w’))Vu J0O R

‘F&Ark(w’))Vu>> P'(dw’)

+ / PTE(C)
B
(tATK (W' ))Vu  pK— N
></ / / ro(z)Nx (dz,dr,ds) P’ (dw')
U 0 R4

_ / Lo (X pa (@) Lfusrey
B

(tATR (W' ))Vu  pK— N
x P’ / / / ro(z)Nx (dz,dr,ds)|F., | P'(dw'),
u 0 R4

where in the last equality for the first term we have used the fact that for P’-a.s o/,

Nyx is a (@x, (., Ft)-martingale measure on R? x Ry x [t At,t]. As for the

second term we have used the simple identity
PTK(w )(0)1{u<n<} = 1C(X‘/\u(wl))1{u<n<}

for any C € F2. Now use the fact that Ny is a (P', F})-martingale measure to get

that
(tATR (W' ))Vu  pK— N
P / / / ro(x)Nx (dz,dr,ds)|Fe | =0,
u 0 R4

and the proof that fot fOK Jga T(p(l‘)NYK (dx,dr,ds) is a martingale is complete.
Then, due to the uniqueness of the decomposition ([8], Theorem 7) we conclude
that Y has the same distribution as Y'X. (I

Convention. Based on the above lemma, from now on we will assume that Y%, X
are defined on the same probability space and Y, = X, ,Vt < 7x .

Now we are going to show that time 7x can be made greater than any constant
T with probability arbitrary close to 1 by taking K sufficiently large.

Lemma 2. For everyT > 0 ande > 0, there exists K > 0 such that P(1x <T) <e.
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Proof. Let ZX the number of jumps of height greater than K in [0, 7] x R?, that is
ZE = N([K,+00) x [0,T] x R?). Then there exists (see [14], page 1430) a standard
Poisson process AX such that

K K
Zr _ACQK 1=8 [T X (Rd)ds’

for some positive constant cg. Then from the Markov inequality we have,
Ptk <T) = P(ZEK >1)
= P (AK > 1)

cg K18 [T X (Rd)ds =

T
_ K s d -1
= P(ACHK -8 [T X, (RY)ds 21’7[(14#3 X;(RYds > K >

T
K ‘s d -1
P (Acﬁx 18 T X, Ryds = b 108 X, (RYds < K )

T
< P </ X (RY) > c[;lKﬁ> +P(Ag >1)
0
T
< cgKPE, / X,(RY) |+ (1= P (Af- =0))
0
= cgTu(RYK 7+ (1—exp (K1)
The result follows, since the right hand side goes to 0 as K — oo. O

Now the proof of Theorem 1 relies on the following proposition.

Proposition 1. Let K > 0 and YX be the truncated («,d, 3)-superprocess with
initial measure Yo (dz) = p(dz) = h(z)dx, where h is bounded and integrable with
respect to Lebesque measure dz on RY.

(a) For d/2 < « there exists a process yis = {vEx (T) : T > 0} such that

lim F [sup v ) - 'y{fx(t))” =0, VT >0,
el0 i<T

and for any A > 0,

K _ T Moy — K (dr )Y K S
VE(T) = A / / [ &= )Y ()Y (g

- / ' / YE(GM & — )Y (da)
0 R4
+/ YK(G*( NYE (dx)ds

/ / / Gz — y)M" (ds, dy) ;X (dx)dt, a.s.
R4 Rd

(b) Ford/(2+ (1+8)7') < a < d/2 there exists a process i = {Fiw (T) :
T > 0} such that

lim E {sup ‘a{;K (1) — 75, (t))” =0, VT >0,
el0 t<T ’
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and for any A > 0,
T t
AE(T) = A / / Gz — y)YE (dx) VX (dy)dtds
0 0 JR2d
T
- [ [ @ - v dos
0 R4

T t
+/ / / Gz — y)M" (ds, dy)Y;E (dx)dt, a.s.
0 JREJo JR
Proof. Postponed.

The above proposition immediately yields:

Proof of Theorem 1. Fix arbitrary £,d > 0 and let d/2 < a. Since X; = VX for
any t < Tx, we immediately get that

Wx(t) = ’YyK(t)7 VYt < TK ,

and yx (t) satisfies Tanaka formula (1.5) for ¢ < 7x. Moreover, since by Lemma 2,
Tk T 00, as K — oo, there is no problem to define yx () satisfying (1.5) for any
t>0.

Now let us check the convergence part of the theorem. For any T > 0, by Lemma
2, we can fix K > 0 such that P(rx < T) < 4. Then

lim P (sup Vx e, (t) = vx ()] > 5)
e1l0 t<T

< limP (sup [vx.e, () = vx ()] > €, TR > T) +P(tx <T)
€110 t<T

< limP (sup |’YyK o (t) — 'yyx(t)| >e, T > T) +0
e1l0  \¢<T ’

= 67

and since d,¢ > 0 were arbitrary the proof of convergence is complete.
The proof of part (b) of the theorem goes along the same lines. O

3. EXISTENCE OF SILT ForR YX — PROOF OF PROPOSITION 1

Fix arbitrary K > 0. First, we derive very useful moment estimates for Y. Let
{SEK :t >0} denote the solution of the partial differential equation

ok
ot
That is, {SX : ¢ > 0} is the semigroup defined as

= (A — Cp(K))ek.

SK — ¢=CslF)tg, (3.1)

Notice that SK¢ < Sy, for all non-negative bounded measurable functions .
Following Theorem 3.1 of [9] we have that for o, € By(R?),

e (v - [ v was)

0

Y = u] = e (Cu(VE (o). (32)
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where 1 € Mp(R?) and V;X(p, 1) denotes the unique non-negative solution to the
following evolution equation

t t
o =S+ [ SKwas— [ SE @) s tz0. 33
where
o (2) = 3 ey (m)a (3.4)
m=2 :
and
Km—l—ﬁ

Now we are going to calculate the first two moments of Y%

Lemma 3. Let ¢ be a non-negative function on By(R?) and t > 0. Then
E, Y5 ()] = u(Sfe), (3.6)
B0 @] = () i ([ s ((550)7) as).
Proof. From (3.2) we have
E, {e—/\YtK(w)} — (v W) (3.7)
where
B0 =2t [ SEL (@F ) ds 59
Using the elementary inequality e™* — 1+ 2 < 22/2, x > 0, and (1.13) we have

2
‘I)K(J?) < %1‘2, z > 0.

Let || - ||so the supremum norm, then 0 < vE(\) < ASE¢p < A||¢||le and the

previous inequality implies

/t SE (@K (05 (\)) ds < X(2)||290Hgot 2.
0

Further from (3.8) we get

K K t
e N =ASTel [ ok e K
1/\1?8 A - 1)}?(’)1A o Stfs (@ ('US ()\))) dS
2
< Xl
10

and we write this like

vE(\) = ASEp — o(N). (3.9)
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This implies
1- B, [e—w‘m}

E, [YtK(@)] = 1)}% b\
C1— G*A#(Sf(w)JrO()\)
= lim
210 A
_ (8 e)+o(n) A (SE o) — of A
= lim 1-¢ lim a (St SD) oY) =/ (StKgo) .
Mo A (SE@) —o(A) alo A

Now, to calculate the second moment we follow the ideas used in the proof of
Proposition 11 of Chapter II from [11]:

E, [(YtK(@))Q}

2

2
= lim 2 (e_”(vf()‘)) -1+ (S’tKap))

= llm% (eiA#(Sf <'O)Jr“(fo (CDK(UK()\))) ) 1+ A (StKQO))

= ng ( </ i (2% (v ()))ds>—ku(55s0)>n

-1 +/\u (StKga)).

Using the series expansion (3.4) for @ and (3.9) we obtain
¢ ¢
| s @ s = [ SE @ s - o))as
0 0
' x(2) K, \2
_ / SK (2')\2 (550)* + 0()\2)) ds
0 .
9 t
_ %AQ/ SK ((s§<p)2) ds + o(\2).

0
Then

B, [(V5(0)’]
([ 50e) o
‘o (X(j)w ( / s ds) SK¢ +o<A2))2>
— i o (M ([ st ((sto)z) ) + 3% (1 559))" + o0%))
= v ([ I ((550)%) s ) + (n 55))"

and we are done. O

Remark 2. Using binary directed graphs, Dynkin in [6] gives a formula for the mo-
ments of supeprocesses, where the Laplace functional (3.2) has an evolution equation
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(3.8) with only one term m = 2 in (3.4). For the Y& superprocess it is also pos-
sible, but here the main difference is that the directed graphs are mot necessarily
binary.

Corollary 1. Let ,v be non-negative functions on By(R?) and t > s > 0. Then
B, YY) = u(SFe)u(S5)

@ ( / gk <Sf<rw55rw>dr) .

Proof. First, use the Markov property for Y to get
B, [V (@) F] = Y (S 0) -
Therefore,
B, [V (0) Y ()]
= B, [V (Si500) Y5 ()]

1
= 1 (B [V (SE.0) + Y@ - (B [V (SE.0) - ¥E@)))
and we are done by Lemma 3. O

Corollary 2. Let ¢ be non-negative functions on By(R?xR?) andt > s > 0. Then
E, [ / p(z,y) Y, (dz)YS* (dy)]
R4 xR
= /4d p(dzr) p(dea)pe(21 — w1)ps(22 — w2) @ (21, 22)dz1d22
R

+x(2) / /M p(dx)p(y — x)dypi—r (21 — Y)Ps—r (22 — y) (21, 22)dz1d2z2dr.
0 R4d

Proof. Use Corollary 1 and approximation of the ¢ (z,y) by functions in the form
> i(x)¢i(y) to derive the result. We leave the details to the reader. O

Next proposition gives bounds on some fractional moments of Y% and requires
much more work than we have done in Lemma 3. Hence its proof will be postponed
till Section 4.

Proposition 2. Let1+<p<2and0<e<1. If

1
d<a<2—|—>,
p

then there exists a constant ¢ = ¢(K,p,d, a, 5) such that

By

/Rd Y& (pe(- — ) (/Ot YE(GH(-- —x))ds)pda:] < (K, p,d,a, 3).

L ([ e o) virn] <o

Moreover

E
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Proof. Postponed.

Now we can write the Tanaka-like formula for the approximating SILT of the trun-
cated superprocess Y . From Fubini theorem, (1.4), (1.2) and (1.1) (the martingale
problem for the truncated superprocess Y, [8]) we have

o o / / / pe(x — y) Y (dz) Y/ (dy)dsdt
]R2d
= e / / / G (z — y)YE (dz) Y/ (dy)dtds
0 0 JR2d
T T
—e?e / / / AL GME (z — )Y (dy)dtY S (dx)ds
0 Re Js R4

T t
= e / / GM(z — y)YE (da) Y/ (dy)dsdt
R2d

eAE/OT/dY (GM(x — )Y E (dx)ds

Ae /T/ YE(GM (z — )Y (dw)ds

0 d

eAE/OT/Rd/ / G (x — y)ME (dt, dy)YE (dx)ds, (3.10)

T
e (1) = [ [ V(@ o= ) nis

T t
= e / / » G (x — y)YE (dz) Y, (dy)dsdt
0 0

T
Ae K /\,Exi. K 2)ds
[ ] V@ = )V

AE/ /Rd/ /Rd Gz —y) M " (dt, dy) Y. (dx)ds.(3.11)

Note that stochastic integrals in (3.10), (3.11) are well defined due to the moment
bound given by Proposition 2.

=

=

and

W o(T)

Proof of Proposition 1. We are going to prove Proposition 1 via letting ¢ — 0
n (3.10), and checking convergence of all the terms. By Corollary 2 and simple
estimates we get

Bf ' [yvEe - ~>>Yf(dx>ds]

T
/ / p(day)p(das)ps(z1 — x1)ps(z2 — xg)G’\(zl — 29)dz1dzads
R4d

A /O/Rd (dz)p,(y — 2)dyps—r(21 — Y)ps—r(22 — V)

xG* (21 — 22)dz1dzadrds
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T [e%s}
< / u(dml)u(dazg)/ e_’\“pu(zl — 29)ps(21 — 1)ps(22 — x2)dz1dzoduds
R

..
/// il —
[

_|_

X
/ A (21 — 22)ps—r(21 — y)dz1ps—r (22 — y)dzadudrds
/ e M /pu+25 1 — x2)u(dzy ) p(des)duds

/ /u(dm)pr(y—m)dy/ e_’\“pqugs,gr(O)dudrds
0

< ||l p(MTA™Y + (1 / / / u+2s — 2r) Y dudrds, YT >0,
(3.12)

where |[|-||  is the supremum norm and the last integral is convergent if d < 2o
Using (3.12), the bound G* > G*¢ and the monotone convergence theorem to get

lim £ [sup / /YK led@ —GMe(z — '))YSK(dm)ds}

el0  |e<T

<lmE / / YE(@MNa - ) — G (a -))YSK(dx)ds]

=0, YT >0. (3.13)

In a similar way we can prove that

lim E | sup / / (GMa — GM(z —y)) Y (dz) VX (dy)dsdt 1 =
€l0 T<L R2d
(3.14)
and
T
lim E | sup / / YE(GMx — ) — G (x — )Y (da)ds, || =0, (3.15)
el0 T<L|Jo JRd
for all L > 0 and d < 3a.
Now let us deal with the stochastic integral
T
/ /Fa(t,x)MK(dudx),
0
where
t
F(to)= [ [ 64— yyFands
0 JRd
This integral is well defined if (see [12])
1/2
E > FE(t,AYS)? < 400, (3.16)

teJn[0,T]
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where J denotes the set of all jump times of X. Let

1
d< 24+ —— 3.17
¢ ( T+ ﬁ) (317
hence we can choose p € (1 + 3,2) such that
1

Since p € (14 3,2) we can use the Jensen inequality to get

(Z >/ <y

el iel
if a; > 0 for all ¢+ € I. This yields
1/27
E > Fe(t, AY)?
teJn[0,T)

1/p

IN

E| Y F(tAYF)
teJn[0,T]

( / / / 2(Fe(t,ub, ))Pduyf‘(dx)dtbl/p
=c (/ /(/ /G“ Y)Y X (dy)ds ) YtK(da:)] dt) l/p.

Since p satisfies (3.18), the condition (3.16) follows from Proposition 2.
Let F = F°. By Burkholder-Davis-Gundy inequality (see [12]) and the previous
argument we get

// s,2) — F*(s,2))M* (ds, dz)
{535//“7‘” F=(s, )|)MK(ds,dgc)}

1/2

<ScE || Y ((F—Fo)(tAY))?

[sup
t<T

teJN[0,T]
P 1/?
gc</ /(/ /| — GM)(z —y)| Y (dy)ds ) YtK(dx)] dt)
— 0, ase |0, VI >0, (3.19)

where the last convergence follows by Proposition 2 and the monotone convergence
theorem. Now combine (3.13), (3.14), (3.15), (3.17) and (3.19) to get that all the
terms in (3.10) converge and the proof of part (a) is complete. By (3.14), (3.15),
(3.17) and (3.19) we get that all the terms in (3.11) converge and hence the part
(b) of the proposition follows. O
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4. PROOF OF PROPOSITION 2: ESTIMATION OF FRACTIONAL MOMENTS

In what follows we will use the following well known equalities. For p € (1,2)

o0
a1y / (1— e >?) APd) (4.1)
0
and
2P = pn, / (e — 1+ Xz) AP 1aA (4.2)
0
where
p—1
M= T -
PT2-p)

Proposition 3. Let 1 < 14+ 5 < p < p' < 2. Then there exists a constant
c=c(K,B,p,p') such that for any non-negative functions p, € By(R?),

o) ([ v s v = u]

< {u (st0) () ([ s )

T+ (SKe)p (/O sk, ((/0 wadr)p) ds)

u(f K, <S§< o | s wdr> ds) |

[0 (o [ 50 o) (o s20))

/Ot SE. (/O SK (STK@/OT S,f¢du> dr (/O Sf‘wdr)p_l> ds>
[t ([ ) ) o

+1u (/Ot SK (Sfcp/os SKE ((/0 Sfft/)du)p,> dr> ds> } Vt>0. (4.3)

Proof. Fix an arbitrary ¢ > 0. By (4.2) we obtain

JrEe (] t nKWsﬂ (1.4)

(oo}
= pnp/ A P2 (E [Y;K(go)e_)‘ N Yf(w)ds}
0

E

+

(
<
o
(

E

B[ @) 38 [y [ vEwas )i

0
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Now we will bound the moments on the right hand side of the above expression.
First of all, by Corollary 1, we have

E, {YtK(@) /0 t Y;K(t/))dS] = n(Sfe)n < /O t S§¢ds> (4.5)
i ([ [ st st wyinas)

Moreover, from Fubini theorem we get the following useful equality

t S t r
/ / SE(SK »SK 4)drds = / SK. (Sf,(ga / qu/)ds) dr. (4.6)
0 0 0 0

Now let us estimate the remaining moment. Use the Laplace transform (3.2) and
the dominated convergence theorem to obtain

E, {ytK(W;A s Y;‘@mds} - _ hf%l 1 E, [64 Jo Y W)ds—<Y(9) _ =X [y Yf@p)ds}
€ 3

— lim 2 (e—mv:‘(w,w» _ e—mvf‘(ow))) _
el0 e
From (3.2), we can easily derive that
V¥ (o, 0) > VN (0,4) > 0, Vs >0, (4.7)
and hence by the dominated convergence theorem, we get

ViE (e, M) — VE(0, M), ase | 0.

Using the same argument we get

K K
E YK(@efAfJ Y (p)ds| _ efu(Vf,K(o,Aw))# lim VE (e, \p) — VE(0, \p) |
' el0 5

Following the argument in Section 6.3 of [5] we can show that U (¢, A\p) defined
by

Vi (20, M) — VK (0,1
Uf(go,)\z/;)zlgifg G ¢)6 o ( 7/})‘

satisfies the following equation,

UK (o M) = SK o / SK (UK (9, W) (@5) (VE (0, M0)ds,  (48)
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Use (3.6), (4.4), (4.5), (4.6) and (4.8) to get

t p
K YE(y)d )
o ([ vEws ]
[e%} % t
:pnp/ (e“(Vf O (U (0, M) + M (SE ) (/ wads>
0 0
—1 (Sf ) + Ax(2 (/ SK (SEK¢ / szbdr)ds))Apld/\

t
= pipi (/ (SKtpe Milfo S:50ds) _ K 4 ASK op (/ wadS)
0 0
+ SE pemn(ViE(020)) _ gK o=du([g 55 ds)

() / SK (5K / SX pdr)ds
0 0

t
eV (0.00)) / S (U (go,Azp)(@K)’(V;K(o,Aw)))ds) A—p—ldx>
0

t p
=u (Sfy) (u (/0 S§<¢ds>) + I+ I+ I3

where
L= pu (5{@ / (e @M _ =l s vin) )\PldA>,
0

[ee) t S
L = ppp (/ (/\X(2)/ 553(5530/ SEpdr)ds
0 0 0

— /O t SE UK (o, ) (%) (VE(0, Aw)))ds) A’“dx) :

—_— (/ (1 emnvian)
0

% / SK (UK (so,A¢><<I>K>'<V;K<o,w»)dsx-p-ldx).

I3

By the elementary inequality 1 — e~ < x, for z > 0, and (3.5) we have

K-8

(@) (@) <n7—

x = x(2)x. (4.9)

Using (3.3) and (4.7) it is easy to derive that UK (p, \) > 0 and

UK (o, M) < SEe, (4.10)

V0, M) / SEyds. (4.11)

IN
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The above inequalities and (4.8) yield the following bound on I3:

o t
Iy < ep (/ /Sﬁs(sfgovf(o,w))ds (1—e—M‘ftK(OaW)))A—P—ldA)
0 0
t e}
< cp ( / SE (SEKo / SKwdr)ds> / (1 el fJSszdl))xpdA
0
t
< c(u (/ wadsD (/ SE (8K /SKz/)dr ) (4.12)
0

where the last inequality follows by (4.1).
Let us take care of I5. By (4.8) we get

) t s
L = pnp (/ (/\X(Q)/ Sfis(SsKw/ SEpdr)ds
0

/ SK (SK (@) (VE (0, b)) ds
/ SK Y (VE (0, M)

/ S (US (0, M) (@) (VTK(OaW)))dr)ds> ,\—P—1d>\)
= itz (4.13)

where

(') t S
Ji = pipp (/ (/\X(Q)/ Sfis(wa/ SEvpdr)ds
0 0 0

_/Ot st(wa(qw)/(VSK(o,w)))dS) /\_p_ld)\> 7
Pt (/w /t SEL(@5) (VF(0,2))

/ ST (U (i, M) (@5 (er<o,w>>>dr>dsApldA).

Ja

Let us estimate is J5. First, by (1.13), (4.1) and (4.2) we obtain
oo [e%e] K X
/ (@KY (VE(0, M)A PN = n/ / (1 eV <0»W>) w P dwA~Pd)
0 o Jo
K oo .
n / / 1 —e Mo Wd’") A Pd w P dw
1

= / ( /SKwdr> w P dw
([

IN
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Use this and (4.9), (4.10), (4.11) to get

ho< e ( / N / I (@Y (VE (0, 2)

x/ SE (SKpVE(0, \p))dr)dsA P~ 1d>\>
(f

(=)

< cp Sth ( K (SKy /T wadu) dr
></ Y (VE(0, \p))A"PdN)ds )
0
T S -1
< cu( StKG ( <, (Sfﬂp/ qupdu) dr (/ Sf(qul)p >ds> .
0 0

(4.14)

Now let us estimate Ji :

oo t s
Dipit ( / (Ax(2) / SK (sSK(p / S,f%pm)
0 0 0
t K .
0 0
t oo s
= Dipp (/ Stlis <S§gp (/ [)\X(Q)/ STKi/JdT
0 0 o

K
+n / (e Ve (0A9) _ l)w_ﬁ_ldw] A—P—ldA)> ds>.
0

Using the identity

Ji

we obtain

i

t (e’ K
Pyl < / SE(SKen / / (e7WV" ) g
0 0 0

S
+Aw / wadr)w—ﬁ—lde—P—ldA> ds)
0

t K 50
pnnp e </ Stlis(ngp [/ / (e—)\u) fos Sripdr _ 1

+\w / SEpdr)NTPddw =P dw

/ / —wVE M) _ —dw [y sﬁ(wdv-) )\—p—ld)\w—quw]) ds)
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t K s p
= u (/ SK . (SSKQM]/ (w/ Sf%ﬁdr) w_ﬁ_ldw>>
0 0 0
t
P ( /0 St
K 0o
% / / (e—wvf(o,,\w) _ ey wadr) )\—p—ld)\w—ﬁ—ldw> ds)
o Jo
t S P
= c,u(/ SK <Sf<g0(/ Sf¢dr> ))ds
0 0

t
P ( / S (waQ(S))dS) (4.15)
0
where
Qls) = / / T (VIO L g [ SE vy \ 21 g3y
OK ) s
< / / ‘wVSK(O,MJ)—)\w/ SEopdr| \TPrddw P dw
0 0
— </ /)vKomp /SK)\z/z)dr)\pldA
= (Q1+Q2)(s).
By (3.3)

/ / SE K (VE(0, \))drA"P7 dA.

Fix an arbitrary p’ such that 1 < p < p’ < 2. Then, from the elementary inequality
0<e®—1—a<caxP for x >0, we obtain

Kr'-8-1
K (2) < en——u—a? .
(@) < e

/ / VK 0, Ah))P )dr/\‘p‘ld/\
C/o /0 SE, ((/0 Sf()\i/i)du)ﬂ) drAPtd\
c/os SK ((/0 wadu)p) dr. (4.16)

Apply triangle inequality and (4.11) to bound Qs:

Q2(s) = c/: vf(o,mp)—/s SE(\ap)dr

/ / SE(Xp)drA=P~Ld\

/ SEapdr. (4.17)

Use this to get

Q1(s)

IN

IN

AP

IN
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Finally, let us estimate I;. Proceeding as before we have

K e}
L = pou (5}{&0 (/ +/ ) (e—me(o,wn — ey Si‘wds>) )\_P_ld)\>
0 K
K t
ey <Stho / ‘u(%K(o,Aw»p( / SM@)‘A“M)
0 0
o (Sf o/ 2A—P—1dA)
K
K t ,
< ausi€) [ ([ K000 ) AT+ eulsEe)
0 0
t s #
= cu(SKp)p ( | st ( | sk wdr) ds> T u(SK ). (4.18)
0 0
Combining (4.12)-(4.18) and (3.6) we obtain (4.3). O

Now, the proof of Proposition 2 is based on the bounds that we will get on all
the terms on the right hand side of (4.3).

Lemma 4. Let pu(dz) = h(x)dz, where h is bounded and integrable. Then

sup p (SSGA(- =) < es9(h, A) < 00, (4.19)
zERC

Proof. Using the explicit expression for p we have,

W (S.G (=) = / / Po(y — )Gz — 2)dzpu(dy)

< [ [nty- 26~ )z Il dy
= Bl G, = 1Pl A7
recall that || - ||oo is the supremum norm. O

In the next two lemmas we are going to use the following basic inequalities: For
d >« and § € (0,1), we have ([13], Lemma 4)

() <ctd Mz >0, 2 € RY, (4.20)
and the Riesz convolution formula
el = e = el (4.21)
Rd

whenever a,b > 0,a +b < d and z,y € R%.
Also define the indicator function:

k(z) = 1(|z] < 1).
Lemma 5. Let o < d. Then, for any ¢ € (0,1) and a € [0,d), we have
/ ps(y—2)|z—z| % dz < e14+cos® L (Jy—z| T 0% (y—x)+1), Yy, € RY, (4.22)
R

where ¢c1 > 1, co > 0 are constants.
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Proof. First let us prove (4.22) for the case o« — dar < a. Use (4.20) and (4.21) to
get

/ps(y—z)|z—x|_“dz = /ps(y—x—z)|z|_adz
R4 Rd

</|Z|>1 i /z§1> ps(y —a —2)[[ " dz

1 +/ Sé—lly —r— Z‘a—d—&x‘zra dz
lz[<1

IN

IN

1 +686_1‘y _ x|a—a—6a

= 1tes’ Hy—a|* 1 (ly —a < 1)
Hy —2|* 0 (|y — 2| > 1))

< T4 My — 2| TR (y — x) + 1),

Now, suppose o — da > a. Using a simple coupling argument, as in Lemma 5.1
of [15], we have

/ps(y—x—z)|z|_adz§/ ps(2)|z| 7 dz.
Rd Rd

By the scaling relationship

pi(x) = t=4p, (2571/0%)7 t>0, zeR (4.23)
we get
/ ps(2)|z|7%dz = 8_”/'1/ pl(s_l/o‘z)|s_1/az\_a s~y
Rd Rd
= 87“/'1/ p1(2)|z| " dz
]Rd
Therefore,
[opety =)l —aldz < el 1)+ 100 > 1)
]Rd
< 05671+c,
and we are done. ([l

Lemma 6. For anyd € (0,1) there exists c(t) such that for any T > 0, sup, . c(t) <

and
t
/ S, G- —x)(y)ds < c(t)(|ly — x| %% (y — ) + 1), Vy,z € R (4.24)
0

Proof. Let a < d. Since G*(z) < c|z|*%, take a = d — «, apply Lemma 5 and
make additional integration with respect to time. If @ > d, then by the unimodality

of p1,
t
/ S.GA- — x)(y)ds / / A s s(x — y) drds
0

// e M (r+s) —d/e gr ds

< et), Vt >0,

IN
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and we are done. O

Lemma 7. Let 1 < ¢ < 2, and d < «(2+ 1/q). Then there exists c(t) such that
for any T > 0, sup,pc(t) < oo and for any y,z € RY,

/Ot Sy ((/0 S, G- — ) dr)q) (y)ds
/0 “Sure (( /0 5,6 ) dr)q) (y)ds

Proof. Since d < «(2+1/q) it is easy to check that we can fix ¢ € (0,1) sufficiently
small such that,

IA

e(t), (4.25)

IN

c(t), Yee[0,1].  (4.26)

q2a —d —da) + a—da > 0. (4.27)

By Lemma 6,

(/ $,GN(- — ) dr) (y) < supe(s)(ly — 2"~ w(y —2) +1).  (4.28)

s<t

Now take a = —q(2a —d — ). If a < 0 then the result follows trivially, due to the
fact that then the right hand side of (4.28) is uniformly bounded for any y,x € R9.

If @ > 0, we apply again Lemma 5 to conclude that the result follows if ¢(2a —
d—da)+ a—da > 0. But this is exactly the condition (4.27) which is satisfied due
to the choice of §. O

Proof of Proposition 2. From (3.1) we see that S < S;, hence Proposition 3 im-

plics
[ o ([ @ o) da:]

<e{ [ utsinat-~ aas
o [ty (n( [ 5.6 —s)) o
+ /Rdu(stps( —x)p (/Ot S (/O SRGA(- - x)dr>p ds> dz
[ ( / S (ssps(- =J 5,6 —x)dr) ds) dx
+ /]R " (/Ot 51 (sspsc - x)% S, G- —x)dr) ds)
«<(u(] e —x)d3>>p dz

E,
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([ s ([[ser (soc=n [ 5,620 aan)

X (/O S, G*(- - —a:)dr)p_1> ds) dx

+/Rd m (/Ot Si_s (Ssp5(~ —x) </0 S.GM(- m)dr)p) ds> dx

+/Rd L (/Ot Sy (Sspg(- — ) /0 Sy (/0 S G- x)du)p, dr) ds> d:z:}

We will check the boundedness of all the terms I;(¢), i = 1,...,8. First note, that
for d < « all the terms I;(¢), i = 1,...,8 can be bounded very easily, and we leave
it to check to the reader. We will consider the case @ < d. The first two terms,
I, (e) and I5(e) are easy to handle. By the Fubini theorem and Lemma 4 we get

L(e) + Io(e) < (1) (L + (canst)?).

By Lemma 7 we easily get
I3(e) + Is(e) < p(1)c(t).

For I(e) we get the following

t Posly = 2)pare(z — @)
/0 /Rdedled
X </OS S,.GMNz — x)dr)p dsdxdzp(dy)
/ t Lo ey 2)dssis ( / S STGA(-)dr)p (0)dsp(dy)

u | e (f STGM-)dr)p (0)ds

< p(1)e(t)

I7(e)

(4.29)

where the last inequality follows by Lemma 7. It is also easy to check that

([ (sna - ([ 50 ) ) )

Ir(e) + p(1)t, (4.30)

14(8)

IN

IN

and

I5(e) < b Li(e).
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The last term we have to handle is Ig(e) :

X / Ds—r (Y1 — 2)Drte(z — x)/ SuG/\(Z — x)dudr
0 0

X

o\;

p—1
Myy — as)dr) ds) dyy dz dx p(dy)

= 16,1(5) + I(; 2( )

Our condition on d implies that we can choose ¢ € (0,1/3) sufficiently small such
that

(2a —d)(p+1) = da(p+2) > —d. (4.31)

By (4.20), Lemma 5 and Lemma 6 we get

c(t) /RM /:13:|y1m<1 (/Otpt—s(y—yl)/osps—r(yl —z)(r+¢e)°!

x (|2 — zPem2d g ) 4 |z — x\"“dﬂso‘) dr

x (Jyn = 2] @290 B0 4 1) ds) dy, dzda p(dy)

=0 [ [ ([t [

X Ps—r yl -z (|Z — x‘3a72d726a/§(2 — CE) + |Z _ x|a7d75a) dzdr
Rd

X <|y1 — |(2amd=be)(p—1) 4. 1) ds) dyy dz p(dy)

[ [eetew [

[1_’_ 8—7”' 6 1 (|y |4a—2d—36a+ |y _:L,|2a—d—26a +1)] dr
x (Jyr = 2] 22=4=00FD 41 ds dyy d pu(dy)

= / /pt s(y—w1) /(7"+5)6_1d7“
R2d

/ (1+ Jyr — | G900 1))d1:+/ (r+e)° (s —r)°tar
ly1—=|<1 0

16,1(5)

IN

IN

% / (1 + |y1 o x|(2a—d—6a)(p—1)+4a—2d—3a5
ly1—z|<1
+|y1 _ $|(2a—d—5a)(p—l)+2a—d—2a5 + |y1 _ x|(2a—d—6a)(p—1)

+|y1 _ x|4a—2d—3a6 + ‘yl _ f‘Qa_d_2a5)d{L‘]dy1 ,U/(dy)
c(t)u(1),

IN
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where the last inequality follows by (4.31). As for the I 2(e), by Lemma 6 we get

t p—1 t
Iso(e) < sup (/ S,.G)‘(yl — x)dr) / / Pi—s(y — Y1)
z,y1:|ly1—z|>1 0 R34 JO

[ bt = DO dvdudr ds dy dz )
0 0 0

1)//// (r+e+u+v)" Y% dvdudrds
o Jo Jo Jo

and the last integral is bounded if d < 3a. By combining all the above estimates
we are done with the first part of the proposition.
Now we are going to prove the second part of the proposition. Take

</ /G“ z)YE (dx)ds >p, y € R%

For each n € N define the truncations functions, ¢, = ¢ An. Then 0 < ¢, T ¢, as
n — 0. Since ¢,, is bounded and p (2)dzY,X (dy) is a finite measure, we have by the
dominated convergence theorem and the scaling relationship (4.23) the following
estimation

[en@vi@n = tm [ [ o6+ appa(dv o)

“%“f/ / P(01/° 2 + z)py (2)d=Y{¥ (da)
11%nf / / ps(z — y) Y (dz)e(y)dy.

Letting n — oo, by the monotone convergence theorem, we have

/ </Ot YSK(GA,E(. . x))ds)thK(dx)
<t | (/140 o) 1t e

From the Fatou lemma we get

FE / (/Ot YSK(G/\’E(' . —x))ds)p}QK(dx)]
[ ([ v mams) v -]

Since G*¢ < G* we have by the already proven part of Proposition 2,

E /(/OtYsK(GA’E("—x))ds>thK(dx)
/ (/ LS >d)thK<p5<-—x>>d4

C(K7p’d’a7/8)'

IN

< liminf F
510

< hm mf E
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Using once again the monotone convergence theorem, as € — 0, we arrive at

arn

to

E / ( /OtY;K(GA<-~—x>)ds)p1@K<d:c> < c(K,p,d, o, 3),

d we are done. O
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