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1.Compact Sets. In this course we assume that all (infinite) strategy sets are

subsets of some Euclidean set. That is Xi ⊆ Rm for some integer m ≥ 1 (m may

depend on i). That is xi ∈ Xi means xi = (xi1 , xi2 , ..., xim
). Thus if xi ∈ Xi ⊆ Rmi ,

then every x = (x1, x2, ...xn) ∈ X = X1×X2×· · ·×Xn is a vector in Rm1+m2···+mn .

That is

x = (x11 , x12 , ..., x1m1
, x21 , ..., x2m2

, ..., xnmn
).

Recall that for x ∈ Rm, the norm of x is the distance between x and 0 (where

0 = (0, 0, ..., o). That is

||x|| = (
m∑

j=1

x2
j )

0.5.

The distance between x and z in Rm is ||x− z||. Recall the following properties

of the norm:

(1) ||αX|| = |α|||X|| for all x ∈ Rm and α ∈ R.

(2) ||x + y|| ≤ ||x||+ ||y||.
(3) ||x|| = 0 if and only if x = 0.

We say that limn→∞ xn = x if the sequence of numbers (||xn − x||)∞n=1 is con-

verging to zero. That is, the distance between xn and x is converging to zero.

A subset K ⊆ Rm is closed if it has the following property:

If xn ∈ K for every n ≥ 1, and limn→∞ xn = x, then x ∈ X. That is, K is closed

if every limit point of vectors in K belongs to K.

K ⊆ Rm is bounded, if there exists a number C > 0 such that ||x|| ≤ C for

every x ∈ K.

K is compact if it is both, closed and bounded.

Lemma m0. If Ki ⊆ Rmi is a compact set for all 1 ≤ i ≤ n, then K = K1×K2×
· · · ×Kn is also a compact set.
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2. Continuous Functions. Let A ⊆ Rm and let f be a function defined on A

and has values in Rs, that is f : A → Rs. f is continuous if for every converging

sequence limn→∞ xn = x such that xn, n ≥ 1, and x belong to A, limn→∞ f(xn) =

f(x).

Equivalently, f is continuous if for every x0 ∈ A, for every ε > 0 there exists

δ > 0 such that for every x ∈ A with ||x− x0|| < δ, ||f(x)− f(x0)|| < ε.

Theorem m1. Let f : K → Rs be a continuous function, where K is compact.

Then f is uniformly continuous. That is, for every ε > 0 there exists δ > 0, such

that for every x, y ∈ K with ||x− y|| < δ, ||f(x)− f(y)|| < ε.

.

Theorem m2. Let f : K → R be a continuous function. Then f achieves its

maximal and minimal values in K. That is, there exist xm, xM ∈ K such that

f(xm) ≤ f(x) ≤ f(xM ) for every x ∈ K.

3.Convex Sets. A subset A ⊆ Rm is convex if for any x, y ∈ A, the line that

joins x with y lies in A. That is, for every 0 ≤ α ≤ 1, αx + (1 − α)y ∈ A. Let

x, x1, ..., xk, k ≥ 1 in Rm. x is a convex combination of {x1, x2, . . . , xk}, if there

exist non-negative real numbers α1, . . . , αk with
∑k

j=1 αj = 1 , such that

x =
k∑

j=1

αjx
j .

Theorem m3. A is convex if and only if every convex combinations of points in

A belongs to A.

Note that the empty set ∅ and the whole space Rm are convex sets. Let B ⊆ Rm

(possibly finite). The set of all convex combinations of points in B is called the

convex hull of B and it is denoted by co(B).

Theorem m4. co(B) is a convex set that contains B. Moreover, co(B) is the

smallest convex set that contains B. That is, if K is convex and B ⊆ K, co(B) ⊆ K.

. Let A be a convex set, and let x ∈ A. x is an extreme point of A, if x does

not belong to the interior of any segment in A. That is, for every z, y ∈ A, z 6= y,

and for every 0 < α < 1,

x 6= αz + (1− α)y.
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Theorem m5. Every compact and convex set is the convex hull of its extreme

points. That is

K = co(E(K)),

where E(K) is the set of extreme points of K.

And..

Theorem m6. Let B be a finite set of points in Rm. Then, co(B) is a compact

and convex set. Moreover, every extreme point of co(B) belongs to B, that is

E(co(B)) ⊆ B.

.
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