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1.Compact Sets. In this course we assume that all (infinite) strategy sets are
subsets of some Euclidean set. That is X; C R™ for some integer m > 1 (m may
depend on 7). That is z; € X; means x; = (z;,, %4y, ..., ;, ). Thusifz; € X; C R™,
then every x = (x1, 22, ...7,) € X = X3 x Xy Xx---x X, is a vector in Rmatma:4mn

That is

T = (T1y, Ty oy Tl 3 T2y 50y T2, 5 o0y Ty )

Recall that for x € R™, the norm of z is the distance between x and 0 (where
0=1(0,0,...,0). That is

m

]| = (Y 23)*.

i=1
The distance between z and z in R™ is ||z — z||. Recall the following properties

of the norm:

(1) [|aX]|| = |a|||X]|| for all z € R™ and « € R.

2) Mz +yll < [l=[] + [lyl]-

(3) ||z|| = 0 if and only if z = 0.

We say that lim,,_,~, 2™ = z if the sequence of numbers (||z™ — z||)$%, is con-
verging to zero. That is, the distance between ™ and x is converging to zero.

A subset K C R™ is closed if it has the following property:

If x,, € K for every n > 1, and lim,, . 2" = x, then x € X. That is, K is closed
if every limit point of vectors in K belongs to K.

K C R™ is bounded, if there exists a number C' > 0 such that ||z|| < C for
every x € K.

K is compact if it is both, closed and bounded.

Lemma mO0. If K; C R™ is a compact set for all 1 < i < n, then K = K1 X K3 X

<o X Ky, s also a compact set.
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2. Continuous Functions. Let A C R™ and let f be a function defined on A
and has values in R®, that is f : A — R®. f is continuous if for every converging
sequence lim,, o, ™ = x such that z,, n > 1, and z belong to A, lim, . f(z,) =
f(@).

Equivalently, f is continuous if for every z° € A, for every € > 0 there exists

§ > 0 such that for every x € A with ||z — 2°|| < 6, ||f(z) — f(zV)|| < e.

Theorem ml. Let f: K — R® be a continuous function, where K is compact.
Then f is uniformly continuous. That is, for every € > 0 there exists § > 0, such

that for every x,y € K with ||z —y|| <6, ||f(z) — f(y)]|| < e.

Theorem m2. Let f : K — R be a continuous function. Then f achieves its

mazimal and minimal values in K. That is, there exist x,,,xp € K such that

flem) < f(z) < flxpr)  for every x € K.

3.Convex Sets. A subset A C R™ is convex if for any =,y € A, the line that
joins x with y lies in A. That is, for every 0 < a < 1, ax + (1 — a)y € A. Let
z, o', ..., 2% k> 1in R™. 7 is a convex combination of {z!,22,..., 2"}, if there

exist non-negative real numbers aq, ..., a; with ijl aj = 1, such that

k
_E: J
T = a;x’.
Jj=1

Theorem m3. A is convex if and only if every convexr combinations of points in
A belongs to A.

Note that the empty set () and the whole space R™ are convex sets. Let B C R™
(possibly finite). The set of all convex combinations of points in B is called the

convex hull of B and it is denoted by co(B).

Theorem m4. co(B) is a convex set that contains B. Moreover, co(B) is the
smallest convex set that contains B. That is, if K is conver and B C K, co(B) C K.

. Let A be a convex set, and let x € A. z is an extreme point of A, if x does
not belong to the interior of any segment in A. That is, for every z,y € A, z # y,
and for every 0 < o < 1,

x# az+ (1 —a)y.



Theorem mb5. FEvery compact and convex set is the convex hull of its extreme
points. That is
K = co(B(K)),

where E(K) is the set of extreme points of K.
And..

Theorem m6. Let B be a finite set of points in R™. Then, co(B) is a compact

and convexr set. Moreover, every extreme point of co(B) belongs to B, that is

E(co(B)) C B.



