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tPrior work has shown that 
ontext-spe
i�
 independen
e (CSI) in Bayes networks 
an be ex-ploited to speed up belief updating. We examine how networks with variables exhibiting mutualex
lusion (e.g. \sele
tor variables"), as well as CSI, 
an be eÆ
iently updated. In parti
ular,dire
ted-path singly-
onne
ted and polytree networks, that have an additional 
ommon sele
torvariable, 
an be updated in linear time (given null and general 
onjun
tive eviden
e, respe
tively),where quadrati
 time would be needed without the mutual ex
lusion requirement. The aboveresults have dire
t appli
ations, as su
h network topologies 
an be used in predi
ting the rami�-
ations of user sele
tion in some multimedia data browsing systems.1. Introdu
tionUsing Bayes networks (BNs) to model un
ertain knowledge, and performing inferen
e in this model,are of major interest in both theoreti
al and applied AI resear
h [20℄. As inferen
e over BNs is hardin the general 
ase [5, 6, 24℄, eÆ
ient algorithms for sub-
lasses of Bayes networks are of extremeimportan
e. Numerous inferen
e algorithms on BNs use a redu
tion to a known tra
table 
lass,in order to perform inferen
e. The redu
tion is usually exponential in some aspe
t of the probleminstan
e. Conditioning algorithms [10, 15, 20℄ use a 
utset whose removal redu
es inferen
e into anumber of (easy) inferen
e problems on polytrees - the number of polytree inferen
e problems isexponential in the 
utset size. Similarly, 
lustering s
hemes [16, 18℄ aggregate nodes into ma
ro-nodes organized as a tree, and problem reformulation 
ost is exponential in the number of nodes inea
h ma
ro-node.Relatively re
ent work has used lo
al independen
e stru
ture, also known as 
ontext-spe
i�
independen
e (CSI) [3℄ to improve performan
e of belief updating in Bayes networks [21℄. We arguehere that in addition to taking advantage of CSI, some appli
ation networks exhibit distributions withspe
i�
 types of mutual ex
lusion, whi
h 
an also be used to improve performan
e. In parti
ular,we examine Bayes networks that are (dire
ted-path) singly 
onne
ted, ex
ept for one additionalmultiple-valued \sele
tor" variable S (see below for the pre
ise de�nitions). The problem withhaving su
h a \sele
tor" S is that it may have multiple 
hildren, 
reating an arbitrary number ofundire
ted 
y
les.Intuitively, a sele
tor variable models user sele
tion from a large set of options. In some user-interfa
e appli
ations, the user 
an for
e one of a set of variables into a parti
ular state. Systembehavior is su
h that a user a
tion 
an 
ause more than one system a
tion. The goal is to predi
tsystem behavior, when a distribution over user a
tions is known. The predi
tion is ne
essary inorder to a
hieve better system performan
e, for example by attempting to optimize a
tions that are1



more likely to be exe
uted in the near future. The unknown user sele
tion is modeled by a sele
torvariable, and the system is modeled by the rest of the network [13℄.If the network has n nodes, the sele
tor variable has O(n) possible values. Sin
e the sele
tormay have all network nodes as its 
hildren, a natural way to evaluate su
h a network is by 
utset
onditioning, with node S being a singleton 
utset, resulting in 
omplexity O(n2) (linear time forea
h singly 
onne
ted network problem instan
e, and O(n) singly 
onne
ted problem instan
es -one for ea
h value of S). Other known algorithms 
an do no better. However, by 
arefully takingadvantage of singly 
onne
ted network properties, and the CSI and mutual ex
lusion properties ofthe sele
tor, probability updating 
an be done in time linear in the size of the network - the main
ontribution of this paper.The rest of the paper is organized as follows. We begin with a formal de�nition of the problem(network stru
tures, as well as sele
tor variables). The equations and algorithm for 
omputingmarginal probabilities for all nodes (also 
alled belief updating) for the null eviden
e 
ase are thendeveloped. This is followed by extending the results to arbitrary 
onjun
tive eviden
e, and to 
aseswhere the sele
tor variable is not a root node. Finally, an appli
ation for the presented results ismentioned, and related work on belief updating is examined, suggesting some future work.2. Problem De�nitionAs ex
ellent introdu
tions to Bayes networks abound [4, 19, 20℄, it suÆ
es to brie
y de�ne ournotation, as well as to overview the standard inferen
e problems on BNs. A Bayes network B =(G;P ) represents a probability distribution as a dire
ted a
y
li
 graph G (see Figure 1), whereits set of nodes V stands for random variables (assumed dis
rete in this paper), and P , a set oftables of 
onditional probabilities (CPTs) - one table MX for ea
h node X 2 V . For ea
h possiblevalue x 2 D(X) (where D(X) denotes the domain of X - the set of possible values for X), therespe
tive table lists the probability of the event X = x given ea
h possible value assignment to (allof) its parents. Thus, the table size is exponential in the in-degree of X . Usually, it is assumed thatthis in-degree is small - otherwise, representation of the distribution as a Bayes network would notbe a good idea in the �rst pla
e. (We thus assume that the in-degree is bounded by a 
onstant,whenever algorithm runtime results are 
laimed in this paper.) The joint probability of a 
ompletestate (assignment of values to all variables) is given by the produ
t of jV j terms taken from therespe
tive tables [20℄. That is, with Pa(X) denoting the parents of X in G, we have:P (V ) = YX2V P (X jPa(X)) = YX2V MX(X jPa(X))Probabilisti
 reasoning (inferen
e) is usually in one of two forms: belief updating, and beliefrevision [20℄. In either 
ase, a distin
tion 
an be made between a problem with 
onjun
tive eviden
e,whi
h is a partial assignment E to some of the variables (presumably observed values for some of thevariables), and a reasoning problem with no eviden
e (or null eviden
e). The belief updating problemis: 
ompute marginal distributions for all variables given the eviden
e, i.e. 
ompute P (X = xjE)for all X 2 V and for ea
h value x 2 D(X). Belief revision, also 
alled most probable explanation(MPE), is �nding the assignment A to all the variables that maximizes P (AjE). We dis
uss only thebelief updating problem, although our method and results may also be appli
able to belief revision.We will be dealing in this paper with spe
i�
 network topologies and their extensions, de�nedbelow. A graph G is dire
ted-path singly 
onne
ted (DP-singly 
onne
ted, for short) [23℄ if for everypair of nodes (s; t) in G, there is at most one dire
ted path from s to t (see Figure 1b). The notionDP-singly 
onne
ted topology is somewhat more general than singly 
onne
ted (polytree) topology(for whi
h reasoning is known to be easy [17℄): The requirement for polytree is that there be at mostone path from s to t in the underlying undire
ted graph (see Figure 1a). Clearly, all polytrees areDP-singly 
onne
ted, but not vi
e versa. For example, the network in Figure 1b is not a polytree,even though it is DP-singly 
onne
ted. 2
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onne
ted + sele
tor (d) DP-singly 
onne
ted + non-root sele
torFigure 1: Several topologies of Bayes networksWe 
onsider a 
lass of Bayesian networks arising from appli
ations where the reasoning systemneeds to address an external event (e.g. a user) making a sele
tion, i.e. for
ing no more than one ofthe network variables into a spe
i�
 state. The a-priori sele
tion distribution, or its dependen
e onsome variables, is known - but for simpli
ity we initially assume the former. The a-priori distributionis modeled by a sele
tor variable S with no parents. Without loss of generality, let the set of 
hildrenof S be all the other nodes in the network. The domain of S is the union of the domains of all its
hildren, plus a spe
ial value ?. When S has a spe
i�
 value (some value other than ?), one of its
hildren is for
ed to the respe
tive value. When S has the value ?, no variable is for
ed (indi
atingno sele
tion).Formally, let B be a Bayes network over the variables fX1; : : : ; Xn; Sg with S being a sele
torvariable. We initially assume for simpli
ity that S is a root node (i.e. has no parents), although thisassumption is relaxed later on. We also assume for 
larity that the domains of the Xi variables aredisjoint, where their values are denoted xi;j , with 1 � j � jD(Xi)j, respe
tively. The domain of Sis D(S) = Sni=1D(Xi) [ f?g, where S = xi;j means that variable Xi is for
ed to have value xi;j ,while S =? means no variable is for
ed. The semanti
s of having the sele
tor as a parent is:P (Xi = xi;j jPa0(Xi)) = 8><>:1; S = xi;j0; S = xi;k ; k 6= jMXi(xi;j jPa(Xi)); otherwisewhere Pa0(Xi) are the parents of Xi in B, and Pa(Xi) = Pa0(Xi) n fSg. The probabilitiesMXi(xi;j jPa(Xi)) are a probability table denoting 
onditional probabilities of Xi given its parentsfor the 
ase that S does not sele
t Xi.Note the mutual ex
lusion - the sele
tor for
es only at most one variable. Also, note the following
ontext-spe
i�
 independen
e - if S is known not to sele
t (for
e) some variable Xi, then Xi be
omes3



independent of S given the state of the other parents of Xi. Our algorithms takes advantage of bothproperties. Observe that there is no need to maintain an expli
it 
omplete probability tableM 0Xi forXi given all its parents Pa0(Xi) - it is suÆ
ient to keep the table for Xi given its parents ex
ludingS (for the state S = ?). That is be
ause the expli
it array M 0Xi would 
ontain numerous identi
al
opies of MXi .In this paper we 
onsider belief updating in two 
lasses of BNs with sele
tors:� Networks that ex
luding the sele
tors form dire
ted-path singly 
onne
ted graphs, with nulleviden
e.� Networks that ex
luding the sele
tors form a polytree, with arbitrary 
onjun
tive eviden
e.For these two problem 
lasses we show how belief updating 
an be done in linear time, while quadrati
time would be needed without the mutual ex
lusion requirement.3. Updating for DP-singly-
onne
ted+Sele
tor with Null Eviden
eLet B be a Bayes network over the variables fX1; : : : ; Xn; Sg, with S being a root sele
tor variableas de�ned above, and su
h that B n fSg is DP-singly 
onne
ted (see Figure 1
). Our problem hereis to 
ompute the marginal probabilities P (Xi) with no eviden
e.Consider any arbitrary node Xi. We distinguish between the three following 
ases, and analyzethem separately:1. Hi (where S for
es (sele
ts) Xi),2. H+i (where S for
es an an
estor of Xi in B),3. Hi (S does not for
e Xi, nor its an
estors).Clearly, the hypotheses Hi, H+i , and Hi 
onstitute a disjoint 
over of all possible values of S, andthus: P (Xi = xi;j) = P (Xi = xi;j ; Hi) + P (Xi = xi;j jH+i )P (H+i ) + P (Xi = xi;j jH i)P (H i) (1)The 
ase of Hi is straightforward:P (Xi = xi;j ; Hi) = P (S = xi;j ; Hi) = P (S = xi;j) (2)where the �rst equality o

urs be
ause on
e we know Hi, (i.e. that Xi is for
ed), then Xi = xi;jo

urs with probability 1 when S = xi;j , and with probability 0 otherwise. The se
ond equalityo

urs be
ause the event S = xi;j logi
ally entails Hi.Now 
onsider the 
ase of H i. Denote by D(Pa(Xi)) the set of all 
omplete assignments (of valuesto variables) on Pa(Xi), i.e. the 
ross produ
t of all the domains of the variables Pa(Xi). Observethat (by de�nition of H i):P (Xi = xi;j jHi) = P (Xi = xi;j jS =?)= Xv2D(Pa(Xi))MXi(xi;j jv) YXm2Pa(Xi)P (Xm = v(Xm)jS =?) (3)where the notation v(Xm) denotes the element of v indexed by Xm. Note that the �rst equalityin Equation 3 is due to the fa
t that, knowing that no an
estors of Xi are for
ed, the additional4



(a) (b)Figure 2: Sele
tion events on a DP-singly 
onne
ted Bayes network: (a) A DP-singly 
onne
ted BN(ar
s outgoing from S are omitted); (b) Partition of sele
tion events with respe
t to thevariable X on the BN from (a).knowledge that no node is for
ed does not further a�e
t Xi. This issue is treated formally lateron - see Lemma 1 in the appendix. Evaluating Eq. 3 is equivalent to the standard null-eviden
ebelief propagation for polytree Bayes networks (i.e. passing only �-messages [17℄), resulting from
onditioning on S =?.Finally, 
onsider H+i , assuming P (H+i ) > 0. (If P (H+i ) = 0, we do not need to evaluate P (Xi =xi;j jH+i ) below, as the whole se
ond additive term in Equation 1 be
omes 0.) By 
onditioning onall possible assignments on Pa(Xi) we get:P (Xi = xi;j jH+i ) = Xv2D(Pa(Xi))P (Xi = xi;j jv; H+i )P (vjH+i )= Xv2D(Pa(Xi))P (Xi = xi;j jv)P (vjH+i )= 1P (H+i ) Xv2D(Pa(Xi))P (Xi = xi;j jv)P (v; H+i ) (4)Observe that the hypothesis H+i 
an be further de
omposed as follows:H+i = [Xm2Pa(Xi) (Hm [H+m)and, sin
e B n fSg is DP-singly 
onne
ted, the above de
omposition is a disjoint 
over. Hen
e, forea
h v 2 D(Pa(Xi)), the term P (v; H+i ) in Eq. 4 
an be de
omposed as follows:P (v; H+i ) = XXm2Pa(Xi)P (vjHm)P (Hm) + XXm2Pa(Xi)P (vjH+m)P (H+m) (5)The �rst and the se
ond terms in Eq. 5 distinguish between for
ing a parent Xm of Xi, andfor
ing one of the an
estors of Xm, respe
tively. Now we rewrite Eq. 4 using the de
omposition inEq. 5, while 
hanging the order of summation, to get:5



P (Xi = xi;j jH+i ) = 1P (H+i ) XXm2Pa(Xi)0� Xv2D(Pa(Xi)) P (Xi = xi;j jv)P (vjHm)P (Hm) +Xv2D(Pa(Xi))P (Xi = xi;j jv)P (vjH+m)P (H+m)1A (6)The only terms in Eq. 6 that are not trivial are P (vjHm) and P (vjH+m). Re
all that B n fSg isDP-singly 
onne
ted, and thus the parents of Xi are independent given Hm, and likewise for H+m.Thus we have:P (vjHm) = P (Xm = v(Xm)jHm)P (Hm) YXk2Pa(Xi)nfXmgP (Xk = v(Xk)jHk)P (vjH+m) = P (Xm = v(Xm)jH+m)P (H+m) YXk2Pa(Xi)nfXmgP (Xk = v(Xk)jHk)All terms 
an now be 
omputed re
ursively. To 
ompute marginal probabilities for all variableseÆ
iently, pro
eed top-down instead, as shown in Figure 3.DPSC+Sele
torTopologi
ally sort the Bayes net B,i.e. make Xm 2 Pa(Xi)) i > m.for i = 1 to n doP (Hi) =Pxi;j2D(Xi) P (S = xi;j)P (H+i ) =PXm2Pa(Xi) (P (Hm) + P (H+m))P (H i) = 1� P (Hi)� P (H+i )forea
h xi;j 2 D(Xi) doCompute P (Xi = xi;j jH+i ) using Eq. 6.Compute P (Xi = xi;j jH i) using Eq. 3.Compute P (Xi = xi;j) using Eq. 1.Figure 3: Algorithm for belief propagation in sele
tor-enhan
ed DP-singly 
onne
ted BNs with nulleviden
e.Theorem 1 Let B be a Bayes network over the variables fX1; : : : ; Xn; Sg with S a sele
tor variable,su
h that BnfSg is DP-singly 
onne
ted with both in-degree and domain for variables fX1; : : : ; Xn; gbounded by a 
onstant. Then algorithm DPSC+Sele
tor 
omputes the marginal probabilities P (Xi),for 1 � i � n, with no eviden
e, in time linear in n.Proof: Immediate - observe that the algorithm loops n times, and ea
h equation takes 
onstanttime to 
ompute, using previously 
omputed terms (assuming in-degree and variable domain size(ex
luding S) bounded by a 
onstant). Topologi
al sort also takes linear time. 2The 
omplexity of DPSC+Sele
tor is a fa
tor of n better than the optimal respe
tive 
ut-set
onditioning s
heme, where the 
ut-set would be the singleton set fSg, and where we would need toperform one propagation for ea
h possible state of S. Assuming bounds on the in-degree and domain
ardinality allows us to take O(n) as the size of the network. In the standard polytree algorithm,6



taking the size of the network to in
lude the size of the CPTs (possibly exponential in the in-degree),allows one to drop these assumptions. Although a similar argument 
an be made in our 
ase, ouralgorithm has a further multipli
ative fa
tor (the in-degree) in the equations, and we thus 
annotquite 
laim linear time for unbounded in-degree, but 
an drop the requirement on domain size.4. Updating in Polytree+Sele
tor with Conjun
tive Eviden
eAllowing unrestri
ted 
onjun
tive eviden
e 
ompli
ates the 
omputation 
onsiderably. For DP-singly
onne
ted networks, belief updating with eviden
e is NP-hard [23℄, thus we 
annot expe
t to solvethe problem in linear time, even without the additional sele
tor variable. Observe that eviden
e ator below \
onverging" nodes (e.g. X5; X7 in Figure 1d), also 
alled diagnosti
 eviden
e, tends to
reate further dependen
ies, thereby also in
reasing the 
omplexity. Nevertheless, if the network(ex
luding S) is a polytree, eÆ
ient belief updating with unrestri
ted 
onjun
tive eviden
e is stillpossible, and 
an be done in linear time, as shown in this se
tion.Without loss of generality, we assume that the sele
tor S is a parent of all nodes in B. The beliefupdating pro
edure DPSC+Sele
tor for the null eviden
e 
ase uses a re�nement of the Kim andPearl algorithm [20℄ that exploits only �-like (i.e. top-down) messages. Here we extend the s
hemeto work with a re�nement of both � and � messages, as well as additional message types, in orderto handle the introdu
tion of eviden
e.We begin by introdu
ing some ne
essary notation on partitions of the set of eviden
e nodes. Fora node X , let U be an arbitrary parent of X , and Y an arbitrary 
hild of X . In order to denotepartial eviden
e, we use notation similar to Pearl's:Notation Meaninge+X Eviden
e upstream from Xe�X Eviden
e downstream from XeU+X Eviden
e upstream from X via UeY�X Eviden
e downstream from X via YThe above notation for partial eviden
e is depi
ted in Figure 4a, while Figure 4b depi
ts thedynami
s of � and � messages as in [20℄. Note that by the term \via U" above, we mean eviden
eat nodes that are rea
hable from X in the polytree only through U , whi
h may be either upstreamor downstream from U 's perspe
tive. Although the terminology we use is standard in [20℄ andnumerous related publi
ations, the term \upstream" (resp. \downstream") does not always 
onformto one's intuitive understanding of the term. For example, in Figure 4a, eviden
e at node Y isupstream from node Y 0, but eviden
e at node Y 0 is upstream from Y . That is be
ause the term\upstream" refers only to the dire
tion of the �rst edge on the path, and in both 
ases above the�rst edge is an in
oming edge.In the above spe
i�
ation, we ignore S, whi
h may 
reate some paths in addition to the polytreepaths (see the partition in Figure 5b). In order not to 
ompli
ate the notation even further, followingPearl [20℄, we assume that all eviden
e is in spe
ially introdu
ed dummy leaf nodes1. These dummynodes are thus never 
hildren of S.In addition, we need to denote 
olle
tive sele
tion events. Node S sele
ts some domain value ofat most one node in B. Similar to the treatment for eviden
e (see Figures 5a and 5b):1. Sin
e ea
h of these dummy nodes have only one parent and no 
hildren, and we do not need to 
ompute theirmarginal distribution, it is suÆ
ient to have ea
h dummy eviden
e node send a � message. Spe
i�
ally, tointrodu
e eviden
e Xi = xi;j , add dummy node X0i as a 
hild of Xi, sending the message �X0i!Xi = Æj , a ve
torof dimension jD(Xi)j that is all zeros, ex
ept for position j where the value is 1. The only di�eren
e on how wetreat eviden
e nodes is in that we have several types of � messages - but for a dummy node all � messages areequal to Æj . 7



(a) (b)Figure 4: Partial eviden
e with respe
t to the variable X (a), and the dynami
s of the standard �and � messages as in [20℄ (b).Notation Denotes the eventS0 S does not sele
t any variable-valueSX S sele
ts (for
es) some (undetermined) value of XSX=x S sele
ts a spe
i�
 value x 2 D(X) for XS+X Sele
tion of a variable upstream from XS�X Sele
tion of a variable downstream from XS0�X Sele
tion of a variable downstream from X or no variable is sele
ted (i.e. S0�X = S0SS�X)SU+X Sele
tion of a variable upstream from X rea
hable in the polytree only through USY�X Sele
tion of a variable downstream from X rea
hable only through YNote that sin
e at most one variable is sele
ted and B n fSg forms a polytree, the set A =fS0; SX ; S+X ; S�Xg 
onsists of disjoint events. In addition, if the network (without S) is 
onne
ted, aswe assume hen
eforth, A is a probability spa
e, and thus the sum of probabilities over A is 1. Theevents denoted with S and its subs
ript and supers
ript above are not the same as the H notationused in Se
tion 3 for the null eviden
e 
ase (there, we used H+X to denote sele
tion of a variable thatis an an
estor of X).We need to 
ompute P (X jE): for ea
h node X , the probability given the eviden
e E. Sin
e alleviden
e is in spe
ially introdu
ed dummy nodes, we 
an assume without loss of generality that Xis not an eviden
e node. Thus, following [20℄:P (X jE) = P (X; e+X ; e�X)P (E) = P (e�X jX; e+X)P (X je+X)P (e+X )P (E) = �P (e�X jX; e+X)P (X je+X) (7)where � = P (e+X )P (E) is a 
onstant that need not be 
omputed dire
tly - it 
an be found indire
tly bynormalizing P (X jE) over all values in the domain of X [20℄. Pearl's propagation algorithm now
omputes the ne
essary two terms separately, as we do here. We will denote some 
omputed terms8



(a) (b)Figure 5: Illustration of notation for (
olle
tive) sele
tion events.as \messages", in a manner similar to � and � messages in [20℄. However, our notation is extendedby requiring additional message types, signifying states of the sele
tor variable. Figure 6 illustratesthese message types, formally des
ribed below (Figure 4b depi
ts message types 
orresponding to� and � messages as in [20℄, while Figure 6 illustrates most of our message types). In the tablebelow, we list the messages, their denotation, and their type (s
alar, or ve
tor with one elementfor ea
h value in the domain of the respe
tive variable). The messages whi
h the Kim and Pearlalgorithm would use in the polytree resulting from the removal of S, are also pointed out { thesehave a supers
ript of 0, denoting that S sele
ts no variable.Message Denotes the probability Type Equivalent in Kim and Pearl algorithm (if any)�0U!X P (U jeU+X ; S0) Ve
tor � message from U to X (their notation: �X(U))�+U!X P (U jeU+X ; SU+X ) Ve
tor�0X P (X je+X ; S0) Ve
tor Cumulative � message at X (their notation: �(X))�+X P (X je+X ; S+X) Ve
tor�X P (X je+X) Ve
tor�0X!U P (eX�U jU; S0) Ve
tor � message from X to U (their notation: �X(U))�0X P (e�X jX;S0) Ve
tor Cumulative � message at X (their notation: �(X))��X!U P (eX�U jSX�U ; U) Ve
tor�X P (e�X jX; e+X) Ve
tor�e0U!X P (eU+X jS0) S
alar�e+U!X P (eU+X jSU+X ) S
alar�e+X P (e+X jS+X) S
alar�e0X P (e+X jS0) S
alar�X P (SX je+X) S
alar�+X P (S+X je+X) S
alar�0�X P (S0�X je+X) S
alarFinally, we will 
ontinue to use the notation MX to denote the CPT for variable X given nosele
tion, Pa(X) to denote parents of X ex
luding the sele
tor, and introdu
e the notation Ch(X)to denote the 
hildren (immediate su

essors) of X .9



Figure 6: Message types for updating in polytree+sele
tor with 
onjun
tive eviden
e.4.1 Computing �X = P (X je+X)The Kim and Pearl algorithm 
onsiders all instantiations to parents of X , and then all pie
es ofupstream eviden
e are independent due to the polytree property. We 
annot do that, due to S.Simply 
onditioning on S is no good, as we wish to avoid the order n 
omplexity penalty fa
tor (asS has O(n) values). Instead, we 
ondition based on the following partition: S = SX [ S+X [ S0�X , toget:P (X je+X) = P (X jSX ; e+X)P (SX je+X) + P (X jS+X ; e+X)P (S+X je+X) + P (X jS0�X ; e+X)P (S0�X je+X) =P (SX=x)P (SX) �X + �+X�+X + �0X�0�X (8)where P (X jS0�X ; e+X) = P (X je+X ; S0) = �0X holds be
ause X is independent of S given e+X when S isknown not to sele
t a variable upstream from X (see Appendix for details).A
hieving an e�e
tive algorithm requires eÆ
ient 
omputation of the above � messages:Theorem 2 The � messages relation to � messages are as follows:�X = P (SX je+X) = �e0X P (SX)P (e+X) (9)�0�X = P (S0�X je+X) = �e0X P (S0�X )P (e+X) (10)�+X = P (S+X je+X) = 1P (e+X) XU2Pa(X)P (SU+X )�e+U!X YW2Pa(X)nfUg�e0W!X (11)where P (e+X) is su
h that �X + �0�X + �+X = 1. 10



For a proof of the above theorem, see Appendix. In addition, we need to evaluate the � messages:Theorem 3 The ve
tor � messages 
an be 
omputed re
ursively using other � messages and �messages as follows:�+X = P (X jS+X ; e+X) = 1�+XP (e+X) XU2Pa(X)P (SU+X )�e+U!X �0� Xv2D(Pa(X))MX(X jv)�+U!X (v(U)) YW2Pa(X)nfUg �e0W!X�0W!X (v(W ))1A (12)�+U!X = P (U jSU+X ; eU+X ) = 1P (SU+X )�e+U!X YW2Ch(U)nfXg�0W!U �24�e+U �+UP (S+U ) + �e0U 0�P (SU=u) + �0U XV 2Ch(U)nfXgP (SV�U )��V!U�0V!U1A35 (13)where the latter is based on the partition SU+X = SU[S+U [(S�U nSX�U ) - see Appendix for details. Themessages �0X and �0U!X were developed in [20℄ - the equations are repeated below for 
onvenien
e:�0X = Xv2D(Pa(X))MX(xjv) YU2Pa(X) �0U!X (14)�0U!X = ��0U YW2Ch(U)nfXg�0W!U (15)with � a normalizing 
onstant, su
h that the sum of �0U!X over the domain of U is 1.Theorem 4 The s
alar � eviden
e messages 
an be 
omputed re
ursively using other � messagesand � messages as follows:�e+U!X = P (eU+X jSU+X ) = 1P (SU+X ) Xu2D(U) �0X(u)�0X!U (u) �24�e+U �+U (u)P (S+U ) + �e0U 0�P (SU=u) + �0U (u) XW2Ch(U)nfXgP (SW�U )��W!U (u)�0W!U (u)1A35 (16)�e+X = P (e+X jS+X) = P (S+X je+X)P (e+X)P (S+X) = 1P (S+X) XU2Pa(X)P (SU+X )�e+U!X YW2Pa(X)nfUg�e0W!X (17)�e0U!X = P (eU+X jS0) = �e0U Xu2D(U)�0U (u) YW2Ch(U)nfXg�0W!U (u) (18)�e0X = P (e+X jS0) = YU2Pa(X)P (eU+X jS0) = YU2Pa(X)�e0U!X (19)11



Theorem 5 The ��X!U message, from an arbitrary node X to an arbitrary parent U 
an be 
om-puted as follows:��X!U = P (eX�U jSX�U ; U) = �e0XP (SX�U )�e0U!X Xx2D(X)24P (SX=x)�0X (x) + Xv2D(Pa(X)nfUg)MX(xjv; U) �0�P (S�X)��X (x) YZ2Pa(X)nfUg �0Z!X (v(Z)) +�0X (x) XZ2Pa(X)nfUgP (SZ+X )�e+Z!X�+Z!X (v(Z))�e0Z!X YW2Pa(X)nfU;Zg�0W!X (v(W )))1A35 (20)Theorem 6 The total message ��X ! U 
an be 
omputed as follows:��X = P (e�X jS�X ; X) = 1P (S�X) XY 2Ch(X)P (SY�X )��Y!X YW2Ch(X)nfY g�0W!X (21)For 
onvenien
e, the �0 messages, derived in [20℄, appear below:�0X!U = P (eX�U jS0; U) = Xx2D(X)�0X(x) Xv2D(Pa(X)nfUg)MX(xjv; U) YZ2Pa(X)nfUg�e0Z!X�0Z!X (v(Z)) (22)�0X = P (e�X jS0; X) = YY 2Ch(X)�0Y!X (23)Finally, the aggregated marginal sele
tor probabilities are 
omputed re
ursively as follows:P (SU+X ) = P (SU ) + XW2Pa(U)P (SW+U ) + XV 2Ch(U)nfXgP (SV�U ) (24)P (SX�U ) = P (SX) + XW2Pa(X)nfUgP (SW+X ) + XV 2Ch(X)P (SV�X ) (25)P (S+X) = XU2Pa(X)P (SU+X ) (26)P (S�X) = XV 2Ch(X)P (SV�X ) (27)Observe that all equations in this se
tion 
an be evaluated in 
onstant time, assuming boundedin-degree and bounded domain for all variables (ex
ept for S), and that all quantities appearing inthe equations 
an be retrieved in 
onstant time.4.2 Computing �X = P (e�X jX; e+X)In Pearl's algorithm, the term e+X 
an be dropped from the 
onditioning above, as X d-separates theupstream nodes from the downstream nodes. Unfortunately, we 
annot do that due to the 
ommonan
estor S. Nevertheless, after 
onditioning on S aggregate states, we will be able to drop e+X . Wepartition S into the following two aggregate states: S�X , i.e. sele
tion of a variable downstream from12



X , and S0+X , denoting all the rest (i.e. sele
tion at X , upstream of X , or no sele
tion). Thus, by
onditioning on the above aggregate states of S, we have:�X = P (e�X jX; e+X) = P (e�X jS0+X ; X; e+X)P (S0+X jX; e+X) + P (e�X jS�X ; X; e+X)P (S�X jX; e+X)However, eviden
e downstream from X is independent of the eviden
e upstream from X , givenS�X andX (due to Lemma 1 from the Appendix). Likewise for the 
ase S0+X , but additionally, be
ausethere is no sele
tion below X in this 
ase, the probability of the downstream eviden
e is indi�erentto the sele
tion, and we might as well have S0 as the 
onditioning event. Also, the 
onditionaldistribution over the two aggregate states of S must sum to 1, and we get:P (e�X jX; e+X) = P (e�X jS0; X)(1� P (S�X jX; e+X)) + P (e�X jS�X ; X)P (S�X jX; e+X) =�0X(1� P (S�X jX; e+X)) + ��XP (S�X jX; e+X) = �0X + P (S�X jX; e+X)(��X � �0X ) (28)We 
an break down the term P (S�X jX; e+X) as follows, using Bayes:P (S�X jX; e+X) = P (e+X ; X jS�X)P (S�X )P (X je+X)P (e+X) = P (e+X ; X jS�X)P (S�X)�XP (e+X)where all terms have been derived earlier, ex
ept for (using Lemma 1 from the Appendix):P (e+X ; X jS�X) = P (e+X ; X jS0) = P (e+X jS0)P (X je+X ; S0) = �e0X �0XPutting it all together, we get:�X = P (e�X jX; e+X) = �0X + �e0X �0XP (S�X)�XP (e+X) (��X � �0X) (29)Note that the equations hold for stri
tly positive distributions. For distributions 
ontaining zeros,they 
an still be used, but must be applied 
arefully. This is a detailed implementation problem,rather than a 
on
eptual problem: observe that if P (e+X) = 0, then eviden
e probability is zero andvalue of posteriors is unde�ned anyway. Likewise, if we have �X(x) = 0 for some x, there is no needto 
ompute the respe
tive �X (x), as it will be multiplied by zero to get P (X = xjE) = 0.4.3 Polytree+Sele
tor AlgorithmAfter de�ning all the message types above, and developing the equations relating them, the algorithmis straightforward. There are at least two ways to present what is essentially the same algorithm:a) \distributed" message passing, as in [20℄, and b) re
ursive 
omputation, as in [22℄, whi
h is theway we ele
ted to present the algorithm. With the latter option, shown in Figure 7, all messagesare just notational and algorithmi
 
onvenien
es - values to be 
omputed and stored. (As opposedto being sent to other nodes, whi
h is what happens in the distributed version).In the des
ription of the algorithm, by \re
ursively 
ompute and store" applied to a message mi(where i denotes that this is a message from variableXi), we mean the following re
ursive pro
edure:1. Che
k the slot for the message mi in the data stru
ture for Xi, and if not empty, return thestored value.2. Otherwise, use the respe
tive equation for 
omputing the message, by re
ursively 
omputingand storing any message used in the equation.3. Store mi in its respe
tive slot in the data stru
ture for mi, and return mi.13



Polytree+Sele
torfor i = 1 to n doInitialize a storage data stru
ture for Xi, with a slot forall Xi messages, and mark all slots as\empty".for i = 1 to n doRe
ursively 
ompute and store �X = P (Xije+Xi) using equations 8 to 27.Re
ursively 
ompute and store �X = P (e�Xi jXi; e+Xi) using equation 29.For all xi;j 2 D(Xi) 
ompute pj = P (Xi = Xi;j je+Xi)P (e�Xi jXi = Xi;j ; e+Xi)and normalize: P (Xi = Xi;j jE) = pjPk pkFigure 7: Algorithm for belief propagation in sele
tor-enhan
ed polytree BN with 
onjun
tive evi-den
e.Theorem 7 Let B be a Bayes network over variables fX1; : : : ; Xn; Sg with S a sele
tor variable,su
h that B n fSg is a polytree with both in-degree and domain for variables fX1; : : : ; Xn; g boundedby a 
onstant. Let E be arbitrary 
onjun
tive eviden
e. Then algorithm Polytree+Sele
tor 
omputesall marginals P (XijE), for 1 � i � n, in time linear in n.Proof: As argued in the Appendix, the message de�nitions 
ontain no re
ursive referen
es, andall base 
ases are de�ned. Sin
e the total size of all the messages is linear in n, all messages are
omputed at most on
e, and ea
h equation 
ontains a bounded number of terms, the theorem follows.2 Note that in order to avoid 
umbersome details, the algorithm as listed handles only stri
tlypositive distributions (other than 
onditionals given S). In order to apply the algorithm in thepresen
e of zero probabilities, 
are must be taken when using the equations. In some 
ases, a zeroin a denominator means that the marginals are unde�ned and an error should be returned to the
alling program or user. In other 
ases, the zero probability in a denominator also entails that a
omplete expression 
an be dis
arded and need not be evaluated at all. Examples of both thesetypes of o

urren
e 
an be seen at the end of Se
tion 4.2.4.4 ExtensionsAlthough the above algorithms are suÆ
ient for one appli
ation dis
ussed below, it is 
ertainly ofinterest whether the s
heme is appli
able to belief updating in more general topologies, for example,relaxing the assumption that S is a parent of all the other variables, and the assumption that S isa root node. The former is straightforward, and requires only minor adjustments to the equations(namely dropping some terms) - the details are uninteresting. Note, however, that if S is a parentof only m < n nodes, we only gain a fa
tor of m by using our algorithm, rather than a fa
tor of n.Relaxing the assumption that S is a root node is more interesting, and 
an be done as long asall the following 
onditions hold:1. S together with its non-des
endants 
onstitute a polytree T .2. Every path, from any node in T to any des
endent of S, 
ontains S.3. The subgraph G00 indu
ed by the nodes downstream from S is a polytree, or G00 is DP-singly
onne
ted and 
ontains no eviden
e nodes.In these 
onditions hold (for example, see Figure 1d assuming the eviden
e is only at T1 and/orT2), the following simple s
heme still performs 
orre
t belief updating, and takes only linear time:14



1. Compute the probability of S given the eviden
e in T , by (temporarily) removing all des
en-dents of S and performing belief updating on the resulting polytree.2. Temporarily remove from the original network all nodes ex
ept for S and the nodes down-stream, and use the algorithm for DP-singly 
onne
ted+sele
tor if there is no eviden
e down-stream from S, or the algorithm for polytree+sele
tor if downstream eviden
e exists.5. Dis
ussionIn this se
tion, we brie
y outline some appli
ations for sele
tors in Bayes networks, related work,and additional possible extensions for the algorithm as issues for future resear
h.5.1 Appli
ations for our s
hemeThe issue of sele
tors in Bayes networks was raised in trying to predi
t system behavior in so-phisti
ated user-interfa
e type appli
ations, where a user a
tion 
an 
ause more than one systema
tion in response. The predi
tion 
an help to a
hieve better system performan
e by attemptingto optimize system a
tions that are more likely to be exe
uted in the near future. For instan
e,
onsider a database of multi-media do
uments that is a

essed by its users remotely. Large amountsof information must be delivered from the database to the users qui
kly, on demand.To see the issues involved, 
onsider a medi
al re
ord in whi
h (multi-media) patient informationis 
ontinuously gathered, and periodi
ally a

essed by physi
ians (e.g., see [14℄). Ea
h medi
al re
ord
onsists of numerous information 
omponents. Additionally, ea
h 
omponent may also have severalpresentation options that are pre-generated and stored in the database. A typi
al example would bea CT image, whi
h 
an be presented either plain, or segmented. When ta
kling the presentation ofmedia-ri
h information in su
h systems, one should de
ide when and what to present from the whole
ontent of the do
ument.In parti
ular, [11, 12℄ dis
uss an adaptive system that presents multimedia data items and/ormulti-
omponent web pages based on preferential 
onstraints from the author, as well as on usersele
tion. Numerous 
omponents (in some 
ases all 
omponents) are visible to the user, either as apla
eholder (i
on or line of text), or in another form (su
h as a full pi
ture, a text window, et
.).The user 
an point and 
li
k on any of the 
omponents to alter its presentation mode, but 
learly theuser 
an expli
itly request only one su
h 
hange at a time. Following ea
h user a
tion, the system
hanges the presentation based on the user a
tion, but also su
h that the overall presentation isthe most preferred a

ording to the do
ument author's preferential 
onstraints. Due to non-trivialpreferen
e 
onstraints (modeled in this system by a CP-net2), ea
h user a
tion (a sele
tion) mayhave multiple, non-trivial rami�
ations.A key requirement for su
h systems is that the remote users browsing the information be providedwith the qui
kest possible response time to their viewing 
hoi
es. Ideally, we would have liked todownload to the 
lients the whole do
ument ahead of time. However, the bu�er available on the
lient side may be mu
h smaller than the size of the requested multimedia do
uments, and bandwidthlimitations are likely to make downloading even a single do
ument 
omponent upon request a lengthypro
ess. Thus, we should strive to pre-fet
h, during 
ommuni
ation dead-time (i.e. during the timethe user is looking at a 
omponent on the display, but performing no a
tions that require network
ommuni
ation), the 
omponents that are likely to be a part of the do
ument presentation in thenear future.In [13℄ we present the 
orresponding pre-fet
hing me
hanism for system similar to those dis
ussedin [11, 12℄. If a user-model (i.e., a distribution over future user sele
tions) is available, one 
an use it to2. CP-net is a graphi
al model for 
ompa
tly representing preferen
es. Like Bayes networks, CP-nets 
onsist of adire
ted a
y
li
 graph, where ea
h node represents a domain variable. Ea
h node 
ontains a 
onditional preferen
etable, similar in size to a Bayes network CPT. However, the semanti
s of a CP-net is a partial preferen
e orderingover out
omes, rather than a joint probability distribution. See [1, 2℄ for an introdu
tion to CP-nets.15



predi
t the distribution over the required future system a
tions. In su
h a system, we 
an model thelikelihood of alternative do
ument presentations by a probability distribution, 
ompa
tly representedby a Bayes network over the do
ument 
omponents. For the spe
i�
 appli
ations des
ribed above,the Bayes network is derived by 
opying the topology of the CP-net, repla
ing the 
onditionalpreferen
es with the appropriate 
onditional probabilities, and adding the sele
tor node S as aparent of all the variables. Ea
h variable 
orresponds to a 
omponent, and ea
h variable state
orresponds to a presentation mode for that 
omponent. Computing marginals in this network isthus equivalent to �nding the marginal probability of the presentation mode for ea
h 
omponent.This information 
an be used to determine what to deploy to the bu�er on the 
lient side, and whatto remove (suppress) from this bu�er. In the appli
ations outlined above, predi
tion is a
tuallya
hieved by 
omputing marginals without eviden
e. However, we 
an 
ertainly envision 
ases wherethe 
apability for handling eviden
e would be required.Exploiting spe
ial properties of CP-nets in this me
hanism results in a predi
tion s
heme withtime 
omplexity of O(n2d), where n is the (typi
ally large) number of information 
omponents, andd is the (typi
ally small) maximum number of alternative presentation options for ea
h 
omponent.The results of this paper are dire
tly appli
able there, redu
ing time 
omplexity in 
ertain 
ases toO(nd2). Due to the algorithmi
 fo
us of this paper, for the exa
t details of this spe
i�
 predi
tions
heme we refer the reader to [13℄.5.2 Related workSome related work relevant to taking advantage of various belief network spe
ial-
ase 
hara
teristi
sis brie
y dis
ussed below. Our algorithm for belief updating in DP-singly 
onne
ted BNs 
an beseen as an extension of the polytree belief updating algorithm [17℄. In fa
t, some of the quantities
omputed in our algorithm are exa
tly � messages from [17℄, and similar quantities. Likewise, forthe general eviden
e 
ase, our extended algorithm uses both � and � messages, as well as other typesof messages that are spe
i�
 to aggregated states of the sele
tor S.Alternately, one 
an view our algorithm within the framework of re�ned 
onditioning s
hemespresented in [8, 9℄, but where we take additional advantage of 
ontext spe
i�
 independen
e andthe sele
tor properties of S. As written, the s
hemes proposed in [8, 9℄ would still have a quadrati
runtime, even for networks that are polytrees (with one additional 
ommon sele
tor). However, onemay envision using a variant of re
ursive 
onditioning that 
onditions on partitions of S - that maybe an alternate method of solving the problem in linear time, that may also be 
ondu
ive to applyingadvantage of mutual ex
lusion in more general network topologies.Yet another way to look at our algorithm is within the framework of Symboli
 Probabilisti
Inferen
e (SPI [7℄). Their system attempts to perform (automated) fa
toring of the symboli
 equa-tions for belief updating, and in theory 
ould arrive at results similar to our s
heme. However, thisis unlikely in pra
ti
e, without adding in rules for handling mutual ex
lusion and spe
i�
 sear
hheuristi
s - an interesting issue for future resear
h.Finally, a useful approa
h for exploiting 
ontext-spe
i�
 independen
e in probabilisti
 inferen
eis presented in [21℄. This approa
h is based on the notion of 
ontextual fa
tors that en
ode dynami
dire
t dependen
ies between the variables | whi
h variables a
t as parents may depend on thevalue of other variables. The representation and inferen
e s
heme in [21℄ is attra
tive in 
aseswhere the 
ontextual fa
tors asso
iated with ea
h variables are 
ompa
t. Otherwise, at present, thestandard methods seem to be 
omputationally more eÆ
ient [21℄. In the 
ase of Bayes networks withsele
tors 
onsidered in our work, their algorithm 
an save by representing eÆ
iently the dependen
yof ea
h node on the sele
tor. Spe
i�
ally, on
e partial information is known about the sele
tor state,many nodes in the network be
ome 
ontextually independent of the sele
tor. However, [21℄ addressthe issue of multi-valued variables only partially, and 
ertainly do not address mutual ex
lusion,a notion whi
h is tangential to the notion of 
ontextual independen
e. Thus, for the networks weare 
onsidering, their s
heme (as it 
urrently stands) would still run in quadrati
 time, whereas our16



algorithm works in linear time. In future work, one 
ould potentially apply the notion of mutualex
lusion within the framework of [21℄ and possibly gain the advantages of both s
hemes.5.3 Possible algorithm generalizationsWe brie
y dis
uss other possible future extensions to our algorithm. First, 
onsider the 
ase wherethere is more than one sele
tor variable, in order to model more than one user sele
tion (or otherexternal event). If the topology is still DP-singly 
onne
ted, ex
ept for the 
ommon sele
tor variables,it seems that the above methods 
an still apply, but with a signi�
antly larger number of 
asesto handle. For m sele
tors, this 
omplexity should be nKm for some small 
onstant K. Thisis exponential in m, but 
omplexity of existing algorithms will be O(nm+1), so our s
heme haspotential here.Relaxing the assumption that a sele
tor a�e
ts only one variable at a time is also of interest. Itshould be possible to extend the s
heme to some 
ases where the sele
tor a�e
ts a small boundednumber of nodes for ea
h state of the sele
tor, at the 
ost of a 
ertain performan
e penalty. The
onditions under whi
h this would work are an issue for future resear
h. Further possible extensionswould be to 
onsider dependent sele
tors, as well as other topologies. In a general topology, with onesele
tor, one 
ould apply a join-tree algorithm to the network (ex
luding S). Possibly, some formof mutual ex
lusion 
an be used for the resulting join-tree in the presen
e of S. Due to 
lusteringe�e
ts, the mutual ex
lusion property may hold only partially, but it may still be possible to use itto gain some performan
e improvement. Finally, it may be possible to take advantage of forms ofmutual ex
lusion other than sele
tors.6. SummaryWe examined a spe
ial 
ase of Bayes network used in an appli
ation that requires predi
tion of
omponent values, or system a
tions, in order to improve system performan
e in some 
riteria (su
has average response time). One su
h appli
ation, adaptive multimedia presentation, was brie
ydis
ussed.Su
h networks have a sele
tor variable S as a parent of all other nodes. In parti
ular, we examine
ases where the network (ex
luding S) is singly 
onne
ted. Belief updating in Bayes networks withthis topology, 
an be done by 
onditioning on S in quadrati
 time, whi
h is the best that existingalgorithms 
an a
hieve. However, if the relationship between S and its 
hildren is su
h that Sonly a�e
ts at most node at a time, one 
an use the resulting mutual ex
lusion and 
ontext-spe
i�
independen
e - whi
h we have done, resulting in a linear-time algorithm for belief updating in thistopology.Two variants of the algorithm were dis
ussed. The �rst works for all networks that have dire
ted-path singly 
onne
ted topology (ex
luding the sele
tor). For su
h networks, our algorithm worksin linear time if there are no eviden
e nodes. The se
ond variant works in networks with arbitrary
onjun
tive eviden
e, but in this 
ase only for the more restri
ted 
ase of polytree topology (again,ex
luding the sele
tor).Our work leaves several interesting avenues for future work, from generalizing to several sele
torvariables, to other types of mutual ex
lusion. Taking advantage of mutual ex
lusion in networksthat are multiply 
onne
ted is also an interesting 
hallenge.A
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those of the author and should not be interpreted as ne
essarily representing the oÆ
ial poli
ies orendorsements, either expressed or implied, of the U.S. Government.AppendixThe message equations are derived in this appendix, proving the theorems in Se
tion 4. We beginwith a 
ontext-spe
i�
 independen
e lemma, used to argue independen
e throughout.Lemma 1 Let S be some knowledge about the sele
tion, stating that S is known not to sele
t a setof variables X . Let BS be a Bayes network graph resulting from removing all ar
s in B from node Sto all variables in set X . Let Z be an arbitrary set of nodes in B, and X;Y be any two nodes in Bthat are not in Z. If X is d-separated from Y given Z in BS, then X is independent of Y given Zand S in B.Proof: The idea is that for 
ases where S is known not to sele
t a set of variables X , we 
an repla
eS by two nodes - 
all them SX and S:X . The former, SX is a new root node, that has as 
hildren allnodes in X , as well as the node S:X . The node S:X has as 
hildren all nodes ex
ept for SX and thenodes in X . Let D(SX ) = SX2X D(X) [?, and D(S:X ) = D(S)�D(SX ) [?. All 
hildren of thenodes SX , S:X retain the same 
onditional probabilities. The distribution P (S:X jSX = ?) is equalto the posteriors over S given that S does not sele
t any variable in X . Conditional probabilitiesgiven other values of SX 
an be set arbitrarily. (Note that the 
ardinality of S:X may be smallerthan that of S, but the values of S not represented in S:X have a posterior probability of 0.) In thenew network, add as eviden
e SX = ?, denoting that no variable in X is sele
ted. By 
onstru
tion,the distribution of the new network with this eviden
e is equal to that of the original networkgiven that S is known not to sele
t a set of variables X . Thus, d-separation in the new networkimplies independen
e in the original network. Spe
i�
ally, SX is an eviden
e root node, and thusall undire
ted paths passing through this node are blo
ked. Thus, as far as testing d-separation is
on
erned, we 
an drop SX and all its ar
s from the network. The topology of the resulting networkis the same as that of BS , proving the lemma. 2We pro
eed with the derivation of equation 8, repeated below for 
onvenien
e.P (X je+X) = P (X jSX ; e+X)P (SX je+X) + P (X jS+X ; e+X)P (S+X je+X) + P (X jS0�X ; e+X)P (S0�X je+X) =P (SX=x)P (SX ) �X + �+X�+X + �0X�0�XWe 
laimed that P (X jS0�X ; e+X) = P (X jS0) = �0X holds be
ause X is independent of S given e+Xwhen S is known not to sele
t a variable upstream from X . This is shown by using Lemma 1, asfollows. Let X be the set all nodes upstream from X , as well as X itself. A

ording to Lemma 1, we
an remove all ar
s from S to X before testing d-separation. In the modi�ed network, every simplepath from X to S:X must pass only through nodes downstream from X , sin
e the original network(without S) is a polytree. Sin
e all eviden
e in e+X is upstream from X , the above paths must all beblo
ked, and thus X is d-separated from S:X given S0�X ; e+X , and independen
e holds as required.In the derivation of the �rst term, we have P (X jSX ; e+X) = P (SX=xjSX ; e+X), be
ause on
e weknow SX , i.e. that S sele
ts a value for X , the distribution of X follows the sele
tion deterministi-
ally. Now, using an argument similar that used in the proof of Lemma 1 we 
an 
on
lude that thesele
tion is independent of e+X given SX , and thus:P (X jSX ; e+X) = P (SX=xjSX) = P (SX=x; SX)P (SX ) = P (SX=x)P (SX)Putting it all together 
ompletes the derivation of equation 8, 
omputing P (X je+X).18



Proof of Theorem 2: Starting with P (S0�X je+X), we have, using Bayes:P (S0�X je+X) = P (e+X jS0�X )P (S0�X )P (e+X) = P (e+X jS0)P (S0�X )P (e+X) = �e0X P (S0�X )P (e+X)where the se
ond equality follows from Lemma 1 - independen
e given that we know that there isno sele
tion upstream from X . Computing P (SX je+X) is similar to the above:P (SX je+X) = P (e+X jSX)P (SX)P (e+X) = P (e+X jS0)P (SX )P (e+X) = �e0X P (SX)P (e+X)To 
ompute P (S+X je+X) we sum over sele
tion events:P (S+X je+X) = XU2Pa(X)P (SU+X je+X)and pro
eed to 
ompute ea
h term using Bayes equation:P (SU+X je+X) = P (e+X jSU+X )P (SU+X )P (e+X)The �rst numerator term de
omposes (due to Lemma 1):P (e+X jSU+X ) = YW2Pa(X)P (eW+X jSU+X ) = P (eU+X jSU+X ) YW2Pa(X)nfUgP (eW+X jS0)= �e+U!X YW2Pa(X)nfUg �e0W!X2Proof of Theorem 3: Pro
eeding with derivation of equation 12, by 
onditioning on sele
tion inthe subtree an
hored at ea
h of Pa(X) , we have:�+X = P (X jS+X ; e+X) = XU2Pa(X)P (X jSU+X ; e+X)P (SU+X jS+X ; e+X) =XU2Pa(X)P (X jSU+X ; e+X)P (SU+X )P (e+X jSU+X )P (e+X)P (S+X je+X) = XU2Pa(X)P (X jSU+X ; e+X) P (SU+X )P (e+X)�+X YW2Pa(X)P (eW+X jSU+X )= 1P (e+X)�+X XU2Pa(X)P (X jSU+X ; e+X)P (SU+X )�e+U!X YW2Pa(X)nfUg �e0W!XFor the �rst term in the summation above we have, by 
onditioning on assignments to parents of X :P (X jSU+X ; e+X) = Xv2D(Pa(X))P (X jv; SU+X ; e+X)P (vjSU+X ; e+X) = Xv2D(Pa(X))P (X jv; S0)P (vjSU+X ; e+X)and where the last term 
an be further de
omposed:P (vjSU+X ; e+X) = P (v(U)jSU+X ; eU+X ) YW2Pa(X)nfUgP (v(W )jS0; eW+X )19



= �+U!X (v(U)) YW2Pa(X)nfUg �0W!X (v(W ))where �+U!X (v(U)) denotes the element of the (ve
tor) message indexed by v(U). Substituting theabove results into the pre
eding equations results in equation 12.Now to derive equation 13. We have:�+U!X = P (U jSU+X ; eU+X ) = P (U; SU+X ; eU+X )P (SU+X ; eU+X ) = P (U; SU+X ; eU+X )P (SU+X )P (eU+X jSU+X ) = P (U; SU+X ; eU+X )P (SU+X )�e+U!XThe numerator be
omes, by further partitioning S:P (U; SU+X ; eU+X ) = P (U; SU ; eU+X ) + P (U; S+U ; eU+X ) + XV 2Ch(U)nfXgP (U; SV�U ; eU+X ) (30)Beginning with the �rst term in Eq. 30, we note that it is 0 whenever the value for U is not equalto the value sele
ted in S, and that sele
ting a value for U in S results in U having that value withprobability 1. Thus:P (U = u; SU ; eU+X ) = P (SU=u; eU+X ) = P (eU+X jSU=u)P (SU=u)The �rst term be
omes:P (eU+X jSU=u) = P (e+U jSU=u) YW2Ch(U)nfXgP (eW�U jU = u; S0)= �e0U YW2Ch(U)nfXg�0W!U (u)where the last equality follows from Lemma 1 and message de�nitions. Now, to the se
ond term inEq. 30: P (U; S+U ; eU+X ) = P (S+U )P (U; eU+X jS+U ) = P (S+U )P (U; e+U ; [W2Ch(U)nfXg eW�U jS+U )= P (S+U )P (e+U jS+U )P (U je+U ; S+U ) YW2Ch(U)nfXgP (eW�U jU; S0)= P (S+U )�e+U �+U YW2Ch(U)nfXg�0W!UThe elements of the summation in Eq. 30 are re-written:P (U; SV�U ; eU+X ) = P (SV�U )P (U; eU+X jSV�U ) = P (SV�U )P (U; e+U ; [W2Ch(U)nfXg eW�U jSV�U )= P (SV�U )P (e+U jS0)P (U je+U ; S0)P (eV�U jU; SV�U ) YW2Ch(U)nfX;V gP (eW�U jU; S0)= P (SV�U )�e0U �0U ��V!U YW2Ch(U)nfX;V g�0W!U20



Substituting in all the above results and fa
toring out 
ommon fa
tors, we get equation 13. 2Proof of Theorem 4: We begin with the derivation of �e+U!X . By 
onditioning using a partitionof SUX , we have:�e+U!X = P (eU+X jSU+X ) = P (eU+X jSU )P (SU jSU+X ) + P (eU+X jS+U )P (S+U jSU+X ) + (31)+ XY 2Ch(U)nfXgP (eU+X jSY�U )P (SY�U jSU+X )Now develop ea
h of the 
onditional eviden
e probability terms in Eq. 31, by 
onditioning on U :P (eU+X jSU ) = Xu2D(U)P (eU+X ; U = ujSU ) == P (e+U jSU ) Xu2D(U)P (U = uje+U ; SU ) YY 2Ch(U)nfXgP (eY�U jU = u; e+U ; SU )= P (e+U jS0)P (SU ) Xu2D(U)P (SU=u) YY 2Ch(U)nfXgP (eY�U jU = u; S0)= �e0UP (SU ) Xu2D(U)P (SU=u) YY 2Ch(U)nfXg�0Y!U (u)The se
ond 
onditional eviden
e probability term in equation 31 be
omes by 
onditioning:P (eU+X jS+U ) = Xu2D(U)P (eU+X ; U = ujS+U )= P (e+U jS+U ) Xu2D(U)P (U = uje+U ; S+U ) YY 2Ch(U)nfXgP (eY�U jU = u; e+U ; S+U )= P (e+U jS+U ) Xu2D(U)P (U = uje+U ; S+U ) YY 2Ch(U)nfXgP (eY�U jU = u; S0)= �e+U Xu2D(U)�+U (u) YY 2Ch(U)nfXg�0Y!U (u)We remain with the third 
onditional eviden
e probability term in equation 31 (inside the summa-tion), whi
h be
omes: P (eU+X jSY�U ) = Xu2D(U)P (eU+X ; U = ujSY�U ) == P (e+U jSY�U ) Xu2D(U)P (U = uje+U ; SY�U )P (eY�U jSY�U ; U = u) YW2Ch(U)nfX;Y gP (eW�U jSY�U ; U = u)21



= P (e+U jS0) Xu2D(U)P (U = uje+U ; S0)P (eY�U jSY�U ; U = u) YW2Ch(U)nfX;Y gP (eW�U jS0; U = u)= �e0U Xu2D(U) �0U (u)��Y!U (u) YW2Ch(U)nfX;Y g�0W!U (u)Putting it all together and fa
toring out 
ommon �0 terms, we get equation 16.To derive �e0U!X we 
ondition on U :�e0U!X = P (eU+X jS0) = Xu2D(U)P (eU+X ; U = ujS0)= P (e+U jS0) Xu2D(U)P (U = uje+U ; S0)P ( [Y 2Ch(U)nfXg eY�U jU = u; S0))= �e0U Xu2D(U)�0U (u) YY 2Ch(U)nfXg�0Y!U (u)whi
h results in equation 18.2Proof of Theorem 5: To derive ��X!U , we 
ondition on sele
tion events from the view-point ofX : ��X!U = P (eX�U jSX�U ; U) = P (eX�U ; S0jSX�U ; U) + P (eX�U ; SX jSX�U ; U) + (32)+P (eX�U ; S�X jSX�U ; U) + XZ2Pa(X)nfUgP (eX�U ; SZ+X jSX�U ; U)The �rst term in Eq. 32 is 0, sin
e S0 is in
ompatible with SX�U . For the se
ond term in Eq. 32, wehave:P (eX�U ; SX jSX�U ; U) = P (eX�U jSX ; U)P (SX jSX�U ; U) = P (eX�U jSX ; U)P (SX jSX�U ) = P (eX�U jSX ; U)P (SX)P (SX�U )where the the �rst part of the denominator requires more work. Following Pearl, we will denote byV the (temporarily 
onstru
ted for 
onvenien
e) 
omposite variable 
onsisting of Pa(X) n fUg - i.e.all parents of X ex
luding U .P (eX�U jSX ; U) = Xx2D(X) Xv2D(V )P (eX�U jv; X = x; SX ; U)P (v; X = xjSX ; U)Now, the eviden
e above and below X is d-separated by X and SX from the rest of the eviden
e,as well as from v and U . Likewise, eviden
e above V is separated by V and SX from X , and fromanything below X , and from U . Additionally, sele
tion at X is the same as null sele
tion as far aseviden
e probability is 
on
erned. Thus:P (eX�U jSX ; U) = Xx2D(X) Xv2D(V )P (e�X jX = x; S0)P (eV+X jv; S0)P (v;X = xjSX ; U)22



Now, using Bayes rule, we get:P (eX�U jSX ; U) = Xx2D(X) Xv2D(V )P (e�X jX = x; S0)P (eV+X jS0)P (vjeV+X ; S0)P (vjS0) P (X = xjv; SX ; U)P (vjU; S0)= Xx2D(X) Xv2D(V )P (e�X jX = x; S0)P (eV+X jS0)P (vjeV+X ; S0)P (vjS0) P (X = xjv; SX ; U)P (vjS0)= P (eV+X jS0) Xx2D(X)P (SX=xjSX )P (e�X jX = x; S0) Xv2D(V )P (vjeV+X ; S0)= P (eV+X jS0) Xx2D(X) P (SX=x)P (SX) �0X (x)where: P (eV+X jS0) = YZ2Pa(X)nfUgP (eZ+X jS0) = YZ2Pa(X)nfUg�e0Z!XFor the third term in equation 32, we have:P (eX�U ; S�X jSX�U ; U) = P (eX�U jS�X ; U)P (S�X jSX�U ; U) = P (eX�U jS�X ; U)P (S�X jSX�U )Sin
e the last term above is a simple 
omputation over priors of S, we need only 
onsider the �rstterm - similar to the above method - with V as before:P (eX�U jS�X ; U) = Xx2D(X) Xv2D(V )P (eX�U jv;X = x; S�X ; U)P (v;X = xjS�X ; U)Using d-separation arguments as above, we have:P (eX�U jS�X ; U) = Xx2D(X) Xv2D(V )P (e�X jX = x; S�X )P (eV+X jv; S0)P (v;X = xjS0; U)Now, using Bayes rule, we get:P (eX�U jS�X ; U) = Xx2D(X) Xv2D(V )P (e�X jX = x; S�X)P (eV+X jS0)P (vjeV+X ; S0)P (vjS0) P (X = xjv; S0; U)P (vjS0) =P (eV+X jS0) Xx2D(X)P (e�X jX = x; S�X ) Xv2D(V ) YZ2Pa(X)nfUgMX(xjv; U)P (v(Z)jeZ+X ; S0) =P (eV+X jS0) Xx2D(X)��X(X = x) Xv2D(V )MX(xjv; U) YZ2Pa(X)nfUg�0Z!X (v(Z))In the summation in Eq. 32, evaluating the terms, we have (for Z being an arbitrary parent of X ,ex
luding U): P (eX�U ; SZ+X jSX�U ; U) = P (eX�U jSZ+X ; U)P (SZ+X jSX�U )23



Again, the last term is a simple 
omputation on priors of S, and the �rst term we solve by 
ondi-tioning (again, V is the parent 
omposite variable):P (eX�U jSZ+X ; U) = Xx2D(X) Xv2D(V )P (eX�U jv;X = x; SZ+X ; U)P (v;X = xjSZ+X ; U)Using d-separation arguments as above, we have:P (eX�U jSZ+X ; U) = Xx2D(X) Xv2D(V )P (e�X jX = x; S0)P (eV+X jv; SZ+X )P (v;X = xjSZ+X ; U)Now, using Bayes rule, we get:P (eX�U jSZ+X ; U) = Xx2D(X) Xv2D(V )P (e�X jX = x; S0)P (eV+X jSZ+X )P (vjeV+X ; SZ+X )P (vjSZ+X ) P (X = xjv; S0; U)P (vjSZ+X ) =P (eV+X jSZ+X ) Xx2D(X)�0X(X = x) Xv2D(V )MX(xjv; U)P (vjeV +X ; SZ+X )Now, separating out the nodes in the 
omposite variable V into its 
omponents, W , we have:P (vjeV+X ; SZ+X ) = P (v(Z)jeZ+X ; SZ+X )) YW2Pa(X)nfU;ZgP (v(W )jeW+X ; S0) =�+Z!X (v(Z)) YW2Pa(X)nfU;Zg �0W!X (v(W ))and likewise: P (eV+X jSZ+X ) = P (eZ+X jSZ+X ) YW2Pa(X)nfU;ZgP (eW+X jS0)= �e+Z!X YW2Pa(X)nfU;Zg�e0W!XPutting it all together, we get equation 20 2Proof of Theorem 6: For 
onvenien
e, we will develop the equation for the message ��U instead.By 
onditioning over sele
tion of subtrees an
hored at X , we have:��U = P (e�U jS�U ; U) = XX2Ch(U)P (e�U jSX�U ; U)P (SX�U jS�U ; U) = XX2Ch(U)P (e�U jSX�U ; U)P (SX�U )P (S�U )Due to d-separation of the partial eviden
e given U and the information about the sele
tor, andthat again, on
e we know there is no sele
tion downstream from the subtree an
hored at W , it isequivalent to having state S0, we have:P (e�U jSX�U ; U) = P (eX�U jSX�U ; U) YW2Ch(U)nfXgP (eW�U jS0; U)24



= ��X!U YW2Ch(U)nfXg�0W!USubstituting the last equation into the previous one, and re-writing everything in terms of X ratherthan U , we get equation 21. 2To 
on
lude, we must show that the equations are well de�ned. We use the 
onvention that asum over zero terms is zero, and that a produ
t over zero terms is 1. First, all �X message typesrequire only � messages from parents of X (or no messages, if X is a root node), and priors over thesele
tor - and are thus well de�ned.Next, we need to show that all the � and � messages are well de�ned. In general, sin
e thede�nition pattern follows the s
heme from the Kim and Pearl algorithm [20℄, the set of equationswe use are likewise well de�ned. Spe
i�
ally, examine the � ve
tor messages. �+X uses a � messageand P (e+X), whi
h only need the value of messages from parents of X . It also requires other typesof � messages, but always from parents of X . Message �+U!X requires � messages, but only fromnodes other than X . The same de�nition pattern obviously holds for the �0X and �0U!X messages.In general, the pattern is as follows: generating a message always uses only messages that are 
loserto the external nodes of the polytree. Messages for the most external nodes are the base 
ases, andare always well de�ned. The only ex
eptions to these rules o

ur when we use some expressions asshorthand. For example, in equation 16 whi
h de�nes �e+U!X , we have the term �0X(u)�0X!U (u) whi
h usesa � message from X to U . However, this is just a 
onvenient shorthand, sin
e�0X(u)�0X!U (u) = YW2Ch(X)nfUg�0W!U (u)Referen
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