QUEUES WITH MANY SERVERS AND IMPATIENT CUSTOMERS

AVISHAI MANDELBAUM AND PETAR MOMCILOVIC

ABSTRACT. The many-server queue with abandonments, G/GI/N+GI, is considered in the
Quality- and Efficiency-Driven (QED) regime. Here the number of servers N and the offered-
load R are related via the square-root rule N = R + 3vR + o(\/ﬁ), for some constant 3, as
the number of servers increases indefinitely. QED performance entails short waiting times and
scarce abandonments (high Quality) jointly with high servers’ utilization (high Efficiency),
which is feasible when many servers cater to a single queue. For the G/GI/N+GI queue, we
derive diffusion approximations for both its queue-length and virtual-waiting-time processes.
Special cases, for which closed-form analysis is provided, are the G/M/N+GI and G/D/N+GI
queues, thus expanding and generalizing existing results.

1. INTRODUCTION

The Quality-and-Efficiency Driven (QED) regime achieves, jointly, high levels of system’s
efficiency, as manifested by servers’ high utilization, and service quality, namely customer’s
short waiting times and hence scarce abandonments. QED performance is achievable in
carefully-balanced queueing systems with many servers — indeed, with few servers, efficiency
and quality must be traded off against each other. Within the G/GI/N framework, or more
precisely G/GI/N+GI, the QED regime with abandonments is characterized by the relation
N = R+ VR + o(vV/R), for some scalar 3; here N is number of servers and R is the offered
load, namely the arrival rate multiplied by average service time. (This square-root staffing
relation also characterizes the QED regime without abandonments, but § must be then taken
positive to ensure stability.)

Relevance. Recent interest in multi-server queues with impatient customers is due to their
applicability in modeling medium-to-large-scale customer call/contact centers. In such service
operations, abandonments arise naturally and, in fact, must be accounted for in models (see
Section 2 in [12] for an elaboration). Additionally, well-run call centers are QED [11] or some
relatives of it (e.g. ED+QED, as in [24]). But QED queues also arise beyond call centers. To
wit, waiting time in QED call centers is naturally measured in seconds while service times in
minutes. This one-order time-reduction (from minutes to seconds in the case of call centers) is a
QED characteristic; indeed, it also arises in transportation (searching for parking takes minutes
while parking time is hours) and in healthcare (sojourn times in emergency departments take
hours while hospitalization is days). Significantly, the abandonment phenomenon is relevant
in all these examples, which is perhaps surprising for the latter: yet, a non-negligible fraction
of patients leave emergency departments without being seen by a doctor [13].

Related research. Although the QED regime (without abandonments) can be traced back
to Erlang [9] and Jagerman [16], the regime was first formalized by Halfin and Whitt in [14];
for recent result on the QED regime see [21, 27, 19, 26] and references therein, with Reed’s
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framework [27] for the G/GI/N queue being especially relevant. The M/M/N+M (Erlang-
A) system in the QED regime (with abandonments) was considered in [12]. Extensions to
the model with generally distributed abandonments can be found in [34, 33, 24, 29]. The
M/M/N+G system in the Efficiency-Driven regime was analyzed in [32]; for a summary of
performance measures of this system see [23]. Recently, fluid limits of many-server queues
with abandonment were considered in [18]. Independently of our work, many-server queues
with customer abandonment were investigated in [7], where the focus parallels our Lemma 9
(the authors establish a relation between the abandonment-count and queue-lenght processes).
The literature on queues with abandonments is extensive and includes models with various
features; we refer the reader to the discussions in [12, 33].

Contributions. We consider a G/GI/N+GI system in the QED regime. The limiting scaled
number-of-customers-in-system process is described in terms of a non-linear operator (Corol-
lary 1); a corresponding result for the limiting scaled waiting-time processes (virtual and
offered) is obtained as well (Corollary 2). In the case when there is no abandonment, our
operator coincides with the one earlier obtained in [27].

The proofs of our main results are based on two relations: (i) between corresponding systems
with and without abandonment (Proposition 1), and (ii) between the queue-length and offered-
waiting-time processes (Lemma 9). The first relation, in conjunction with results from [27], is
used to obtain upper bounds for the queue-length and waiting-time processes; the bounds are
tight enough to yield the proper orders of magnitude for QED convergence. This enables us to
approximate the abandonment process, properly centered and scaled (see (14) and Lemma 5).
The approximation in (14), in turn, reveals the QED limit of the abandonment process, which
paves the way to other QED limits. The second relation is central in our paper as it allows one
to circumvent the complex relation between the queue-lenght and the abandonment processes,
which is necessary for obtaining limits of queue lengths. Indeed, the relation is complex since
abandonments are determined by (offered) waiting times which, in turn, depend on queue
length via a “first-passage-time” operator, as in Puhalskii [25] and Talreja and Whitt [30].
Still, one can not directly use [25, 30] to deduce limits of waiting times from those of queue
lengths since we could not analyze the latter in isolation. This is in contrast to [27], which
first derives limits of queue-length, then uses [25] to deduce directly limits of waiting times.

To summarize, Lemma 9 shows that queue-length and waiting times are asymptotically
“close”. Therefore, via Lemma 5 and (14), we express the abandonment process in terms of
queue length. This results in representing the queue length in terms of itself, which is resolved
through a sample-path mapping, as introduced in (25).

The above provides a justification for the need to develop techniques and tools that are
not required in Reed [27], who analyzed the QED G/GI/N queue. More specifically, for the
QED G/GI/N+GI queue, queue length and waiting times must be analyzed jointly, as already
discussed. Then, the mapping (25) that characterizes the limiting queue-length processes gen-
eralizes the one in [27]. (A mapping corresponding to waiting times is introduced in (34).) Our
general result can be made explicit (see Section 5) in two special cases that have not yet been
analyzed: Example 2 provides functional limit theorems that correspond and further general-
ize [33, 34] (which considered M/M/N+GI in steady state); Example 3 adds abandonments
to [21] (which considered process limits for G/D/N). Finally, our results demonstrate that the
role of the patience distribution in the QED regime is captured merely by the value of its
density at the origin. This is practically important since patience data is censored (only lower
bounds for patience are available for served customers), and possibly highly censored (e.g., 3%
abandoning). We thus suggest an estimator for the patience density at the origin, based on
a transient analogue of the steady-state relation between the probability of abandonment and
the expected waiting time [22].
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Contents. The paper is organized as follows. In the next section we describe the model
and introduce the QED regime. Section 3 contains preliminaries; in particular, we discuss a
relationship between the systems with and without abandonment, the infinite service-process
associated with the arrival and service processes, processes associated with initial conditions
and abandonment, the queue-lenth process, and a relationship between the queue length and
offered waiting time. The main results of the paper are presented in Section 4. Examples are
discussed in Section 5, future research is outlined in Section 6, and some proofs are provided
in Section 7.

Notation. Denote by D]0,00) the space of all real-valued functions on [0, 00) that are right-
continuous with left limits (r.c.l.l.), endowed with the standard Skorohod .J; topology. The .J;
metric is denoted by dy, (+,-) and the uniform metric v is defined by the uniform norm:

[#lr = sup |z(t)],
0<t<T
for 2 € D[0,00) and T > 0; similarly, the L' metric is defined by the L' norm:

T
a7\ (z,y) = /0 2(t) — ()| dt, (1)

for z,y € D[0,00) and T' > 0. Product metric spaces (Dk[O,oo),dﬁl) and (D¥[0,00),u*) are
defined by (D][0,00) X - -+ x D[0,00),dy, X ---xdy,) and (D[0,00) X - -+ x D[0,00),u X -+ X u),
respectively; dj, x --- x dj; and u x --- X u refer to the corresponding maximum metrics.
Let = denote convergence in distribution — for stochastic processes in D[0, c0), as well as for
random variables in R. Let 17y be the usual indicator function and e = {e(t) = t,t > 0} be
the identity map. The composition map is denoted by o, i.e., for (z,y) € D[0,00) x D|0,0),
z oy is defined by (z o y)(t) = z(y(t)), t > 0. For z,y € R, ™ denotes the positive part of z,
and z Ay = min{z,y}.

2. ASSUMPTIONS

2.1. The model. We consider a sequence of first-come first-served (FCFS) G/GI/N+GI
queues indexed by the number of servers N. Customers arriving after ¢ = 0 are indexed
by natural numbers in an increasing order of their arrival times. Customer ¢ arrives to the
system at time ¢; > 0 and two quantities are associated with it: the service requirement s; and
patience p;. The service requirements of customers, {s;,7 > 1}, are independent and identically
distributed (i.i.d.), characterized by a distribution function F', which does not vary with N (set
F =1—F). The sequence {p;,i > 1} is i.i.d. with a distribution GV for the Nth system. For
simplicity of notation, we shall not index arrival times, service requirements and customers’
patience by N — this dependency will be implicit.

Define AN (t), t > 0, to be the number of arrivals in the Nth system over the time interval
[0,%]. The process AN = {AN(t),t > 0} is r.c.Ll., nondecreasing, nonnegative, integer-valued,
with jumps of size 1 such that AV (0) = 0 and AN (¢) < oo for all t > 0, almost surely (a.s.). The
arrival process is related to the customer arrival times {t;,7 > 1} by t; = inf{t > 0: AN (¢) > i},
i > 1. Define 7V = {7V (¢),t > 0} by 7V (t) = tan for t >t and N (t) =0 for t < ty; TN (t)
is the time of the last arrival prior to ¢.

At time ¢t = 0, there are q(])V initial customers in the system, labeled by —qév , —qév +1,...,—1.
Those with indices —q(])V , —q(])V +1,..., —(qév — N)T —1 are in service with i.i.d. service require-
ments drawn from the distribution F, the residual distribution associated with F":

Fi(z) = u/ox F(u) du, (2)
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where ,u_l = [Es; is the mean service, which we assume exists (also set F,.=1- F,). The

remaining (¢} — N)¥ initial customers (indexed by —(¢) — N)*, —(¢}¥ — N)* +1,..., 1,
if exist) have independent service requirements distributed according to F. However, their
patience is infinite, i.e., p_; = oo for i = 1,2,...,(¢)Y — N)*. This assumption is convenient
for the analysis while being non-restrictive, as argued at the end of this section.

Let v; denote the offered waiting time of the ith customer — the amount of time the customer
awaits service if the customer were infinitely patient (p; = oo). The virtual waiting time V7 (¢)
at time ¢ > 0 is the amount of time (measured beyond t) until one of the servers becomes idle,
provided no new arrivals occur; by definition, V¥ (t) = 0 if there exists an idle server at time t.
The random variable V¥ (t) captures the amount of work in the queue at time ¢. (Note that a
service completion which is immediately followed by a new service initiation does not render
a server idle.) We set VY = {V¥(t),t > 0}. The actual waiting time of the ith customer is
then given by v; A p;. That is, if customer ¢ eventually enters service then v; is equal to its
actual waiting time and p; > v;; on the other hand, if customer ¢ abandons the system then
v; = VN(t;—) (note that only customers with positive indices can abandon) and v; > p;. We
use VN = {VN(t),t > 0} to denote the offered-waiting-time process, with VY () = v AN (1), for
t>ty, and VN (t) = V_gN for 0 <t < t1. The offered-waiting-time process is defined in such

a way that if customer ¢ arrives at time t; then v; = VN (t;) rather than v; = VN (t;—). Both
VN and V2 are r.c.l.l. processes.

Define QV = {QN(t),t > 0} where Q" (¢) is the total number of customers in the system
at time ¢ > 0; this number includes customers receiving service, customers awaiting service
that eventually receive service and customers awaiting service that eventually abandon. For
the purpose of analysis, it is convenient to consider an alternative model in which customers
who abandon the system, do so upon arrival (based on p;’s). Namely, customers upon arrival,
“compare” their p; with v; and immediately abandon the system if p; < v;; in this model, all
customers awaiting service receive service eventually. Such dynamics is easier to analyze, and
it turns out asymptotically equivalent to the original system. In order to distinguish between
the two models, we introduce HY = {H" ¢ > 0}, where H" (t) is the number of customers at
time £ > 0 in the system with abandonment upon arrival.

2.2. The QED regime. We assume that the sequence of processes {AN} satisfies: (i) a
functional strong law of large numbers (FSLLN):

AN AN e (3)

w.o.c. a.s., as N — oo, where AV is the arrival rate in the Nth system, and (ii) a functional
central limit theorem (FCLT):

Ly wWe = 4 (4)

VN

as N — oo, where A is a stochastic process with a.s. continuous sample paths.

The offered load to the Nth system is A" /u and the traffic intensity is p = AV /(uN). In
the QED regime, the number of servers N and traffic intensity p¥ are related, in the limit as
N — oo, via

AN

VN1 - pN) = 5, (5)

for some —oo < ff < oo. In this regime, it is expected that the (virtual) waiting time vanishes
as N — 00, hence only the behavior of GV around the origin is relevant in the limit. To this
end, we assume G'V(0) = 0 and

GN = e, (6)
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wo.c., as N — oo, for some 0 < 6 < oo, where G(t) := VNG (t/v/N). The condition (6) is
satisfied, for example, when GV = G for all N, and G(t)/t — 0 as t | 0 (or, equivalently, 6 is
the right-hand derivative of G at the origin).

The scaled and centered versions of QY and H" are defined by

QN = {QV (1)t > 0} = %N@N - N)

and
N . 1
HY = (AN #),t > 0} = —(HY — N),
(Y1), 0} = —=(H" = N)
respectively. As will be shown (see Theorem 1 and Corollary 1 in Section 4), the difference
between @ and HY vanishes in the limit, as N — oo. The scaled versions of the waiting

time processes are given by

VN = {VvN@®),t >0} = p/NVY
and

VE = {VE(1),t > 0} = p/NVE,

note that we use p in the scaling for waiting time processes, which amounts to measuring wait
in units of average service time.

2.3. Initial conditions. The number of customers in the system, at time ¢t = 0, is given by
QN (0) = HN(0) = ¢}’. Tt is assumed that a scaled and centered version of ¢ converges in

distribution:
. 1 .
@ = —=(@ — N) = dq, (7)

VN

as N — oo. This condition (together with the assumption that the residual service times of
customers in service at t = 0 are i.i.d. with distribution F}) is identical to the assumptions
made in [27]. Although our initial condition is appealing in its simplicity, it is not the unique
initial condition that induces the QED regime; e.g., see [21].

Next, we discuss an alternative model for patience of the initial customers. Namely, suppose
that initial customers (at t = 0) do not have infinite patience but rather the sequence {p_;, 1 <
i < (g — N)*}is iid., drawn from GY. We argue that this variation does not impact our
asymptotic results. To this end, let Tév be the number of initial customers that abandon the
System:

(¢’ —N)*
T(JJV = Z 1{p—i§U—i};
i=1
i.e, (qév - r(])V ) initial customers awaiting service end up receiving service. Then, the following
lemma holds.

Lemma 1. T(])V/\/N:> 0, as N — oo.
Proof. See Section 7.1. O

As a consequence, we have
(@ =N =19)/VN = do,

as N — oo. Thus, the two models are asymptotically equivalent since (7) is the only assumption
on the initial number of customers in the system and our limiting results are impacted via qg
only (see Theorem 1, Corollaries 1 and 2 in Section 4).
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3. PRELIMINARIES

3.1. No abandonment. Consider the sequence of queues indexed by NN, as introduced in the
previous section. We next describe a corresponding sequence of systems without customer
abandonment; entities associated with the systems without abandonment are appended by the
“dot” symbol. Namely, for the Nth system without abandonment, we set the initial and input
parameters equal to those of the Nth system with abandonment except that all customers
have infinite patience in the new system: AN = AN qo = qo D8 =8, 1> —Qév ; and p; = o0,
i > —q{)V . To obtain upper bounds on the offered waiting times {v;,7 > 1}, the following
proposition [2] is used in conjunction with the results for the system without abandonment [27]
(see Proposition 2 below). The process VN = {VN(t),t > 0} is now a waiting-time process
(as opposed to V2V, which is an offered wait): if ©; is the waiting time of customer 4, then

VN(t) = Uiy, for t > 11, and VN@{#) =0y, for 0 <t < ty.

Proposition 1 (Bhattacharya & Ephremides [2]). VN@) < VAN() and HN(t) < HN(t) =
QN(t), fort>0.

Proof. For completeness, we provide a proof in Section 7.2, which is verified within the setup
of the present paper. O

The following result is a consequence of the preceding proposition and Proposition 5.3 in [27].
Proposition 2. VY =0, as N — oo.

3.2. Infinite-server processes. For each IV, we consider a corresponding infinite-server pro-
cess XN = {XN(t),t > 0}, defined by the original arrival process A" and the sequence of
service times {s;,7 > 1}, as follows:
AN (1)
XN(t) = ]‘{ti+si>t}

i=1
AN (1) t
= (Lgs>t—tiy — F(t — ;) +/ F(t —s)dAN (s).

—1 0

In addition, we introduce = {XN(t),t > 0} to be a scaled and centered version of X:

>s.

XN = —(xV - NpVF), (8)

%H

namely, for ¢ > 0,
AN (1)

N Z (Lot — (t—t))+/0 Flt — 5)dAN (s). )

The following lemma, due to Krlchaglna and Puhalskii (see Theorem 3 in [20]), characterizes
the limiting infinite-server process. Earlier results on the infinite-server process were obtained
by Borovkov [4] and Iglehart [15]; for a recent measure-valued approach see [8, 28]. Define U =
{U(t,x),t >0,z € [0,1]} to be a Keifer process, that is, a two-parameter continuous centered
Gaussian process on Ry x [0, 1], with covariance function E[U (s, 2)U(t,y)] = (sAt)(x Ay —xy).

Lemma 2 (Krichagina & Puhalskii [20]). The sequence of infinite-server processes {XN}
converges in distribution in D[0,00), as N — oo, to the process X = {X (t),t > 0} defined by

1= [ Fe-sj0do)+ [ [ ey s F@). 120
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where U is a Keifer process, A and U are independent, and the first integral is understood as
the result of integration by parts.

Recall the definition of offered waiting times {v;,7 > 1} from Section 2. It will turn out
convenient to define a (scaled and centered) process XX = {XX (¢),t > 0} by

AN (1)

~ 1 _ _
Xg(t) - \/—N E (1{t—ti—vi<si§t—ti} - F(t - t’l - Ui) + F(t - tl)) ’ t=> 07 (10)
i=1

since this process relates to the (scaled and centered) number of customer with positive indices
(those with arrival times t; > 0) in the system at time ¢ > 0, via the following equality:

t
XN(t)+X]AV(t)—/ F(t—s)dAN (s) = Z (Ligistotivy — F(t—ti —v7)) .
0

3.3. Initial-customers processes. In thissubsection we consider the infinite-server processes
associated with the customers initially in the system (at time ¢t = 0). The process IV =
{IN(t),t > 0} is defined by

@’ (¢'—N)*
IN(t) = Z 1{377;>t} + Z 1{87i>t}7
i=(q) —N)T+1 =1

for ¢t > 0; recall that the random variables s_; in the two sums are distributed according to F
and I, respectively. Hence, the scaled and centered version I = {I(t),t > 0} is defined by

. 1 _ _
IV =— 11" - (¢ ANE, — (¢Y¥ = N)TF],
\/N[ (0 ) (90 ) }
namely, for ¢ > 0,
| @
Nt e + Lig oy — F()); 11
(t) = \/— Z;V++1({ >t} ()) VN ; ({,Z>t} ()) (11)

recall that Elgs . = Fiu(t), (¢ = N)T <i<¢qf,and Elys .y = F(t), 1 <i< (¢ —N)™.
The following lemma characterizes the limiting behavior (as N — o0) of N,

Lemma 3. [V = [ = Wo F,, as N — oo, where W = {W(t),t € [0,1]} is a (standard)
Brownian bridge, that is, a centered Gaussian process with covariance function E[W (t)W (s)] =
tNs—ts.

Proof. Define IV = {IN(t),t > 0} and IV = {1 (t),t > 0} such that IN = IN +I¥ ie., IN(t)
and fév (t) correspond to the first and second summand in (11), respectively. From Lemma 3.1
in [20], the random time change theorem and (7), it follows that IV = I, as N — co. By the
same argument I = 0, as N — oo, since (7) implies (¢} — N)*/N = 0, as N — oc. O

Next we introduce IY = {I¥(t),t > 0}, where

(g’ —=N)+

jg(t) = \/LN Z (1{t—v,i<s,i§t} - F(t - U—i) + F(t)) , 1=0. (12)
1=1
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The relationship between I JAV and IV is similar to the relationship between X ]AV and XN:
1 @ (¢’ —N)*
V() + 1N (1) = N Z (Lo — (1) + N Z (Lo ist—vy — F(t —vi))
i=(g)) =N)T+1 i=1

(13)
for t > 0, is the (scaled and centered) number of customers with negative indices that are in the
system at time ¢ > 0. Note that the sum in (12) contains elements corresponding to customers
awaiting service at time ¢ = 0 only; this is due to the fact that v_; = 0 for (q(])V —-N)t<i< qév
by definition. The following lemma states that the process X ]AV +1 ]AV diminishes as N — oo.

Lemma 4. X]AV+fZAV =0, as N — oo.
Proof. See Section 7.3. O

3.4. Abandonment. Throughout the present section, we consider processes that correspond
to the system with abandonment upon arrival — see the discussion in Section 2. This system
is easier to analyze than the one where customers abandon after waiting. However, as already
noted, the two systems are equivalent in the QED regime.

The infinite-server process X was constructed from all arriving customers. Now, let ZV =
{ZN(t),t > 0} be the infinite-server process induced only by arrivals that do abandon, i.e.,

AN (1)
ZN(t) = Z 1{ti+8i>t}1{piSUi}’
i=1
Consequently, the scaled and centered version ZV = {Z N(t),t > 0} is defined by
. 1 t_
ZV(t) = —= {ZN(t)—/ F(t—s)GN(VE(s)dAN(s) |, t=0; (14)
VN 0

the independence of service requirements, customer patience and the arrival process, together
with the independence of (s;, p;) and v;, yield

AN (1)
) 1 _
EZN(t) = ——=E > (Ljppsiot Lps<ory — Pt — )GV (7))
N i=1
AN (t)

1 _
= WE ZZ:; (E[1gs, 5t} [t E[Lp,<vyvi] = F(t — )G (07)) =0, (15)
where the second equality is due to E[lgy,—y3|ti] = F(t — t;) and E[ly,, <, |vi] = GN (v5).
The next lemma states that the process Z% is negligible in the limit, as N — oo. The lemma
is based on the assumptions GV (0) = 0 and § < co. Namely, during time intervals when the
offered waiting time is positive, the rate at which customers abandon is proportional to v N

(for large N), which is negligible relative to the total arrival rate AV, the latter being linear
in N.

Lemma 5. ZVN = 0, as N — oo.
Proof. See Section 7.4. O

Similarly, the infinite-server process due to customers who do not abandon will be denoted
by YN = {yN(t),t >0} = XV — ZN | with
AN(t)

YN(t) = Z 1{ti+si>t}1{pi>vi}’
=1
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Since customers abandon the system at a rate proportional to v/ N, the scaling and centering
for YV is the same as for the process X in (8). Thus, Y~ = {YN(¢),¢ > 0} with

PN = (N - NpVE) (16)
which yields
YN@) = XN - ZV () — /t F(t—s)VNGN (VN (s)dAN(s), t >0, (17)
0

where AN = {AN(t),t > 0} is a linearly-scaled arrival process:

AN = AN/N.

A

In parallel with X]AV and f]AV, define YAV = {YX(t),t > 0} by }A/AV = X]AV - ZJAV, where
ZN ={Z¥(t),t > 0} is given by

AN (1)

1 _ _
i 2 (Lptmti—viwsi<t—t;y — F(t —ti —v) + F(t — ;) Lpi<py, >0 (18)

Lemma 6. Yg—kﬁg =0, as N — o0.

Proof. See Section 7.5. O

Finally, we introduce AY = {AY(¢),t > 0} - the arrival process of customers that do not
abandon the system, i.e., the customers that are eventually served; the process at time ¢t > 0
is given by

AN (1)
Ag(t) = Z 1{pi>ui}-
i=1
A corresponding scaled and centered version A{;’ = {A{;’ (t),t > 0} is defined by

_ b
VN

this process is also used in the proof of Lemma 4 (see Section 7.3). The last lemma in this
subsection stems from the fact that A has a.s. continuous sample paths and V¥ vanishes in
the limit, as N — oco. The process (7V + V) arises when the relation between H" and V.~
is considered. In particular, V2V (t) = V(N (t)) = VN o 7N(t), for t > 0, is defined not by
HY o 7N (t) only but rather by HY o 7V (t) and H™ o (7 4+ VY)(#) jointly — see the proof of
Lemma 9.

AY (A2 — ANe);

Lemma 7. AY o (7N + V) — AN 07N = 0, as N — o.

Proof. The value of the process flg , at time t > 0, is given by
AN

1 (t)

AV = AN — —= " Lpcus
\/N =1 a
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and, thus, fljbv o (TN + VN — flév orN = AN o (TN + V) — AN o N — flg, where AN =
{flg(t), t > 0} which, for ¢ > 0, satisfies
) 1 AN(TN () +VA (1))
Ag(t) =0 Z Lipi<ui}
i=AN (7N (1)) +1
AN (t+ VN (1))

\/_ Z 1{pi§vi};

i=AN(t)+

2

the inequality follows from the monotonicity of AN(-), 7V(t) < t and AN (7N (t)) = AN(¢).
Assumption (4) and Proposition 2 imply AV o (e + V&) — AN = 0, as N — oco. These same
two propositions yield AX = 0, as NV — oo, and the statement follows. O

3.5. Queue length. The number of customers in the system at time ¢ > 0 can be expressed
as the sum of indicator functions [4, 20, 27]:

AN (t) @ (a9’ =N)*
HN(t) = Z 1{ti+5i+’0i>t}1{pi>’vi} + Z 1{s,¢>t} + Z 1{s,i+v,i>t}' (19)
i=1 i:(qéV—N)++l i=1
On the other hand, Proposition 2.1 in [27] renders
¢ AN(t (q(])V—N)7L
/0 (Y (t— )= N)* dF (s Ft—ti—0) = F(t—t) oy + > (Flt—v_)—F().
i=1 i=1

Then, combining the preceding equality and (19) yields, for ¢t > 0,

AN (t)
HN(t) - Z (1{ti+si+vi>t} - F(t — 1 — Ui) + F(t - ti))l{pi>vi}
i—1
a B (g’ =N)* )
+ > (g =B+ Y. (s oy — Ft—v)
i=(g) ~N)* 41 i=1

= N E@) + @ AN + [ () V) ()
or, equivalently, in terms of scaled processes (see (7), (10), (13), (16), (18)), for ¢t > 0:
V() = @) (F() — F) + @ Elt) + PV + 15 0)
FPN0 IR0+ [0 a6 - VRO ME@. (@0)

The following operator, ¢ : D[0,00) — D[0,00), was introduced in [27] — it plays a funda-
mental role in the analysis of QED queues without abandonment.

Definition 1 (Reed [27]). For each x € D]0,0), let p(x) be the unique solution y to

y(t):x(t)—l—/o yH(t— 5)dF(s), 1> 0.

Then, (20) can be rewritten in terms of the operator ¢:

Y = (@) (F = B)+ @ B+ IV + I+ VY 70 - VN = pM)R) . (21)
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The next proposition establishes L!-continuity of ¢. In [27], only continuity of ¢ in the
topology of uniform convergence was considered. The additional mode of L'-continuity is
needed to relate AN and V2 in Lemma 9 (via Lemma 8). In particular, due to (14) (see
also (17)), rather than approximating vy by AN directly one needs only to relate integrals of
these processes over finite intervals.

Proposition 3. The function o : D[0,00) — D]0,00) is Lipschitz continuous in the L' topology
over bounded intervals.

Proof. See Section 7.6. O

We now proceed to show that the scaled number-in-system process HY does not changes
significantly (in the L' sense, as N — oo) over time intervals during which individual customers
await service. Note that t = 77V (s) + V¥ (s) is the time when the last arriving customer before
t = s were to enter service if it had infinite patience (recall that V.V is the offered-waiting-time
process).

Lemma 8. We have, as N — o0,

0
Proof. See Section 7.7. O

{/t [HY o (r + V) (s) — HY(s)| ds, t > 0} = 0.

3.6. Offered waiting time. The following lemma relates the (limiting and scaled) queue-
length and offered-waiting-time processes in the QED regime. Recall that waiting is measured
in units of average service-time.

Lemma 9. We have, as N — o0,
t
{/ (AN () = VN (s)] ds, ¢ > o} =0
0

Remark 1. The lemma relates the queue-length and offered-waiting-time processes without a
priori requiring that either of the processes converges weakly.

Proof. For t > 0, let DV (t) be the number of service completions during the time interval [0, ¢].
First, by definition, VN (¢) satisfies, for t > 0,

(HN (1) + Lypeyngy — N)T =DN(r + VA (1)) — DN (7), (22)

where 7 = 7V (t) is the time of the last arrival prior to time ¢ and p = p™V(t) = pan(y) is the
patience of the corresponding customer (set pg = oo0). The presence of the indicator function
in (22) is due to the fact that the customer arriving at time 7 might abandon the system on
arrival (if p < V2V(7)). Recall that, by definition, VY (t) = V2V(7) is the offered waiting time
of the customer with index AN(t), i.e., the waiting time the customer would experience if it
were not to abandon. The sum HY (1) + 1 {p<VN ()} represents the number of customer in the
system at time 7 if the patience of the arriving customer is infinite. Second, the number of
the customers in the system at time 7 + V.V(t) = 7 4+ V2 (7) can be expressed as a linear
combination of arrivals and departures:

HY(r + VA (1) = HY () + AY (7 + V(1) = 4Y (1) = DV (7 + VA (1) + DY (7)
= HY(r) + AV (7 + VY (0) - AV (7) = (HY (1) = N + Levmio)) ™

where the second equality is due to (22). Considering whether V¥ (¢) > 0 or V(t) = 0 in the
preceding equation results in

(HN(r+ VY1) = N)F = AV (r + VA () — AT (T) = 1ppevm o Lmv rivy y=ny- (23)
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a0 {s—i,1<i<q'}

AN {siyi > 1}, {pi,i > 1} > pi 2 v > + — 9

vy oy

FIGURE 1. Relations between various processes/variables.

Third, rescaling the quantities in (23) gives rise to
Y @) = V@) = (Y 1) — (Y (- + VI @) + 4N (7 + v (1) — A (7)
— (1= pMWVE®) = Lypevn oy Loy (v ()=ny /VN. - (24)
Next, note that (5) and Proposition 2 yield, as N — oo,
(1-pMVY¥ = 0.
Finally, the statement follows from (24), the preceding limit and Lemmas 7, 8. O

3.7. Summary of notation. We find it helpful to summarize, in Figure 1, various relations
among the processes that have been introduced in this section. Process IV corresponds to
customers that are initially in the system at time ¢ = 0, while XN is the infinite-server process
that corresponds to the customers that arrive after ¢t = 0. Based on a comparison of customer
patience and offered waiting times, process XN splits into the abandonment process IN and
the infinite-server process YV due to customers that receive service (do not abandon). Reed’s
operator @ provides a description of the queue-length process HN in terms of YV and IV.
Finally, the queue-length process is closely related to the (offered) waiting-time process VLV .

4. RESULTS

This section contains the main results of the paper. A central role is played by a mapping ¢,
applicable to the model with abandonment, which is a generalized version of the mapping ¢
in [27]. The two mappings coincide for § = 0 (no abandonment in the limit). Recall that
the waiting time vanishes in the limit (Proposition 2) and, hence, the sequence of patience
distributions {G™V'} manifests itself only through the parameter 6 (cf. (6)).

Definition 2. The mapping ¢ : D[0,00) — D[0,00) is such that ¢(x), for each x € DI0,00),
1s the unique solution y to

t 0 t

y(t) = x(t) + / yt(t —s)dF(s) — m / yt(t —s)dF.(s), t>0. (25)
0 0

The next proposition guarantees that ¢ is well defined and summarizes some of its properties.

Proposition 4. For each x € DI0,00) there exists a unique solution ¢(z) to (25). The function

¢ : D[0,00) — D[0,00) is Lipschitz continuous in the topology of uniform convergence over

bounded intervals and measurable with respect to the Borel o-field generated by the Skorohod Jy
topology.

Proof. See Section 7.8. O
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4.1. Queue length. The following is the main result of our paper.

Theorem 1. For the QED G/GI/N+GI queue, with abandonments upon arrivals, we have,
as N — oo,

HYN = ¢(45 (F — F.) + GoF + I + X — BE,).

Remark 2. In the context of Theorem 1, the last term in (25) captures the effect of customers
abandonment in the QED regime; note that the integration is with respect to the residual
distribution F} rather than the service distribution F. Namely, ¢ quantifies the negative
feedback due to the abandonment effect (note that 6/u > 0). The higher the number in the
system, the higher the offered waiting time, the higher the abandonment rate, the lower the
effective arrival rate of customers that eventually receive service, and the lower the number
in the system; on the other hand, the lower the number in the system, the lower the offered
waiting time, the lower the abandonment rate, the higher the arrival rate of customers that
eventually receive service, and the higher the number in the system.

Proof. Using (17) and Definition 2, equality (21) can be rewritten as
AN = p(MN + IV + XN + AN),
where
MY = (@)1 (F = F) +d0 B = VN(1 = pM)E, (26)
and AN = {AN(t),t > 0} is given by

AV = B+ -2 0) [ PRGN 2 ) ai 9+ 2 [ a9 an(s)
0

HJo
Combining Lemmas 5, 6 together with (2) and Lemma 9 yields, as N — oo,
AN = 0. (27)
From (5) and (7) it follows that, as N — oo,
MY = M = §{ (F - F.) + GoF. — (F.. (28)

Now, we argue that, as N — oo, jointly
(MY 1N, XN AN) = (M, ], X, 0); (29)
note that the convergence of marginals is due to (28), Lemma 2, Lemma 3 and (27). To this
end, introduce IV = {IN(t),t > 0} with

IN( ) \/— Z (1{§7i>t} - F*(t)),

= q(I)V N+1

where 5_; = s_; for (¢) — N)T < i < ¢¥, and {5_;, ¢’ = N <i < (¢}/ — N)*} is an 11d
sequence drawn from F, and independent of all service requirements, arrlval processes and ¢} .
Observe that the preceding sum contains exactly N elements (rather than a random number
that depends on qp ), and the N-element sequence {é_i,qév —N <1< qév } is independent
of g}’ by construction (¢}’ is just an index in this case, and the elements of the sequence are
independent of ¢ ), as a consequence, IN and q(])V are independent. Then the definitions of N
and IN render, for ¢t > 0,

(@ —N)* (gl —N)*

fN(t)—IAN(t):\/LN. > (s — B > (g — F1)),

=qlY—N+1 i=1

§\~
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that, in turn, leads to (see the proof of Lemma 3), as N — oo,

(N, INY = (I,1). (30)
The limit (MN, N XN, 0) = (M, I,X, 0), as N — o0, is due to the convergence of marginals
and the independence of the pre-limit processes M"Y, I" and X% [31, Theorem 11.4.4]; the

independence is due to the fact that MN depends on qév only (see (26)), XN depends only on

the quantities associated with customers that are not initially in the system (see (9)), and I is
independent of both qév and AN, {s;,i > 1}. Furthermore, the following holds:

dJl((MN7jN7XN7 0)7 (MNv jN7XN7 AN)) < dJ1 (jNa jN) + dJ1(07 AN)
=0,
as N — oo, where the limit is due to (30), (27) and Theorem 11.4.8 in [31]. Finally, (29)
follows from the preceding limit and Theorem 11.4.7 in [31].

The rest of the proof is almost identical to the corresponding part of the proof of Theorem 5.1
in [27]. Specifically, the space D*[0, c0) is separable under the product topology (e.g., see The-
orem 11.4.1 in [31]); therefore, due to (29) and the Skorohod representation theorem (e.g., see
Teorem 3.2.2 in [31]), there exists an alternative probability space with {(M NN XN AN Y N
and (M, I,X,0) defined on it with the following properties:

(MY TN XN AN L (0N PN SN AN, (31)
(M,1,X,0) £ (M, 1, %,0),
(NI, Y, XN ANY S (31,1, %,0) as.,
as N — oo. It should be noted that the last limit also holds under the uniform metric (not

just Ji metric) since both I and X have continuous sample paths and the set of discontinuity
points of MY is a subset of discontinuity points of F' for all N. Hence, we have, as N — o0,

MN 4+ TN 4 XN+ AN S M4+ T+ X as. (32)

under the uniform metric. B B
Define HY = ¢(M"Y + IV + XV 4+ AN) and note that, due to the measurability property
of ¢ (Proposition 4) and (31), we have

v L gy, (33)
Moreover, (32) and Proposition 4 (continuity part) yield, as N — oo,
HY = (MY + TV + XN + AYN) - ¢(M + T+ X) as..

The fact that almost sure convergence implies convergence in distribution and convergence in
the uniform metric implies convergence in the .J; metric, together with (33), Proposition 4 (the
measurability part) and the preceding limit yield

HN = ¢(M + 1+ X),
as N — oo. The statement of the theorem now follows. O

Recall that Q" is the process of the total number of customers in the system when abandon-
ments occur after waiting (as opposed to upon arrival). In view of Theorem 1, the following
results indicates that, in the QED regime, the scaled number of customers awaiting service
that eventually abandon becomes negligible (relative to the scaled total number of customers
awaiting service) as the number of servers increases.
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Corollary 1. For the QED G/GI/N+GI queue, with abandonments after waiting, we have,
as N — oo,

QY = 0(4f (F — E) + qoFs + 1 + X — pF,),
where the limit coincides with that in Theorem 1.
Proof. The processes QN and HY are related via QN =gV +]§N, where RN = {]%N(t), t >0}
is given by

1 AN (1)
RN(t) = N Z Ltirpisty Ypi<os)-
i=1

Thus, in view of Theorem 1, it is sufficient to prove RY = 0, as N — oo. To this end, for any
positive ¢ and ¢, the following inequality holds for all sufficiently large V:

PRz > ¢] < PR g)llr > el + PV llr > o],

where I%é\cf 5 = {Ré\g 5 (t),t > 0} is an infinite-server process with deterministic service times
and

1 AN (1)

. B
Rice(t) = VN Z; Vs>t L pi<c/(uvmyy:

Now, Theorem 3 in [20] implies Ri\éé) = {c0 (t NJ),t > 0}, as N — oco. On the other hand,
Proposition 2 yields R

lim limsup P[|VY||r > ¢] = 0.

€70 N—oo

Therefore, given e > 0, for any & > 0 it is possible to select ¢ and 8 such that P[||RN ||z > €] < &,
for all N large enough. Consequently, R = 0, as N — oo, and the corollary follows. g

4.2. Waiting time. Now we introduce a mapping v that is an analogue of ¢ for the virtual-
waiting-time process.

Definition 3. The mapping v : D[0,00) — D[0,00) is such that ¥ (x), for each x € D[0,00),
18 the unique solution y to
+

y(t) = [m(t)+/0ty(t—s) dF(s)—%/oty(t—s) dF*(s)} >0, (34)

Remark 3. Note that, for z € D[0,00), if y = ¢(z) then y* = ¢(z), ie., ¥(z) = (¢p(z))".
The next corollary characterizes the limiting waiting-time processes. Let LY = {LN(t),t >

0} be the abandonment process in the Nth system, that is, L™V (¢) is the number of customers
that abandon by time ¢.

Corollary 2. For the QED G/GI/N+GI queue we have, as N — oo,
VN =V =445 (F = F.) + GoF. + I + X — BF.)

and X X

VN = V.
]?emark 4. Note that, in view of Remark 3, the virtual waiting time V and the queue length
Q are related via R X

V=Q".
(Recall that VN = VNV and VN = pV/NVA . In some of the literature, scaling that does
not include the pre-factor u is used, resulting in V' = Q% /u rather than V = Q% as in the
present paper.)
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Proof. Recall that, from the definition of the process A, it follows that, for ¢ > 0,
. . 1 t
AN(t) = AN () — —— / GV (VN (5)) dAN (8).
> VR s

The preceding, (3), (4), (6), Lemma 9 and Theorem 1 yield, as N — oo,
t
A = {A(t) — 9/ H"(s)ds, t > 0}.
0

Now, let DY = {D"(t),t > 0} be the departure process in the Nth system, i.e., D™ (¢) is the
number of customers that receive service by time t. Then DV and LY can be expressed in
terms of arrival and queue-length processes:
DY(t) = AZ(t) — HY(t) + a5’
and
LY (1) = AV (1) — AN (1) + BV (1) - QN (1),

where ¢ > 0. These representations, (4.2), (4), Theorem 1 and Corollary 1 imply, as N — oo,
(DN —A\Ne)/V/N = {D(t),t > 0}, LV /N = {L(t),t > 0} and LV/N — 0 w.o.c. a.s., where

D(t) :A(t)—e/otﬁ+(s)ds—ﬁ(t)+qo, t>0,

and
L(t) = 9/ HY(s)ds, t>0. (35)
0

Given the preceding limits, (3), (4), Corollary 1, the continuity of sample paths of A and
the Lipschitz continuity of ¢ (Proposition 4), the virtual-waiting-time process VN converges
due to [30]: VN = QT = {Q*(t),t > 0}, as N — oo, where Q is such that QN = Q, as
N — oo. However, from Corollary 1 it follows that Q = (4g (F — F) + GoFe + I+X— BFy).
The convergence of the offered-waiting-time processes Vi\/ can be deduced from [25] since, in
addition to convergence of the queue-legth process, we have convergence of the arrival processes
of customers that eventually receive service. O

5. EXAMPLES

Ezample 1 (Estimating patience). In any application of models with abandonment there
is the need to estimate the patience distribution [11]. Our results indicate that, in the QED
regime, it suffices to merely estimate 6, the density of patience at the origin. The following
corollary provides a theoretical justification for our proposed estimator.

Corollary 3. For the G/GI/N+GI queue we have, as N — 00,
LN (t) o [t .
N——%,t> — + >0p.
Proof. The statement follows from (4), Corollary 1 and (35). O

The corollary suggests that an estimator for 6, é, can be obtained in the following manner:
LN (t) /AN (t)

i Jo(@N(s) = N)tds

The numerator is simply the fraction of customers abandoning up to time t; a practical ap-

proximation for the denominator can be the average waiting time up to time t. The accuracy
of such estimators remains an open problem. O

0
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We next consider two specific examples. Both correspond to systems that have not yet been
analyzed. The first example generalizes [33, 34] and the second expands on [21].

Ezample 2 (G/M/N+GI). Consider a system with exponential service times, noting that
F. = F. In addition, suppose that the sequences of random arrival times {t}} obey, for some

c> 0,
tNo —t/p R
VNe/u

as N — oo, where B is a standard Brownian motion. (Note that there exists a sequence of
arrival times for each N, namely, the jump times of AY.) Then, HYN = H and QN = Q, as
N — o0, due to Theorem 1 and Corollary 1, respectively. Here, Q H is the unique solution
to

Q(t) = 1(t) + X (t) + (4o + B) exp{—pt} — B+ (1 — ) /t QF(t—s) exp{—ps}ds, >0, (37)

in which §g is given in (7), I in Lemma 3, and X in Lemma 2. Similarly, due to Corollary 2,
VN = V as N — oo, where V is the unique solution to
+

t
V(t)= [I(t) + X(t) + (qo + B) exp{—put} — B+ (1 — 9)/ V(t—s) exp{—pus}tds| , t>0.
0
The definitions of IV and XV give rise to
1 . . _
—— (N XN VN =TV - XNV (@Y + VN - pM)F, (38)
VN
where F(t) = exp{—put}, t > 0. Since the service times are exponential, the process on the
left-hand side of the preceding equality weakly converges to S = {S(t),t > 0} that satisfies
S(0) = go + B and
dS(t) = —pS(t) dt + /(1 + ) dB(t), t >0, (39)
where {B(t),t > 0} is a standard Brownian motion [20]. Now, (37) and (38) result in
dQ(t) = dS(t) — [u(Q(t) = 5(t) + B) — (n— O)Q (1)) dt
which, combined with (39), yields

o [ (E@) - 8) - 60N e+ dX(1), Q) > 0.
dQ“)‘{[ (3(t) — B) - pQUO)dt +dX (1), Q1) <0,
(

—[uB +0Q)] dt + /u(l + 2)dB(t), Q
—[uB + pQ(t)] dt + /(1 + 2)dB(t), Q

the initial condition for @ is Q( ) = qo-

Finally, in the special case po= 0, the operator ¢ simplifies to ¢(x) = x (see (25)), and,
therefore, Q = H = Go + 1 + X — (4o + B)F, with F(t) = 1 — exp{—ut}, t > 0. Note that
Go+1+X— (Go+PB)F = S — 3 is the limiting scaled and centered infinite-server process with
the initial condition defined by §o; for the QED M/M/N+M system, this relation holds even
in the pre-limit. ]
Ezample 3 (G/D/N+GI). The deterministic service distribution F(s) = 1,51/, implies
a uniform residual distribution Fi(s) = (us)T A 1. Theorem 1 and Corollary 1 guarantee
HY = H and QN = Q, as N — oo, where Q = H satisfies, for 0 < t < 1/p,

—~
~
~—

(t) (40)

t
Q(t) = G pt + Go(1 — pt) + I(t) + X (t) —5Mt—9/0 O (t — s)ds
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while, for ¢ > 1/p,

Q) = X(t) — B+ QF(t —1/p) — /Q+t—s

as in the previous example, g is given in (7), I in Lemma 3, and X in Lemma 2. On the other
hand, Corollary 2 implies VN = V as N — oo, where V is the unique solution to

A

V(t) = [é&ut+éo(1—ut)+f(t)+f((t) —ﬁut—G/O V(t—S)dS} , te[0,1/p),

and

. . . 1w *

V(t) = [X(t)—ﬂ+V(t—1/u) 6 V(t—s)ds] , t>1/p.

0

When comparing the present example with the QED G/D/N queue (no abandonment) [17],
one observes that having abandonments results in more complex dynamics. Specifically, while
in [17] the distribution of Q(t) depends only on Q(t—1/u) (as far as Q is concerned), here Q(t)
depends on all values of Q during the time interval [t —1/p,t). This is due to the presence of
the residual service distribution in the operators ¢ and . O

6. FUTURE RESEARCH: STATIONARY DISTRIBUTION

Our analysis addresses the transient behavior of a QED system with impatient customers.
The stationary distributions of the queue length and the waiting time remain unknown, as
is the case for the corresponding system without abandonment; note that the system with
impatient customers remains stable (as t — oo) for all finite values of the capacity parameter f3.
(A large-deviation characterization of the stationary distributions for a QED queue without
abandonments can be found in [10].)

We observe that Example 2 is consistent with the results in [12] on the stationary number-
in-system process (for the M/M/N+M system in the QED regime). Namely, based on (37), it
is tempting to conjecture that, for the G/M/N+GI system, the stationary versions of number-
in-system processes converge weakly, in the QED regime, as N — oo, to the process Q =
{Q(t),t € R}, where @ is the unique stationary process that solves

Q) = X(t) — B+ (u—0) / O (s) exp{—p(t - 3)} ds:

here X = {X(t),t € R} is the stationary version of the infinite-server process X (see also
Lemma 3). Under assumption (36), X satisfies dX (t) = —uX () dt + /(1 + ¢2) dB(t), where
{B(t),t € R} is a standard Brownian motion (since I vanishes as t — oo — see Lemma 3,
and Example 2 in Section 5). An example where these assumptions (X stationary and (36))
prevail is when the arrival process is stationary renewal and ¢y has the corresponding stationary
distribution. A conjecture for the latter is provided in (41) below; in the case of Poisson
arrivals the (diffusion) stationary distribution of ¢y was calculated in [33]. Consequently, Q
is a (piecewise) Ornstein-Uhlenbeck process (Q satisfies (40) where Q substitutes for Q), a

derived earlier in [12] for the case ¢ = 1 (Poisson arrivals). Based on the preceding and [5],
one can calculate the probability density function of Q(t) (see also [12, 33]):
fow (@ =x-(@D)1g<or + 1 = X) [+ (D) (g0 (41)

where f_(q) = ¢®'(&(q + 1))/ ®(EB), f+(q) = &\/0/u®(¢(g\/0/ 1+ B\/1/0))/B(—EB/11/0),

5 2
c=4/—
142’
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® and @' are the distribution and density functions of the standard normal random variable,
respectively, and x = f+(0)/(f+(0) + f-(0)). Furthermore, from the stochastic differential
equation for Q one deduces directly that the stationary distribution of CQ( ) is equal to the
stationary distribution of the identically scaled limiting queue length Q A(t) in the Erlang-
A model, but with the the load parameter ¢3. This makes results on the Erlang-A model,
documented for example in [23], directly applicable to the QED G/M/N+GI queue. For

example,
cﬁ\/—
”ﬁ ) ]

B 1
BQ™ (1) = L4 (1(eB/ufB) — &/u /) [\f (ff_é?)],

where h(q) = ®'(¢)/(1 — ®(q)) is the hazard rate. Corollary 2 and Remark 4 now provide a
recipe for calculating also performance measures that involve waiting time. In particular, it is
well known that Plabandon] = §E[wait] when the patience distribution is exponential.

Plwait > 0] = P[Q(t) > 0] =

and

7. PROOFS

7.1. Proof of Lemma 1. Let {5_;,7 > 1} and {p_;,7 > 1} be two i.i.d. sequences defined
by distributions F, and G¥, respectively. The FCFS policy implies v_;_1 < v_;, for 1 <i <
(¢)Y — N)* and, hence, for e > 0, v > 0 and ¢ > 0, we have

(g —N)T
]P)[T(])V/\/N > 5] <P Z 1{p7¢§v} > 6\/N + ]P[U_l > U]
i=1
[TevN] a
<P| Y 1y <y >eVN| +Pg > +P Y ey <a) - N
=1 i=(g) —N)*+1

N
fC\/—W Z V) =1 <uy) > NE.(0) — o/ N| + 2P[g) > ],

s\/_ -

where the second inequality is due to the fact that the event {v_; > v} implies that the number
of service completions in the time interval [0, v] is less than (g}’ — N); in addition, the number
of service completions in [0,¢] is lower bounded by the sum in the last term in the second
inequality; Markov inequality is used to obtain the third inequality. Setting v = d/ VN, with
d = d(c) large enough such that v NF,(d/v/N)—c > ¢ for all N large enough (which is feasible
due to definition (2) of F) and applying Markov inequality result in

Plrd VN > ¢] < [cVN] GN(d/VN) + F(d/VN) 5+ 2P[g) > .
VN (VNE.a/V) - c)

Finally, letting first N — oo, recalling (2), (6), and (7), and then letting ¢ — oo yields the
statement of the lemma. O
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7.2. Proof of Proposition 1. It is sufficient to prove the statement for offered waiting times
since it implies the result for queue lengths:

AN (1) a5’ AN ai’
HY ()= Y lgasvdesnlodweas + D oot Do Loy
=1 1=1 i=q)Y AN+1
AN(t) q(j)v/\N qé\r
TN
<D Npaivwsn T D Memon+ DL Neogiosn = HY (1),
=1 i=1 i=qlY AN+1

for t > 0; note that v; = v; and p; = p; = oo, for —qév <i< —qév A N, by construction.
Furthermore, one must consider V2 and V2 only at the moments of arrivals (t = t; for some
i >0) and t = 0, due to the fact that, between arrivals, both V2 and VLV remain constant.

Now, consider the closely related shortest-workload-first routing policy (that can be conve-
niently described by the Kiefer-Wolfowitz recurrence, e.g., see [1, p. 91]), and let W,V (¢) and
WX (t), 1 <n < N, be the nth smallest server workload in the system with and without aban-
donment, respectively. Then, it is well known that VN (t;) = W (t;—) and VN (t;) = W (t;—).
Starting an induction, assume

W (t) < WY (t:) (42)

for some 7 > 1 and all 1 < n < N; the base of the induction is due the assumption on the
initial states (at ¢ = 0). Let R be the standard reorder operator. Then, since the vectors of
WN’s and WN’s satisfy the Kiefer-Wolfowitz recurrence, it follows that

(WA (tig1), W3 (tisa), ., WR (tig))
= ROV (1) + i1 1< (1,1} — tirt i Wa' (1) =t + iy, WA (8) = tigr + 1) T
S ROVN(t5) + sip1 — tigr +ta, WP (t5) — tigy 4+t ., WH () — tig1r + )T
= (WY (tig1), Wi (tig), -, WY (tig)),

where the inequality is due the inductive assumption (42); the operator (-)* is applied element-
wise. Therefore, (42) holds for all 4 > 1 and the proposition prevails. ]

7.3. Proof of Lemma 4. Let AY = {AY(¢),t > 0}, where, for t > 0,

AN (t)
Ag(t) = Z 1{pz‘>vz‘}

1=1

represents the number of customers with arrival times in [0,¢] that eventually receive service
(do not abandon); the process AY was also considered in Section 3.4 (see Lemma 7). Define a
two-dimensional process {E™ (t,s),t > 0,5 > 0} by

AZ ()
EN(t, S) = Z 1{§i§s}7
i=AN () —(HN (t)—N)*+1
where §; = s;,_1, —(¢)Y = N)T <i <0, and §; = S AN (i), & = 1 with t; =inf{t >0: AY(t) =1}.
The value of EV(t,s) is equal to the number of customers awaiting service at time t with

service requirement at most s (recall that customers abandon upon arrival, if at all). Let w; =
Vilp, sy for i >0, w; =v_; for 1 <i < (@Y — N)*, and w_; = 0 for (¢} — N)* <i < ¢}
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note that w; = 0 for all customers that abandon the system. Alternatively, £V (¢, s) can be
expressed as a sum over all customer indices:

AN (#)
EN(t, 3) = Z 1{ti§t<ti+wi}]‘{5i§5}7 (43)
i:—q(l)v
where t_; =0 fori=1,... ,qév , and the element of the sum corresponding to ¢ = 0 does not
exist. Furthermore, we define {F" (t,s),t > 0,s > 0} by
EN(t,s)
N L )
F (t,s) = ]‘{HN(t)>N}m7 (44)
and note that
EN(t,s) = EN(t,8) 1 gnpysny = (HY (t) = N)TFN(t,s); (45)

on the event {HV (t) > N}, FN(t,-) can be interpreted as the (empirical) distribution function
of customers awaiting service at time t. Observe that, for § > 0, (43) renders

AN(1)
EN(t—s,s+0)— EN(t—s,s) = Z Liti<t—s<tytwi} Lsi—o<s<si}-
i:—qé\r
In view of the preceding equality, the change in the order of summation results in
AN (t) t

t
/ EN(t —s,ds) = Z 1{ti§t—s<ti+wi} dl{sigs}
0 im0
AN(2)
= Z Lot <t—si<titw;}s
i:—qév
and, thus, due to (45), we have
¢ AN(1)
RO SO R DI I (46)
0 i
On the other hand, for any ¢ > 0, Proposition 2.1 in [27] yields
¢ AN(1)
/O (HY(t— )= Ny dP(s) = 3 (F(t—t:—wi) — F(t 1)), (47)
i:—qév

due to the fact that only customers that do not abandon potentially contribute to the sum on
the right-hand side of (47). Therefore, (46) and (47) imply (see (10) and (12)), for ¢ > 0,

(XN + V() = /0 (B (t — s))H(FN(t — 5,ds) — F(ds)). (48)

Next, extend the ii.d. sequence {5;,i > —(g)" — N)} to all integer indices (by letting
{3i,i < —(¢)Y — N)*} be an i.i.d. sequence, independent of {5;,i > —(¢)¥ — N)*}, with its
elements distributed according to F'); observe that {S;,7 € Z} is an i.i.d. sequence since both
subsequences are i.i.d (defined by F') and independent of each other. Now, define a family of
empirical distribution functions F; ; = {F; ;(s),s > 0}:

1
Fij(s) == Z Ligi<sy (49)

J k=i—j+1
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where i > 0 and j > 1. In what follows, we estimate || F; ; — F||o for a range of indices ¢ and j.
To this end, for any € > 0 and s > 0, there exist constants 0(s,s) > 0 and (g, s) < oo (e.g.,
see [3, p. 151]) such that, for all j > 1 (and all 7),

P[|Fij(s) — F(s)| > ] < (e, s) exp{—jO(e, s)}. (50)

Moreover, by the same argument, replacing 1, <4} with 1gs 3 in the definition of F; ;(s)
yields

P[|Fij(s—) = F(s=)| > e] <7(e, s) exp{—jb(e,5)}, (51)

where F(s—) = Ely,, <4, 7 > 1; the constants in (50) and (51) may differ in general. Given

the distribution function F, for any ¢ > 0 there exists a finite sequence of nonnegative reals
{a;,1 <1 < L} such that

(IFs (@) = Fla)| < e} n{|F;j(a—) = Fla=)| < e} C{||F;; — Flloo < 2},

This relationship, (50) and (51) imply the existence of #(¢) > 0 and v(¢) < oo such that
Pll|Fij = Flloo > €] < () exp{—j0(e)}, (52)

for i > 0 and j > 1. Now, we introduce a nonnegative real that characterizes a distance
between F' and F; ; for multiple indices ¢ and j:

fegn= sup sup |[|F; — Fll, (53)
0<i<kI<j<k+n

where [ > 1. Then, for ¢ > 0, the union bound and (52) yield P{fy;, > ¢] < (k+ 1)(k +
n)y(e) exp{—10(e)}. Finally, for any € > 0, the last inequality, (3), (5) and (7) result in, as
N — o0,

]P)[fAN(T),E\/N,q(I)V > E] — 0. (54)
Next, considering whether {HN (t —s) < e} or {HN(t — s) > £} in (48) yields

t

| XN+ IN|r <e +Oiltl£T] ; 1{HN(t—s)>5}(ﬁN(t — )T (FN(t — s,ds) — F(ds))|

<e+||HN||p sup sup
0<t<T 0<t<s

(FN(t —s,5) — F(s)) Lefr—sy>e}

<e+||HN||p sup sup
0<t<T 0<t<s

< et 1B Ir favery v apy

FAN (1= 8), HN (1—s)— N(S)—F(S)‘

where the third inequality is due to FN(¢,s) = Fyn (), 5 @1)—n(s) on the event {HN(t) > N}
(see (44) and (49)); the last inequality follows from (53). Now, for any § > 0 there exists £ > 0,
small enough, so that the preceding inequality results in

P[IXX + IXllr > 28] < PUAN | fanir) cymay > )
< Plfan iy vy > 0/ +PIEY |17 > d], (55)
Where ¢ > 0 is arbitrary. Finally, taking limsup (as N — o0) on both sides of (55) yields, due

to (54),
hmsup]P’[HXA + IA |7 >d] < thUPP[HHNHT > cl.
N—

N—oo
The final statement follows from the preceding by lettlng ¢ — oo, Proposition 1 and Theo-
rem 5.1 in [27]. O
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7.4. Proof of Lemma 5. For fixed "> 0 and A > 0, the following holds:

Al ma ZNGA) +  ma sup |ZN(A +6) — ZN(A). 56
127 |7 0<<L12</AJ! (iA) 0<2<L7)“(/AJ0<5£A’ ( ) — Z7(iA)] (56)

First, we argue that ZN (t) = 0, as N — oo, for any fixed ¢ > 0. For notational purposes,
it is convenient to define the random variables z;(t) = lgs, >t} 1pi<oy — F(t — t:)GN (v5);
observe that Ez;(t) = 0 since s;, p; are independent of ¢;, v;, and, hence, E[z;(t)|t;, v;] = 0.
From (15) we have that EZN () = 0 while the second moment is given by

AN (1) AN () AN (1)
E(ZN( :—IE Z )+ E ST A
=1 j=i+1
AN(t

- _E Z (t — t:)GN (0)(1 — F(t — t;)GN (v));

the expectation of the double sum equals 0 since the service requirement and patience of an
arriving customer is independent of the state of the system. Then, given that F' and GV are
distribution functions, it follows that, for £ > 0,

P[IZN (t)] > €] < - EZ GN(v;) — 0,

as N — oo, due to (3), (5), (6), and Proposition 2; thus, for fixed ¢, as N — oo,
ZN(t) = 0. (57)

Next, we consider the second term on the right-hand side of (56). To this end, for ¢ > 0 and
d > 0, we have (see (14))

ZN@t+0) - ZN(t) = LAN(t)(z (t+0) — z(t)) + L ANE(%& zi(t+6)
\/N i=1 Z Z \/N i=AN(t)+1 Z ’
and upper and lower bounds follow:
AN AN (1) ) N 1 AN (t+6)
ZN(t46) — \/—_ 2:: (F(t—t;) — F(t+0 —t:))GN (v;) + N i:g(:tm Lipi<on)
= ZA(J\T[,CS) (t);
SN N p A0 AN
Z7(t406) = Z7(t) = TN & (Wsist—t:y — Ysistro—t:)) L pi<oiy — 7 _A;(t) G (v5)
= =2 5(®).

The nonnegativity of Z(J\T[ 5t ) and Z( . 5)( ) and their monotonicity in § imply

sup |ZV(t+06) — ZN(0)| < Z{ o) (1) + Z([ ) (1) (58)
0<6<A
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For notational simplicity, introduce Af\c’ ) = {Af\c’ ) (t),t >0} by

AN (1)
N o
A (1) = 2 Lpi<e/ (v
AN (1)

= 3 (tpsimmy ~ 6V 0VN >>) YOG /T 69)

also, set ; = inf{t > 0 : Aé\cf)( ) > i} and §; = {s; : t; = t;}. The process A( ) is the arrival

process of customers with patience at most ¢/(uv/N), in the Nth system. Limits (3), (5)
and (6) imply

{#\/NGN(C/(N\/N)), t> O} — e, (60)

a.s. u.o.c., as N — oo, while the martingale inequality [6, Corollary 1, p. 331] and (6) yield,
for T > 0,

J

Z ( {pi<c/(u/N)} (C/(M\/_))>

as N — oo. Combining (59), (60) and (61) results in
Aé\g)/\/ﬁ = e, (62)

as N — oo. Now, for t < T — &, on the event {||[VY||z < ¢} the first term on the right-hand
side of (58) can be upper bounded by using monotonicity:

P

sup
1<5<2uTN

g2 =0

. N] 26T GV (¢/(uV/N))

(61)

AN (1)
2N o (6) < =GN (e/(uV/N)) S (F(t— ) — F(t+ A — 1)) + — [ ANt + A) — AV, (1)
o\ = T a Z; \/N[ © © ]
:>09/( (t—s)— F(t+ A — s))ds + cOA, (63)
0

as N — oo, where the limit is due to (3), (5) and (6). Similarly, on the event {||[VN|r < ¢},
we have

AN (1)
Z{ ) < \/1— Z (Lsise—iy = Ysstea—iy) T \/1N [AN(t+A) — AN(@®)] GN (¢/(nV/N))

:>09/ (F(t—s) — F(t+ A — 5)) ds + cBA, (64)
0

as N — oo, where the limit is due to (3), (5), (6) and Theorem 3 in [20]. Now, for ¢ > 0, (58)
implies
P LE?EA 2V +6) - 2V ()] > ] < PIZY ) (1) + 28 0y () > &, [V |z < ]+ B[V [1r > o]

Selecting A small enough, letting N — oo on both sides in the preceding inequality, using (63)
and (64), and then increasing ¢ — oo yields (for fixed ¢)

sup |ZN(t+6) - ZN ()| = 0; (65)
0<6<A

the limit is also due to Proposition 5.3 in [27] and Proposition 1.
Finally, the lemma follows from (56), (57) and (65). O
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7.5. Proof of Lemma 6. In view of Lemmas 4, it is sufficient to prove ZJAV = 0,as N — oo.
Recall the definition of Aé\cf), {t;;i > 1} and {3;,7 > 1} from the proof of Lemma 5. Now, for
arbitrary 7' > 0 and € > 0, we have

PIZX|r > el <P ZKX)lx > &, [VE|lr < J + PIVElr > d.

On the event {HVf_V ll7 < ¢}, the process A N, based on its definition, can be upper-bounded as
follows, for all ¢ € [0,7T] and all sufficiently large NV:

A (@)
(c) t
. 1 _ _
N } _ : e s _ N
|ZA (t)| < \/N ;:1: (1{§¢>t—ti—5} 1{§i>t—ti}) + \/N/O (F(t s 5) F(t 8)) dA(C)(S)
= Z(Nc,a) (t),
where 0 > 0. The preceding two inequalities render
Pl Z8|lr > €] < PUIZ{ 5 llr > €] + PIVE |7 > ¢, (66)

where ZA(Q%) = {ZA(JZJ)(t),t > 0}.
Next, Theorem 3 in [20] and (62) yield, as N — oo,

t
{Z{X,(;)(t),t >0} = {2c9/ (F(t—s—08)—F(t—s))ds, t > 0} . (67)

0

On the other hand, Proposition 2 implies
lim limsup P[| VY] > ¢] = 0. (68)

Therefore, in view of (66), (67) and (68), given T" and ¢, for any £ > 0, it is possible to select
c and § such that P[||ZY || > €] < £ for all N large enough. The lemma holds. O

7.6. Proof of Proposition 3. Two cases are considered separately: (i) non-deterministic
service time (F'), and (ii) deterministic service time (F'). For x1, 29 € D[0,00) let y1 = ¢(z1)

and y2 = ¢(z2).
(i) Since service time is not single-valued, there exist 6 > 0 and 0 < ¢ < 1 such that
F(z+9)— F(z) < ¢, for all z > 0. Then it follows that

) t
& (1, y2) < A%, (21, 02) + / / ya(t — ) — yo(t — )| dF(s) dt
0 0

5
< d5,(x1,29) +/ 51 (y1,y2) dF (s)
0

S d(zl (‘Th .Z'Q) + Edil (y17 y2)7

and, thus,

dyi(y1,92) < djs (w1, 22) /(1 —e). (69)
Similarly, considering the time interval [0, 2] yields

A7 (y1,y2) < 75 (w1, 22) + eda (y1,92) + 2d75 (y1, 92)
< dP (w1, 22)/(1 —€) + dd (y1, ),

where the second inequality is due to (69). From the preceding inequality one derives d%‘sl (y1,y2)
d%‘sl (w1, 72)/(1—¢)?. The above argument can be applied [ times iteratively to obtain allL‘;1 (y1,92)
d, (z1,25)/(1 — €)!. Therefore, for any 7', there exists ¢y < oo such that d%,(y1,y2) <
crdt, (z1,x2).

<
<
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(ii) Let a be such that F(a—) = 0 and F(a) = 1. Then y;(t) = x;(t), i = 1,2, for t < a and
d7L11 (y1,y2) = d7L11 (x1,x9) for T < a. Next, assume that d%l (y1,y2) < chfl (x1,x9) for some
T > a and ep < co. Due to this assumption, since y;(t) = z;(t) + y; (t —a), i = 1,2, for t > a,
one has, for 0 < d < a,

d,{ii_d(yla y2) S dtzrd('xh .'1'2) + d%—‘l (y17 y2)
< dffd(:cl,:cz) + erdty (21, 72)
< (1 + CT)dgj_d(xl, xg).

The conclusion follows. O

7.7. Proof of Lemma 8. In view of Proposition 3, it is sufficient to consider the argument
of the ¢ operator in (21). Recall the definition of d, (-,-) from the proof of Proposition 3.
The non-decreasing nature of distribution functions yields

T
AL (Fo (Y +VE)LF) < [ (B V) = (e o= )
0
< |VElr + lle = 7Nl
where the second inequality follows from F'(t) < 1 for all ¢; similarly,
dii(Feo (T +VY), E) < [IVElr + [le —7V]7.

For notational simplicity, let JV := (G)T(F — F) + G F. — VN(1 — pN)F,. The preceding
two inequalities, jointly with (5) and (7), yield, as N — oo,

d5 (TN o (7N 4V, JN) = 0. (70)
The triangle inequality and the definition of d%l (see (1)) result in
A ((IN + YR = ZN)o(rN + VI, IN + YA — Z7)
<dL (TN + Y = ZN) o (7N + V), 0) + dE (1IN + Y — Z7N)0)
<2T|IN + YA — ZN”T—}-VA’(T);
and, thus, invoking Lemmas 5 and 6, as well as Proposition 2, yields, as N — oo,
Al ((IN + Y = ZN) o (PN + VI, IN + Y = ZV) = 0. (71)
Next, for any € > 0 and § > 0, conditioning on the value of |7V + V¥ — ¢||7 results in
P (XY +IY) o (PN + V), XN 4 1Y) > €]
<PlAF (XN + 1Y) o (PN + V), XN + V) > &, |7V + VY —ef|7 < 9]
+ PN + VY —ellp > 4]

<P [H |st XNt +8) = XN+ IVt +s) = IVN@®)||7 > /T
s|<é

+ PN + VY —e|lr > 4. (72)
Lemmas 2 and 3, the continuous mapping theorem, the continuity of the sup operator and the
continuity of sample paths of X and [ yield

lim lim P [H sup [ XN(t+s) = XN+ IN(t+5) = IN@)||lr > ¢/T| =0.

6|0 N—oo |s|<5
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The preceding limit, Proposition 2 and (72) imply, as N — oo,
A5 (XN + Yo (PN + V), XN £ V) = 0. (73)
Now, considering separately s € [0, A (7™ (t) + VN(t))] and s € (t A (TV(t) + VN (#)),t Vv
(7N (t) + VN (t))] we have

T V() + VN(t)
/| Pr ()+VN()—S)\/NGN(VN( 1) dAN (s) /Ft—s WNGN (VA (5)) dAN (5)] dt
G VN(»
< VNGN( HanT// LWV = )= Flt— 7 = ellr — ) dAY (s) dt

VNGV (VA7) /0 ANt + [VV|Ir) — AV — |7 — ellz)) dt

< VNGN(IVE ) (VY e + 7Y = ellr) AN(T)
+VNGY (VY ) (AN(T + VE(T)) — AN(T)), (74)
where the last inequality is due to a change in the order of integration. The preceding inequality,
(6), (3), and Proposition 2 result in, as N — oo,
VNGY(IIVE ) [IVE I + 7Y = ellr) AN (T) + (AN(T + VA(T)) = AN(T))] = 0. (75)

Finally, the statement of the lemma follows from (17), (70), (71), (73), (74), (75) and
Proposition 3. U

7.8. Proof of Proposition 4. The proof closely parallels the proof of Proposition 3.1 in [27].
Two cases are considered separately: (i) deterministic and (ii) non-deterministic service times.
The proof of measurability is the same for the two cases and is identical to the corresponding
proof in Proposition 3.1 of [27].
(i) Deterministic F. In this case F'(t) = 1y>qy, Fi(t) =t/a- 1jo<i<qy and p = 1/a.
Ezistence. First consider the interval [0, a) only. Let yo = 0 and

yn+1 0/ yn t_s (76)
for 0 <t < aandn>1. Then for § < a we have

||yn+1 - yn||6 < 59Hyn - yn—lH(S

< (66)"[|l5-
The preceding will serve as a base for an induction. Assume that
[Yyns1 = ynllks < 0"~ (360)" [ ks (77)

for some k (k0 < a). Then, for (k+ 1)d < a, the inductive assumption and (76) yield

k
Y1 = Ynll g+1)5 < 592 9n = Yn—1llis + 601Yn — Yn—1ll(k+1)s
i—1
!

< (80)" |/l e 1ys Y (0= 1)+ 68y — Yol 1ys
i=1

< 07 (860)" 12/l 135 + 08llyn — Yn—1llk+1)5-

Iterating the argument from the preceding inequality results in

9ns1 = Ynllgsnys < 07(00)" 12| 16
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and hence (77) holds. In view of (77), selecting < 1/60 implies that {y,,n > 0} is a Cauchy
sequence and there exists y such that y, — y, as n — oco. Therefore there exists a solution on
the interval [0,a).

Now consider the interval [0,2a). Let yo = {yo(t) = y(t)1{0<t<q},0 < t < 2a} and

() = y(t), 0<t<a,
Y1) = x(t)—l—y(t—a)—Gftt_ay:{(t—s)ds, a<t<2a,

where y is the solution on the interval [0, a). By repeating the argument from the previous case,
it is straightforward to show that there exists a solution on the interval [0,2a). Furthermore,
by iterating the argument, one establishes the existence of a solution on an arbitrary interval
of finite length.

Uniqueness. Let 6 < a A 1/6. Suppose u and v are two solutions and consider

tAa
u(®) = 0(t) = Lz (67 ()~ 0" (@) =0 [ ('t = 5) =07 (¢~ 5)) ds,
0

t > 0. For 0 <t < ¢ we have |u(t) — v(t)] < d0|lu — vl|s, and, therefore, u(t) = v(t) for
0 <t <4é. Next |u(t) —v(t)| < db||u—v|s+ 00||u — v|as for 6 < ¢t < 26, yielding u(t) = v(t)
for 0 < 0 < 26. Repeating this argument multiple times leads to u(t) = v(¢t) for 0 <t < a.

Now, assume that u(t) = v(t) for 0 < ¢ < T, where T' > a. Then, for T' <t < T + 0, we
have |u(t) — v(t)| < 00||u — v||74s, resulting in u(t) = v(t) for 0 <t < T + §. The uniqueness
follows.

Lipschitz continuity. The definition of ¢ renders, for y = ¢(z) and t < a,

y(t) = z(t) — 9/0 yt(t—s)ds

and, thus, ||¢(x1) — ¢(z2)]ls < [|z1 — x2|ls + 00]|d(x1) — P(y2)||s if & < t. By selecting § > 0
small enough such that 00 < 1, we have

[p(21) — d(x2)lls < [lw1 — w25/ (1 = 66). (78)
Considering the interval [0, 20] yields

[p(x1) — @(@2)ll25 < |21 — 22ll25 + 60| P(71) — P(2) |5 + 30][P(21) — P(w2)][25,

which, upon combining with (78), results in

l¢(21) = d(2)ll2s < llo1 — w2ll2s/(1 — 36)*.

The preceding argument can be applied repeatedly to show that ¢ is Lipschitz continuous when
the interval [0, a) is considered.
For t > a, y = ¢(x) renders

y(t)=x@t)+y (t—a) — 9/0a yt(t —s)ds. (79)
When t = a, we obtain .
) = a(@) +a*0) =0 [ y*()ds

and, due to the case t < a, it follows that there exists ¢, < oo such that ||p(x1) — ¢(22)]|a <
callx1 — w2|lq. This serves as the base for the induction. Now, suppose that for some T' > a
there exists cp < oo such that [|¢(z1) —d(z2)||r < er||z1 — 2|7 Now, for any § < min{a, 1/6},
from (79) we have

[¢(z1) — p(@2)lIr1s < [[21 — 22llT1s + (1 + ab)|[P(x1) — p(x2)[|r + 60[|P(21) — d(72)[I745
< (T+ A +ab)er)|zr — z2|l74s + 00]P(21) — ¢(22) (745,
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where the second inequality is due to the inductive assumption. Hence, ||¢p(x1) — ¢ (z2)||745 <
cT+5Ha:1 — LZ'QHT_H; with cpys = (1 + (1 + CLH)CT)/(l — 50) < 0.

(ii) Non-deterministcis F'.

There exist 6 > 0 and 0 < ¢ < 1 such that

Ft+6)—F@)+0F.(t+0)/u—0F.(t)/n < e, (80)

for all ¢ > 0, since F} is absolutely continuous by definition. In view of this fact, the proof of
existence, uniqueness and Lipschitz continuity is almost identical to the proof of corresponding
parts in Proposition 3.1 of [27]. In particular, if F':= F — §F,/u then

y(t) = x(t) + /0 yT(t —s)dF.

Note that the preceding relation can be written in terms of ¢ with F' replaced by F, and , in
view of (80), there exist § > 0 and 0 < € < 1 such that

F(t+06) — F(t) < e, (81)
for all ¢ > 0. We can now apply directly the results in [27, Proposition 3.1] because the analysis
of ¢ in [27] is based on (81). O
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