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Abstract. A central result in the rational learning literature is that if the true
measure is absolutely continuous with respect to the beliefs then, given enough
data, the updated beliefs merge with the true distribution. In this paper, we
show that, under absolute continuity, weak merging occurs fast (at the rate
1/+/t) with density one. Moreover, if weak merging occurs fast enough (at the
rate 1/7) then absolute continuity holds. These rates are sharp. We also show
that, under some conditions, if weak merging occurs at the rate 1/+/7 then
absolute continuity holds.
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1. Introduction

A central result in the rational learning literature is that, given enough data,
updated beliefs merge with the true measure if and only if the true measure is
absolutely continuous with respect to the beliefs (see Blackwell and Dubins
(1962) and Kalai and Lehrer (1994)). Hence, under absolute continuity, con-
vergence to Nash equilibrium obtains (see Kalai and Lehrer (1993a)). Abso-
lute continuity requires that if an event has positive probability under the true
probability measure then it has positive probability under the beliefs.

The central question in this paper is the speed of the convergence process
under absolute continuity. In game theoretical and economic models, the lit-
erature on this issue is small. Jordan (1992) obtained an exponential rate of
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convergence to Nash equilibrium for a class of myopic learning processes.
Vives (1993) showed interesting examples of slow convergence (at the rate
t~1/6) and fast convergence (at the rate r°) in an economic model.

There are two standard notions of convergence. One is merging and the
other is weak merging. The beliefs merge with the true measure if the
predictions about all future events eventually become accurate. The beliefs
weakly merge with the true measure if eventually the predictions about all
future events become accurate, except, possibly, distant-future events. Al-
though weak merging is weaker than merging, Lehrer and Smorodinsky
(1997) and Sandroni (1998) have shown that weak merging is a sufficient
condition for convergence to Nash equilibrium.

The central results in this paper are as follows:

1. If the true measure is absolutely continuous with respect to the beliefs then
the true measure and the beliefs weakly merge at the rate % in a sub-
sequence of periods which has density one.

2. If the beliefs and the true measure weakly merge at the rate r~(1*%), for an
arbitrary ¢ > 0, then the true measure is absolutely continuous with respect
to the beliefs.

3. If the beliefs over next period’s outcomes are uniformly bounded away
from zero and the beliefs and the true measure weakly merge at the rate
t~(05+4) for an arbitrary ¢ > 0, then the true measure is absolutely contin-
uous with respect to the beliefs.

All three results are tight.

The paper is organized as follows: In section 2, we present an example il-
lustrating the connection between absolute continuity and fast weak merging.
In section 3, the basic set-up is defined. In section 4, the different notions of
convergence are defined. Our results hinge on a characterization of absolute
continuity by Kabanov, Liptser and Shiryaev (1977) revisited in section 5. The
main results are presented in section 6. Section 7 contains applications to the
theory of rational learning in repeated games.

2. Motivating example

Assume that there are two outcomes: heads and tails. The true probability of
1
(t+2)"
under the belief. If p > 0 then the belief and true measure weakly merge.
However, the higher is p, the faster is the convergence rate. Absolute conti-
nuity (and merging) obtains if only if p > 1. This is so because absolute con-
tinuity holds if and only if the probability of the event “heads in all periods”
is strictly positive under the belief. The logarithmic of this probability is

1 1 1 1
Zilogll—— ) =—>" - ——=5 Where 1-——— <e<l.
Sives(1- ) =~ S ga 27

Hence, under the belief, the logarithmic of the probability of “heads in all
periods” is minus infinity if and only p < 1.

The focus of this paper is to establish the connection between merging and
the rate of weak merging for arbitrary probability measures.

heads is 1 in all periods. At period ¢, the probability of heads is 1 —
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3. The basic set-up

Let 3 be a finite set. Let 3. be the set of (z+ 1)-histories, 0 < ¢ < co. Let
H =1y, >."be the set of finite histories. A cylinder with baseonhe Y’

is the set C(h) = {we >.” |w= (h,...)} of all infinite histories such that the
t + 1 initial elements coincide with 4. Let Jp = ---J;, = --- = 3, be a filtra-
tion where 3 is the trivial g-algebra, J; is the o-algebra generated by the
C}gindfjs with base on >/, and 3 is the g-algebra generated by the algebra
3 = 3;.

Let ,ut ﬁgd i be two probability measures on (>.”, J). Let u be called “the
true probability measure” and let ji be called “the belief.” After history 2 € H,
the posterior of the belief and the true measure are given by g, and g,

respectively.

4. Notions of convergence

After history & € H, the difference in the sup-norm between the belief and the
true measure is ||, — || = supes |1, (4) — @,(4)|. The belief and the true

measure merge if ||, — | t—>0(y a.s.). That is, the belief and the true
— 00

measure merge if, given enough data, the probabilities assigned by the up-
dated belief and true measure become arbitrarily close.

After history i € H, the difference in the d;-metric between the updated
belief and true measure is dj(4, i) = SUP4e5,0<; < a(A4) — i (A)|. The
belief and the true measure weakly merge if, for every natural number /,
di(wy,, ﬁh)?O(,u a.s.). That is, the belief and the true measure weakly

merge if, given enough data, the probabilities assigned by the updated belief
and true measure to events within finitely many periods become arbitrarily
close.

Definition 1. The belief and the true measure weakly merge at the rate t" if, for
every natural number I,y a.s., t"di(w,, i) converges to zero.

That is, the belief and the true measure weakly merge at the rate ¢ if
the dj-distance between the belief and the true measure goes to zero faster
than 17",

The density of a subsequence L < N is defined as lim sup,,_,
#{Ln{l,...,m}/m. A sequence a, goes to zero with density one if for every

#{i/lal <&i<t
t t— 00
density one if @, becomes arbitrarily small in a subsequence of density one.

e>0,

1. That is, a sequence @, goes to zero with

Definition 2. The belief and the true measure weakly merge with density one at
the rate t~" if, for every natural number I, u a.s., t"d;(w,, fi,) goes to zero, with
density one.

That is, the belief and true measure weakly merge with density one at the
rate ¢~ if the dj-distance between the updated belief and true measure goes to
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zero with density one faster than . Naturally, in a subsequence of density
zero, the belief and the true measure may weakly merge at a slower rate or not
at all. The standard rate for fast convergence is 1% (see Vives (1993)).

Definition 3. The belief and the true measure weakly merge fast with density one

if the belief and the true measure weakly merge with density one at the rate
—0.5
t .

5. A characterization of absolute continuity

In this section, absolute continuity is formally defined. Moreover, it is
shown a characterization of absolute continuity (due to Kabanov, Liptser and
Shiryaev) which will be useful to prove the main results of this paper and to
determine when absolute continuity (and merging) occurs in specific examples.

1 1s locally absolutely continuous with respect to j if for every A € 3°,
fA(A) = 0 implies u(A) = 0. u is absolutely continuous with respect to f if for
every A € 3, ji(A) = 0 implies u(A4) = 0.

The assumption of local absolute continuity requires that any finite-time
event which has zero probability under the belief also has zero probability
under the true measure. Hereafter, we assume that the true measure is locally
absolutely continuous with respect to the belief. This is a mild assumption
which allows the belief to be unambiguously updated by Bayes’ rule.

The assumption of absolute continuity requires that any event which has
zero probability under the belief also has zero probability under the true
measure. Absolute continuity is a much stronger condition than local absolute
continuity.

The question that will now be considered is the conditions under which
absolute continuity (and, consequently, merging) holds.

For every xeR, u(x)=x if |x| <1 and u(x) =sign(x) if |x| > 1.
Given we X%, w= (w(?),...), w(t) = (w(t—1),a), ae X, let z, be the J;-
measurable functions defined by:

z(w) =0 if u(C(w(r))) =0; and

O
z(w) = IOgu(C(w(t))) if u(C(w(1))) > 0.

That is, z, is the logarithm of the ratio of the belief to the true measure. Let ¢,
be E{u(z;)|J—1} and let v, be E{(u(z,))*|3,_1}, where E is the expectation
operator associated with the true measure (e, is non-positive, Shiryaev (1991)
page 529).

Proposition 1. The true measure is absolutely continuous with respect to the
belief if and only if

Ze,>—oo and Zv,<oo(,ua.s.).
t t

Proof: See Kabanov, Liptser and Shiryaev (1977), theorem 2, or Shiryaev
(1991) page 530, equation (26).
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6. Main results

The main results of this paper (propositions 2, 3 and 4) are presented below.

Proposition 2. If the true measure is absolutely continuous with respect to the
belief then the belief and the true measure weakly merge fast, with density one.

Proof: See Appendix.

Corollary 1. If the belief and the true measure merge then the belief and the true
measure weakly merge fast, with density one.

So, absolute continuity (or merging) implies fast weak merging, except in
some rare periods.

Proposition 3. If the belief and the true measure weakly merge at the rate
=49 for some &> 0, then the true measure is absolutely continuous with
respect to the belief. Therefore, the belief and the true measure merge.

Proof: See Appendix.

So, absolute continuity (and merging) are necessary conditions for weak
merging at the rate =14, & > 0.

Definition 4. The beliefs over next period’s outcomes are uniformly bounded
away from zero if there exists y > 0 such that ji, (C(h,a)) > y for every outcome
a € X, and every finite-history h € H such that i(C(h)) > 0.

That is, the beliefs over next period’s outcomes are uniformly bounded if
there is y > 0 such that the conditional probabilities (of ji) over next period’s
outcomes are above 7.

Proposition 4. Assume that the beliefs over next period’s outcomes are uni-
formly bounded away from zero. If the belief and the true measure weakly
merge at the rate (%9 for some ¢ > 0, then the true measure is absolutely
continuous with respect to the belief. Therefore, the belief and the true measure
merge.

Proof: See Appendix.
So, under the assumption that the beliefs over next period’s outcomes are
uniformly bounded away from zero, absolute continuity (and merging) are

necessary conditions for weak merging at the rate =59 ¢ > 0.

Proposition 2 shows that, under absolute continuity, the belief and the true
measure weakly merge fast with density one. Proposition 3 and 4 shows that if
the belief and the true measure weakly merge fast enough then absolute con-
tinuity holds. Propositions 3 and 4 are not the converse of proposition 2.
Hence, a natural question is whether it is possible to relax the assumptions in
proposition 3 and 4 or to strengthen the conclusions in proposition 2. For
example, in propositions 3 and 4, is it possible to assume that weak merging
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occurs with density one? Is it possible to assume slower rates of convergence?
Similarly, in proposition 2, is it possible to obtain faster rates of convergence
with density one? Is it possible to obtain fast weak merging, instead of fast
weak merging with density one? The answer to these questions are no, as
demonstrated by the examples below.

Example 1. Tt is not possible to dispose the proviso “with density one” in
proposition 2.

Assume that the true probability of heads is 0.5 in every period. In all
periods ¢ such that there exists a natural number j > 1 such that ¢ = j4, the
belief assigns probability 0.5(1 +1/¢*°) to heads. In all other perlods the
belief assigns probability 0.5 to heads. The subsequence L = {t|¢ = j* je N}

has density zero. For all paths w = (w(2),...), Vtd\(t): () = 0.5°%,

te L. Hence, the belief and the true measure do not weakly merge at
the rate +°> in this subsequence. By definition, if 7 is large enough, ¢, = 0

if t=j% v,=0if t# j* and v, =

1
if 1# j% and e = 0510g<1—2

1 1\ . .
0.51og?( 1 —; +0.51og? <1 —i-j) if = j* However, if x>0 then
log(l4+x) <x; and if x<0, but sufficiently close to zero, then
o . 1
log(1 — x) = (—2)x. Hence, if j is sufficiently large then 0 > ¢, > — —, and
i
2.5 .. .
0 <v, < —. Hence, by proposition 1, the true measure is absolutely

]
continuous with respect to the belief.

Example 2. 1t is not possible to obtain faster rates of convergence in proposi-
tion 2 (from %3 to 7%, v > 0.5).

Assume, as in the previous example, that the true probability of heads
is 0.5 in every period. The belief is that the probability of heads is

1 . .
0.5 1—&—; ,>0.5, in all periods. If v>7y>0.5 then, for all paths

w = (w(t),...), 1°d(fy(r) fl(y) gOes to infinity as ¢ goes to infinity. So, the
belief and the true measure do not weakly merge, with density one, at the

o . . 2

rate ¢V, By definition, if ¢ is sufficiently large, ¢, = O.Slog(l ZTV)’ and
2 2

v = 0.5log? (1 — t_/> +0.5log? (1 + t_>) Hence, if ¢ is sufficiently large then

1
and 0<v,<—0

0=>e > 0 <o o By proposition 1, the true measure is

absolutely continuous with respect to the belief.

Example 3. 1t is not possible to assume slower rates of convergence in propo-
sition 3 (from (%9, & > 0, to t71).

Assume that, as in the motivating example, the true probability of heads is



The speed of rational learning 205

1 in every period. At period ¢ > 2, the belief assigns probability 1 — th to

heads next period. Then, the belief and the true measure weakly merge at rate

t~1. If ¢ is sufficiently large, e, = log(l — ) However, log(l — x) < —ux.

tlogt

So, ¢ < . Moreover, >/,

" tlogt —tlogt: oo (this equality is a direct

consequence of the Cauchy condensation test, (see Goldberg (1976), page 88,
theorem 3.7b). By proposition 2, the true measure is not absolutely continuous
with respect to the belief.

Example 4. It is not possible to assume slower rates of convergence in
proposition 4 (from =059 ¢ > 0, to r03).

Assume that the true probability of heads is 0.5 in every period. At period
1
\/tlogt

Then, the belief and the true measure weakly merge at the rate 1% and the
beliefs over next period’s outcomes are uniformly bounded away from zero. If

t > 2, the belief assigns probability 0.5 <1 + to heads next period.

. . 1 L
t is sufficiently large, ¢, = 0.5log (1 — Tgt) By the same argument given in

the previous example, the true measure is not absolutely continuous with re-
spect to the belief.

Example 5. 1t is not possible to assume that weak merging occurs with density
one in propositions 3 and 4.

Assume, as in the previous example, that the true probability of heads is
0.5 in every period. The belief assigns probability 0.3 to “heads’ in all periods
t such that ¢t = j? for some natural number j > 1, and 0.5 to “heads” in all
other periods. Then, the belief and the true measure weakly merge at any rate
t=?,v > 0, with density one, but the belief and the true measure do not merge
(nor weakly merge).

7. An application to rational learning in game theory

In this section, a finite number of long-lived players play an infinitely repeated
game. In each period, players’ choose an action and update their beliefs about
the future evolution of the play according to the past history of outcomes. The
model is formally described below.

Using the notation from before, assume that each player i has a finite set
>-; of possible actions. Let 4(}";) be the set of probability distributions on
SoiLet >0 =TI~ >, be the set of action combinations.

Each player i has a payoff function u; : Y — R; a chosen behavior strat-
egy f; : H — A(}_,) which describes how player i randomizes among possible
actions conditional on every possible history; and a belief about opponents’
strategies f' = (f{,...,f;). The chosen strategy profile is defined by

f=(fi,--.,f,)- Each player knows his own strategy, i.e., f; = f;.

1
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Given a strategy profile g, there exists a probability measure g, (see Kalai
and Lehrer (1993a) for details) that represents the probability distribution
over play paths generated by g. Let u, and My i be the probablhty measures
associated with the strategy profiles f and ', respectlvely That is, p is the
true probability distribution of the play and x . is player i’s behef about the
evolution of the play.

Propositions 2, 3, and 4 can be immediately applied, replacing u with u,
and g with g .. Assume that the true measure is absolutely continuous with
respect to player i’s belief, then player /’s belief and the true measure weakly
merge fast with density one. Hence, if, for every player i, the true measure is
absolutely continuous with respect to the player i’s beliefs, then there is con-
vergence to an equilibrium, in a sequence of density one, at the rate .
Moreover, if player i’s belief and the true measure weakly merge at the rate

~(+2) for ¢ > 0, then the true measure is absolutely continuous with respect
to the belief. Hence, absolute continuity and merging are necessary conditions
for weak merging at the rate 1~ (!¢ for & > 0. Furthermore, if, players believe
that the probabilities of next period’s outcomes are bounded away from
zero then absolute continuity and merging are necessary conditions for weak

merging at the rate (034, for ¢ > 0.

8. Appendix
Lemma A.1.
1. xu(logx) =x—1if x> 0;
2. u(logx) < (x—1)ifx=>1;

<
3. u(logx) = eil(x—l)ifxsl;

e
. < ——|x— 1]
4 luflog )| < —“—[x—1]

Proof: For part 1, see Shiryaev (1991) page 529. Part 2 follows from
¢ (- < - L.

1
log(x) < x—1. Part 3 holds when x < 5 because then
The inequality in part 3 holds as an equality when x = 1. So, the inequality
1 . .
holds for all value between - and 1 because log x is a concave function of x.

Part 4 follows from parts 2 and 3. g.e.d.

Lemma A.2. Let {a;,i=1,...,T} and {b;yi=1,...,T} be two finite se-
quences of real numbers such that ai>0, b >0 (lf b; =0 then a; =0),
Yiai=1,and Y ;b = 1. Then,

() = )

b; e
2. aullog—) > — . —b;).
Zi:au<ogai) > P (a; — b;)

i:a; >b;>0

2
3. > a4 (u(log é)) < 2 ( Z (ai — bi)>~
i ai e—1 i:a; > b;>0
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Proof: Part 1. Denote 4 = .-, oa: Clearly, 4 <1.

b\ \? a\\ > a\\ >
i log— = i log— > i log =
Safufoeg)) = Sa(s(os)) = T alu(ee7))
=4 Z ﬂ(u(logﬂ>>2
ita,‘Zbi>0A bi
2
a; a;
> A —’u(log—'))
([:a,-ZI;pOA bi
2
a; a;
bilu<log'>>
<i:ai;>0 bi bi
2
a; a;
> bilu<log’)> .
<i:a,vzzb,->0 bi bi

Since xu(log(x)) = x — 1 for x > 0,

3 b;Z—iu(logZ—j)Z 3 bi(Z—j—l): S (@i by).

i:a; > bi>0 i:a; > bi>0 i:a; > bi>0

NI

Hence,

2 2
ai ai
(., 2 bl‘b—i”@’gbﬁ)) 2<.‘ 2, <“f‘bf>>'
i:a; > b;>0 i:a; > bi>0

This concludes part 1.
Part 2. Since u(logx) > 45 (x — 1) if x < 1 (see lemma A4.1),

Zi:“f”(loz‘%%)z Z aiu<log%>2 Z aieil(z—i—1>

i:a; > bi>0 !

e e
= (bl — a,‘) = — Z (Cll' — bl)
bar=h0€ 1 e—1,,550

This concludes part 2.
Part 3. Assume that a; > 0 and b; > 0. Then,

(u(logbi>>2< u<10gbi)‘ < ¢
a; - a;)|” e—1

bi
u(log —)‘ <1 and because |u(logx)| < ﬁbc— 1| (see lemma

bi
1‘
a;

because

a;
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A.1). Therefore,

b,‘ 2 b,’ 2 e
Za,- ul log— = Z a;| ul log— Z a;
a; a; e—
i ! i:a;>0,h;>0 ! i:a;>0,b;>0
e e
=1 2 li—al<_— > lhi-ai

[:a;>0,b;>0 i:b;>0

IA

[

< 26 Z (ai — b,)

e—1 ica; > b;>0

The last inequality comes from

Z (ai — bi) = Z (bi — aj). g.ed.

i:a; > b;>0 i:a;<b;,b;>0

Lemma A.3. Consider a sequence {c,,n >0} such that ¢, >0 and
> ns0Cn < 00. Then, nc, converges to zero with density one.

Z;:O ]CI
n

Proof: By Kronecker’s lemma, it follows that -~ converges to zero.

Hence, if jc; is greater than J > 0 in a subsequence of density f > 0 then
Zjl'q:O jC
n

lim sup Lis greater than /2 > 0. A contradiction. g.e.d.

Lemma A.4. Fix ¢ > 0. If n'"*9|¢,| goes to zero then |y, - o ¢u| < 0.

1
Proof: For n large enough, |c,| < i So, >, 5 ¢leu| < co. However, for

every natural number &, | 325 ¢,| < 32K e, g.e.d

Proof of Proposition 2: By proposition 1,

o0
v, < oo a.s.).
=0

By lemma 4.3, almost surely with respect to u, tv, converges to zero, with
density one.
let #, be 3,-measurable functions defined by:

ﬂz(W) =d (/zw(t) ) :uw(t))

where w e X, w = (w(¢),...). By lemma 4.2 (part 1),

0<(y)* <.

Thus, u a.s., t°3d;( How(e)s () €O€S to zero, with density one. The proof that
e a.s., 1°3d) (s fiy) goes to zero, with density one, / > 2, is completely
analogous and, therefore, is omitted. g.e.d.
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Proof of Proposition 3: Let 5, be defined as in the proof of proposition 2. By
lemma A4.2 (part 2),

e = — m”t'

By assumption, u a.s., {179y, goes to zero, with density one, for some & > 0.
By lemma 4.4, i a.s.,

o0
> < oo
t=0

Therefore, u a.s.,

o0
E e, > —o0.
t=0

By lemma A.2 (part 3),

t=0

By proposition 1, the true measure is absolutely continuous with respect to

the belief. Hence, the belief and the true measure merge. g.e.d.
uw(Cw()) .o - i ‘
Let p,(w) be = if g(C(w(#))) >0 and 0 otherwise, we X,

w= (w(t),...).

Lemma A.5. Assume that the beliefs over next period’s outcomes are uniformly
bounded away from zero. Also assume that u a.s.,

E{(pr1 — 1?31} < 0.
=0

where E is the expectation operator associated with fi. Then, the true measure is
absolutely continuous with respect to the belief.

Proof: See Shiryaev (1991), page 531, corollary 4.

Proof of Proposition 4: It is easy to see that

E{(pis — 1?31} < §<n,>2.
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By assumption, there exists ¢ > 0 such that u a.s., 9>+

n, goes to zero. So,
was., 777 (n)? goes to zero. By lemma 4.4, y a.s.,

> )< o= E{(pyr — 1?3} < 0.
=0 =0

By lemma A.5, the true measure is absolutely continuous with respect to the
belief. Therefore, the belief and the true measure merge. g.e.d.
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