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Abstract

We introduce a new solution concept for short-sighted players engaging in a repeated inte
a Belief-based equilibrium (BBE). In a BBE, players optimize myopically given their beliefs w
are not necessarily correct, but are not contradicted by the data. We show that, if the stage g
a unique correlated equilibrium then the play of a BBE resembles a Nash equilibrium play. Ho
a BBE may not be a Nash equilibrium. In particular, in a BBE players may play determinist
when the only Nash equilibrium is in mixed strategies.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Assume players interact repeatedly in the same game and are known to act rat
and myopically. In a Nash equilibrium all players take best responses to correct b
However, it may be impossible to infer from the observed data if a player is or i
randomizing. This motivates us to consider a new notion of equilibrium, aBelief-based
equilibrium (BBE), which is based on the following assumptions:
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(a) in every stage, each player forms a belief about what his opponents’ actions wil
the next stage;

(b) all players take an action (pure or mixed) that provides them with the best exp
outcome given their belief; and

(c) the observed data does not contradict players’ beliefs, vis-à-vis a pre-specified
calibration tests.

In a calibration test, players compare the long run frequencies of opponents’ a
with the long run average belief and expect the frequencies to become closer to th
run average of their expectations. Such tests appear natural to people when they
check the validity of their belief over a random outcome (Camerer, 1995). In our p
we assume that players also assume that when beliefs are correct that long run freq
computed is subsequences, e.g., on odd periods, become close to long run ave
expectations. In fact, players expect this to occur simultaneously in many subseque

The notion of a BBE combines, in fact, three different strands of the literature:
the Bayesian literature, where players use Bayes rule to update their strategies; sec
literature on calibration, culminating in the works of Forster and Vohra (1997, 1998
Lehrer (1997, 2000); third, the literature that deals with bounded rationality and aut
(e.g., Neyman, 1985; Rubinstein, 1986; Abreu and Rubinstein, 1988). Whereas
latter branch of the literature players’ strategies must be implementable by some
automata or Turing machine we model players that can test their beliefs’ validity with
implementable by finite automata or Turing machines.

1.1. BBE and Nash equilibrium

It turns out that the notions of a BBE and Nash equilibrium are related. A straigh
ward application of the strong law of large numbers implies that, if players are play
Nash equilibrium, they must be playing a BBE as well (Dawid, 1982).

Next, consider games with a unique correlated equilibrium, which is therefor
unique Nash equilibrium. We show that if players play a BBE then the frequencies o
finite sequence of action profiles equal the probabilities of those finite sequences im
by a repeated Nash equilibrium. We call this propertyNash normality. Therefore, if players
play a BBE, then an outsider, who applies calibration test, analogous to those app
the players, will not reject the hypothesis that the players are playing a Nash equilib

1.2. BBE and learning

In a companion paper, “Calibration with many checking rules” (Sandroni et al., 2
we consider a forecaster who has no prior knowledge about the sequence of data t
be revealed. After observing the past data, the forecaster makes a prediction for th
period. We show that there exists a forecasting rule which ensures that the forecasts
calibrated forevery possible infinite string of data. Based on this result, we show a univ
learning scheme which leads into a BBE. This learning scheme requires that player
their own payoffs but the player need not have any knowledge over the opponents’ p
or their rationality.



A. Sandroni, R. Smorodinsky / Games and Economic Behavior 47 (2004) 157–171 159

or all
mptions
1994;
brated
e ‘no-
et,

sition
define
otivate
ction 4
d the

r or not
ere are
rium.
rofiles
iteria
ut the

.

es
r,
file is

depen-
tage-

ilibrium
reject
ncy of
There is no forecasting rule which ensures that the forecasts will be correct f
sequences of outcomes. In order to show convergence to correct beliefs, some assu
are made on the prior belief (e.g., Blackwell and Dubins, 1962; Kalai and Lehrer,
Lehrer and Smorodinsky, 1996; Sandroni, 1998). This shows that assuming cali
beliefs is indeed weaker than assuming correct beliefs. We, furthermore, note som
regret’ qualities of the suggested learning scheme. Namely, players also do not regrà la
Hannan (Hannan, 1957), past actions.

Although the introduction first discusses BBE and then Nash normality, our expo
is reversed. We first define Nash normality and provide related results and then
BBE and discuss related results. In the next section we use some examples to m
the definitions and results of the paper. Section 3 provides the basic model and Se
introduces Nash normality. Sections 5 and 6 provide the core definition of BBE an
main results. Section 7 provides a universal learning scheme leading to BBE.

2. Examples

An outsider observes the play path of myopic players and must determine whethe
the play is consistent with an independent sequence of Nash equilibrium plays. Th
several ways in which the outsider could compare the play path with a Nash equilib
One of them is to check whether the empirical frequencies of stage game action p
converge to the probability distribution determined by the Nash equilibrium. This cr
is common in the learning literature (see, for example, Foster and Vohra, 1998), b
following trivial example shows that it is a weak criterion.

Example 1. Consider the standard game of matching pennies:

A B

A (+1,−1) (−1,+1)

B (−1,+1) (+1,−1)

Assume that player 1 playsA for two periods and thenB for two periods, repeatedly
Player 2 always alternates betweenA andB. The play path follows the cycle(AA), (AB),
(BA), (BB), (AA), (AB), (BA), (BB) . . . . The empirical frequencies of actions profil
converge to the unique equilibrium distribution of 0.25 for each action profile. Howeve
the play path does not resemble the Nash equilibrium play in which every action pro
played with probability 0.25. Indeed, the empirical frequency of(AA) followed by (BB)
is zero, as opposed to the long-run anticipated average of(0.25)2, when a Nash equilibrium
is played independently over time.

Example 1 shows that the comparison between empirical frequencies and an in
dent sequence of Nash equilibrium plays’ distribution should not be restricted to s
game action profiles. This is so because the independent sequence of Nash equ
plays also pins down frequencies of all finite histories. An outsider could reasonably
the hypothesis that the players are playing a Nash equilibrium, if the empirical freque



160 A. Sandroni, R. Smorodinsky / Games and Economic Behavior 47 (2004) 157–171

s,
pos-

en the
bution

irical

d play
h must
ash-

adic

ic
quency

hing

y
al. To

ast
,

ths are
layers
layers’

elieve
encies
eriods

simply
layers
we

their
any finite history (such as(AA), (AB) followed by (BB), (AA) three consecutive time
etc.) does not match the equilibrium distribution. This motivates us to consider the
sibility that the outsider would use a richer set of tests than the comparison betwe
empirical frequencies of stage game action profiles and the Nash equilibrium distri
in the entire sequence.

We say that a play path isNash-normal if the empirical frequency ofany finite history
matches an equilibrium distribution.1 In other words, a play path that isnot Nash-normal is
inconsistent with a Nash equilibrium in the sense that for some finite history, the emp
frequency of its occurrence does not match the equilibrium distribution.

A direct consequence of the strong law of large numbers is that if players indee
according to the same Nash equilibrium, independently over time, then the play pat
be Nash-normal (with probability one). However, the following example shows that N
normal play paths may result even if players are not playing a Nash equilibrium.

Example 2. Let ṡ be a concatenation of all the natural numbers in their dy
expansion (e.g., 0= 0, 1 = 1, 2 = 10, 3= 11, 4= 100, 5= 101, etc). That is,̇s =
{0,1,1,0,1,1,1,0,0,1,0,1, . . .} . The sequencės is known in the number-theoret
literature as the Chempernowne number (Chempernowne, 1933). The relative fre
of any finite sequence of 0’s and 1’s of lengthr in the Chempernowne number is 0.5r .
Let ṡt denote thet th digit in the Chempernowne number. Consider the game of matc
pennies of Example 1. Assume that, at periodt , player 1 playsA wheneverṡ2t = 1and
B otherwise. Player 2 playsA wheneveṙs2t+1 = 1 andB otherwise. A deterministic pla
cannot be a Nash equilibrium in matching pennies, but this play path is Nash-norm
see this, note that(A,A) is played wheṅs2t = 1 andṡ2t+1 = 0. The frequency of 1’s in
the Chempernowne number is 0.5. The frequency of 0’s in the periods in which the l
outcome was 1 is also 0.5. So, the frequency of 10 and(A,A) is a quarter. Analogously
the frequency of any sequence of outcomes of lengthr is 0.25r .

Example 2 motivates us to seek general conditions that ensure that the play pa
Nash-normal. We will maintain the standard assumption that, given their beliefs, p
take best responses, but we will relax (considerably) the extreme assumption that p
beliefs are correct.

Example 3. Consider the game and strategies of Example 2, where players both b
their opponent randomizes equally between the two actions, then the long run frequ
converge to the average belief. In fact, this still holds in subsequences such as “all p
after(A,A) was played.”

Example 3 does not describe a Nash equilibrium because players’ beliefs are
incorrect (players are not randomizing as they believe). However, we do not expect p
to change their beliefs. This is the motivation for the new notion of equilibrium
introduce.

1 We borrow the termnormal from number theory. It refers to numbers such that the set of digits of
infinite expansion seem to be coming out of a uniform distribution (see Shiryayev, 1996, p. 394).
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3. The basic model

3.1. The stage game

Let N = {1,2, . . . , n} be the set of players. For anyi ∈ N , let Si be playeri ’s (finite)
action set. LetS = ∏n

i=1Si be the set of all action profiles and letS−i = ∏
j 	=i Sj be the

set of action profiles ofi ’s opponents.
For each playeri ∈ N , there exists a payoff functionui :S → R. The tupleG = (S;

u1, . . . , un) is the stage game. Acorrelated equilibrium for G is a probability measure
µ̄, overS such thatEµ̄(ui(si , s−i ) | si ) � Eµ̄(ui(s′i , s−i ) | si ) for any i ∈ N , any s′i ∈ Si ,
and anysi ∈ Si played withµ̄-strictly positive probability, whereEµ̄(·) is the expectation
operator associated with̄µ. If the marginal distributions of̄µ over the actions setsSi are
independent then̄µ is aNash equilibrium.

3.2. The repeated game

We denote byG∞ the repeated game. LetSt be the set of histories of lengtht . Let
S ≡ ⋃∞

t=0S
t be the set of all finite histories and letS∞ be the set of all play paths. Give

s ∈ S∞, we denote byst the t th coordinate ofs and byst = (s1, s2, . . . , st ) ∈ St the prefix
of lengtht of s.

A strategy for playeri, in the repeated game, is a functionσi :S→∆(Si), where∆(Si)
is the set of probability measures overSi . We denote byΣi the set of strategies fori.
Let Σ = ∏n

i=1Σi be the set of strategy profiles. Letσ ∈Σ be the actual strategy profi
adopted by the players. Letλσ be the probability measure overS∞ associated withσ .

Playeri ’s belief is a functionbi :S → ∆(S). We assume that players know their ow
actions, i.e., the marginal distribution ofbi(st ) over Si is equalσi(st ) (we say thatbi
is compatible with σi). We also assume that players take myopic best responses to
beliefs, i.e.,Ebi(st )(ui)�Eµ(ui) for any measureµ ∈∆(S), which has the same margin
distribution overS−i asbi(st ).

Given an actionx ∈ Si , let bxi :S → ∆(S) be the function with the property that th
marginal ofbxi (s

t ) overS−i is identical to the marginal ofbi(st ) overS−i and the margina
of bxi (s

t ) overSi assigns probability one tox. So,bxi (s
t ) is playeri ’s belief over outcomes

if player i playsx (regardless of whether or notx is optimal).

4. Nash-normal play paths

Definition 1. A functionC :S→ {0,1} is called a (history-based) checking rule.

Given a play path,s ∈ S∞ and a (history-based) checking rule, there is a subsequ
of stagest for which C(st ) = 1. We say that checking occurs in this subsequence
example, a checking rule could always check, it could check only in odd periods, it
check when the last outcome was a specific action profile, etc.

For anys ∈ S∞, let It (s) denote the|S|-dimension vector with 1 in thest -th coordinate
and zero elsewhere.
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Definition 2. Thecalibration score of s with respect to a probability measureµ onS and
the checking ruleC, at timet , is the following|S|-dimensional vector:

φt(s,C,µ)=
∑T
t=0C(s

t )It+1(s)∑T
t=0C(s

t )
−µ.

The calibration score is the difference between the probability measure an
empirical frequencies of outcomes, in the periods that follow checking.

Definition 3. The probability measureµ ∈∆(S) calibrates a checking rule C on s ∈ S∞,
if

∑∞
t=1C(s

t ) is finite or if limt→∞ φt(s,C,µ)= 0̄ (where0̄ is the|S|-dimensional vecto
of zeroes).

A probability measureµ calibrates a rule on a path if the long-run empirical frequen
of outcomes, in the specified periods, are identical toµ.

Definition 4. For any set of checking rulesM, we say thatµ calibratesM on s ∈ S∞, if it
calibrates all checking rulesC inM on s.

Definition 5. LetM be a set of checking rules. A play path,s ∈ S∞, isM-Nash-normal, if
there exists a Nash equilibrium of the stage game,µ̄, that calibratesM on s.

A play path isM-Nash-normal, if the empirical frequencies of outcomes coincide
Nash equilibrium of the stage game in all subsequences specified by the checkin
inM.

A Markovian checking rule of lengthr checks whenever the lastr outcomes coincide
with a pre-specified sequence of outcomes of lengthr. For any natural numberr, letM(r)
be the set of all Markovian checking rules of lengthr. LetM ≡ ⋃∞

r=0M(r) be the set of al
Markovian checking rules. If a play path isM-Nash-normal then we simply say it isNash-
normal. It is immediate to see that a play path is Nash-normal if and only if the frequ
of any finite history of outcomes(s1, s2, . . . , st ) ∈ St is eventually equal to

∏t
j=1 µ̄(sj ),

for some Nash equilibrium̄µ.
In the learning literature, it is common to require that the empirical frequencie

action profiles, in the stage game, converge to a Nash equilibrium probability distrib
(see, for example, Foster and Vohra, 1998, and the literature on fictitious play).
language of this paper, these play paths areM(0)-Nash-normal, whereM(0) contains only
the checking rule that checks in every period. As demonstrated by Example 1, this cr
is weak. AnM(0)-Nash-normal play path may not resemble a Nash equilibrium play
we look for stronger criteria of consistency between the play and the equilibrium. Th
be obtained by requiring that the empirical frequencies match the Nash equilibriu
only in the entire sequence, but also in subsequences. These subsequences are de
by the checking rules inM. The larger the set of rules inM, the stronger the requiremen
a play path must satisfy to qualify asM-Nash-normal.

In a Nash-normal play path, the empirical frequency of any finite history of outco
matches a Nash equilibrium distribution. However, other checking rules can be u
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perform other tests as well. For example, in addition to the tests inM , one could see if the
empirical frequencies of action profiles match a Nash equilibrium distribution in the
periods, in the prime periods, etc. A large (but still countable) class of checking rulesM̃ ,
the class of all (history-based) checking rules which can be implemented by a rec
function or Turing machine.2 We refer to aM̃-Nash-normal play path as aTuring–Nash-
normal play path. In a Turing–Nash-normal play path, empirical frequencies match a
equilibrium in all subsequences determined by a recursive function.

5. Belief-based equilibrium

Definition 6. LetC be a (history-based) checking rule andx ∈ Si be an action of playeri.
The (action-based) checking rule,Cxi , for playeri, is defined as follows:

Cxi (s
t+1)=

{
1 if C(st )= 1 andx = (st+1)i,

0 otherwise.

A history-based checking rule generates an action-based checking rule for each
i and actionx ∈ Si . This rule checks only when both conditions are satisfied; namel
original checking rule equals 1 aftert stages and playeri plays actionx at time t + 1.
It is worthwhile noting that for action-based checking rules we do not know, at perit ,
whether checking will occur at periodt . We need to wait for playeri ’s action at staget + 1
to be realized.

Now we assume each playeri compares his belief in the repeated game to the ac
realization as follows:

Definition 7. A belief bi :S → ∆(S) calibrates an action-based checking rule Cxi on a
play paths ∈ S∞, if

∑∞
t=0C

x
i (s

t+1) is finite or if

lim
T→∞

∑T
t=0C

x
i (s

t+1)[It+1(s)− bxi (st )]∑T
t=0C

x
i (s

t+1)
= 0̄.

Given a set of checking rulesM, letMi ≡ {Cxi : C ∈M, x ∈ Si} be the set of all action
based checking rules, for playeri, associated with the checking rules inM.

Definition 8. A belief bi calibrates Mi on a play paths ∈ S∞ if it calibrates all action-
based checking rules inMi on s. If player i ’s belief calibratesMi on a play paths ∈ S∞,
then we say that playeri ’s belief is calibrated on s.

2 This follows directly from the way Turing machines are represented, using a finite alphabet, a finit
space and a mapping from some finite space into {Left, Right, Stay}. For more details, see Hopcroft and
(1979, Chapter 7).
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A sophisticated version of the law of large numbers (Dawid, 1982) shows that
beliefs are correct then they must also be calibrated.3 So, if the forecasts are eventually n
calibrated then they must be incorrect and the player should revise his beliefs.

5.1. Equilibrium concepts in the repeated game

Definition 9. A profile of beliefs and strategies(bi, σi)i∈N , is a (myopic)M-BBE if for
all i:

(i) σi is playeri ’s myopic best response to his beliefs andσi is compatible withbi ;
(ii) bi calibratesMi onλσ -almost every play paths ∈ S∞.

That is, anM-BBE is a set of beliefs which are calibrated on the play paths generat
myopic optimization (for all action-based checking rules associated withM). A M-BBE
is simply referred to as a BBE (recall thatM is the set of all Markovian checking rules).

A (myopic) Nash-equilibrium of the repeated game is defined as in anM-BBE except
that (ii) is replaced by the conditionbi = σ . In a Nash equilibrium, beliefs and actu
strategies coincide. In a BBE, players’ beliefs may not be correct, but they are calibr

Proposition 1. Any (myopic) Nash equilibrium of the repeated game is a Belief-based
equilibrium.

Proof. A direct corollary from the main result in Dawid (1982).

The converse of Proposition 1 is not true. Consider the play in the matching pe
game in Example 2. Assume both players believe their opponent randomizes with
probabilities. Beliefs and actual strategies do not coincide, but the play resembl
realization of a distribution identical to the player’s beliefs. Beliefs and best resp
are a BBE, but not a Nash equilibrium.

If an equilibrium is suppose to formalize an intuitive notion of stability, then there i
reason to assume that players’ beliefs are correct. A player will only modify his foreca
method if he perceives it as flawed. AnM-BBE makes explicit the tests players use to ch
their forecasting method. As long as the data does not contradict the forecasting rec
the players’ view, players are assumed to maintain their forecasting method.

6. BBE and Nash normality

Proposition 2. Given a history-based checking rule C, assume that players take myopic
best responses to their beliefs and for all players i ∈N and actions x ∈ Si , player i ’s belief
bi calibrates the action-based checking rule Cxi on a play path s ∈ S∞. Also assume that

3 More precisely, given any countable set of checking rulesM , if player i ’s beliefs are correct thenbi
calibratesMi on almost all play pathss ∈ S∞.
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C checks infinitely often on s (i.e., C(st )= 1 infinitely often) and that for a subsequence of
periods T1, T2, . . . , where Tk < Tk+1, the limit of empirical frequencies

η≡ lim
k→∞

∑Tk
t=0C(s

t )It+1(s)∑Tk
t=0C(s

t )
exists.

Then, η is a correlated equilibrium.

Proof. See Appendix A.

Foster and Vohra (1998) have demonstrated Proposition 2 for the special case thC is
the checking rule active in every period. Proposition 2 is a generalization of their res
arbitrary checking rules. Provided that players’ beliefs calibrate the action-based ch
rules, Proposition 2 demonstrates that if the empirical frequencies converge, they co
to a correlated equilibrium (and not necessarily to a Nash equilibrium). In genera
convergence of empirical frequencies cannot be guaranteed (even in the special casC
is the always active checking rule). To see this, consider the standard coordination g

L R

T (2,2) (0,0)
B (0,0) (1,1)

.

Consider the Nash equilibrium of the repeated game in which the play path is(T L)

in the odd periods and(BR) in the even periods. LetC be the ‘always active’ checkin
rule. The frequencies of action profiles converge to(T L) and(BR) with equal probability.
This distribution is a correlated equilibrium of the stage game, but not a Nash equilib
Moreover, in the odd periods, the empirical frequencies converge to a different corr
equilibrium ((T L) with probability one). So, Proposition 3 shows that, whenever the
of the empirical frequencies exists, it will coincide with a correlated equilibrium, bu
necessarily the same correlated equilibrium if there are many equilibria in the stage
Note however that the limit of the empirical frequencies may not necessarily exist. T
this simply consider a play path that is either(T L) or (BR). In this play path players settl
on one of these alternatives for a block of periods of lengthj and then move to the othe
alternative for a block of periods of length 10j and so on and so forth. In this play path t
frequency of(T L) does not converge.

We now show that if the stage game has a unique correlated equilibrium th
anM-BBE, the empirical frequencies of action profiles converge to a Nash equilib
distribution, on the subsequences of periods where checking occurs. In other wor
play path isM-Nash-normal.

Proposition 3. LetG be a stage game with a unique correlated equilibrium. Let (bi, σi)ni=1
be an M-belief-based equilibrium of G∞. Then, λσ -almost surely, the play path is M-
Nash-normal.
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Proof. See Appendix A.4

Corollary. Let G be a stage game with a unique correlated equilibrium. Let (bi, σi)ni=1be
a M-belief-based equilibrium of G∞. Then, λσ -almost all play paths of a BBE are Nash-
normal.

Proposition 3 shows that, if the stage game has a unique correlated equilibrium
both the play paths of a (myopic) Nash equilibrium and the play paths of a BBE
Nash-normal. In this sense, the two concepts are observationally equivalent. So,
can be used to provide foundations to a Nash equilibrium. Any learning model that
to correct beliefs (i.e., wherebi = σ for all i) will also lead to calibrated beliefs (see, f
example, Kalai and Lehrer, 1993). However, in the models of Jordan (1991, 1995
Nyarko (1994), beliefs are not eventually correct, but it is straightforward to show th
the realized stage game has a unique correlated equilibrium, they are calibrated. Th
many examples of ad-hoc learning rules that lead toM(0)-Nash-normal play paths, but n
to correct beliefs (see, for example, Foster and Vohra, 1998; Hart and Mas-Colell,
Brown, 1951; Fudenberg and Levine, 1995; Fudenberg and Kreps, 1993). It is rela
easy to demonstrate that any of these rules may be modified to lead to Nash-norm
paths.

The converse of Proposition 3 is not true. A play path can be Nash-normal even if b
and best responses are not a BBE. Therefore, in principle, one could obtain Nash-
play paths under weaker assumptions than those required by a BBE. This is demon
in the example below.

Example 4. Consider the matching pennies game in Example 1. Letṡt denote thet th
digit in the Chempernowne number. At periodt , player 1 believes that player 2 playsA,
wheneverṡ2t = 1 andB otherwise. Player 2 believes that player 1 playsB whenever
ṡ2t+1 = 1 andA otherwise. If both players play best replies, then player 1 playsA,
wheneveṙs2t = 1 andB otherwise. Similarly, player 2 believes that player 2 playsA with
probability one. The data shows that, in these periods, player 2 playsA calibrated. In fact,
player 1’s beliefs do not even calibrateM(0)1, whereM(0) contains only the always activ
checking rule.

7. Universal forecasting schemes

In this section, we show that players can ensure that their beliefs will be calib
(but not that their beliefs will be eventually correct) withoutany knowledge about how
the opponents will play. We show the existence of universal prediction schemes
forecasting schemes with the property that the beliefs are calibrated onevery play path.
This result is presented in greater detail in our companion paper Sandroni et al. (20

4 The proof of Proposition 3 shows that this result holds path by path, i.e., the play paths such that pli ’s
beliefs calibrateMi , i ∈N , areM-Nash-normal.
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No standard belief, as defined in Section 3, is a universal forecasting scheme (
1985). To construct a universal forecasting scheme, we use a random belief which
past plays and histories of realized forecasts into probability distributions over next p
beliefs. In what follows, the players draw their actual belief from the random belie
optimize their action accordingly. In particular, a player does not consider a random
as a compounded lottery against which he will optimize.

We do not know of good decision-theoretic foundations for the assumption of ra
beliefs. So, this forecasting scheme is not intended to be a descriptive dynamic
leading to a Belief-based equilibrium. However, it does make an important distin
between calibrated and correct beliefs. It is possible to ensure that the beliefs are eve
calibrated, but it is not possible to ensure that the beliefs are eventually correct.
sense, the assumption of calibrated beliefs is significantly weaker than the assump
correct beliefs.

Although our motivation to use random beliefs in this section is technical we poin
that the experimental economics literature provides strong evidence that players
react to a random belief (decision under uncertainty) in the way they react to the d
compounded lottery (decision under risk), see Camerer (1995).

Definition 10. A random belief for playeri, in the repeated game, is a functi
b̃i :

⋃∞
t=0(∆(S)× S)t →∆(∆(S)).

At period t , the realization ofb̃i induces a forecast over the opponents’ play (
marginal of the realization of̃bi overS−i ). We assume that players take a pure best r
to these realized forecasts. So, the randomness in actions is only a consequenc
randomness in beliefs.

Definition 11. Given a set of checking rulesM and a repeated plays−i ∈ (S−i )∞ of i ’s
opponents, the (standard) beliefbi is M-calibrated ons−i if bi calibratesMi on the
associated play path,s ∈ S∞, s = (st , . . .), where(st+1)i is the best response forbi(st )
and the opponents’ actions coincide withs−i , i.e.,(s−i )t = (st )−i .

By Kolmogorov’s Extension Theorem, any random beliefb̃i determines a uniqu
probability measurẽb∗

i on the spaceΩ of beliefsbi.

Definition 12. A random belief b̃i is an M-universal forecasting scheme if, give
any repeated play,s−i ∈ (S−i )∞ of i ’s opponents,̃b∗

i -almost-surely, the beliefsbi are
M-calibrated ons−i . We say that anM-universal forecasting scheme is a univer
forecasting scheme.

By definition, if playeri adopts anM-universal forecasting scheme, then, regard
of the actions ofi ’s opponents, playeri ’s beliefs areM-calibrated, with probability one
according toi ’s randomization.
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7.1. Existence

Proposition 4. For any countable set of checking rules M , there exists an M-universal
forecasting scheme b̃i for each player i ∈N.

Proof. Let Si = {s1, . . . , sK } be playeri ’s stage game action set. LetD = {D1, . . . ,DK }
be a partition of∆(S−i ) such that playeri chooses the actionsk whenever the next perio
forecast is inDk . So, an action-based checking rule, for an actionsk of player i, is
equivalent to a forecast-based checking rule based on the subsetDk , as defined in Sandron
et al. (2003). Proposition 4 is an immediate consequence of the main result in Sand
al. (2003) (applied to the state space of opponent’s actionsS−i ) and the assumption tha
playeri correctly anticipatesi ’s best reply. ✷

Proposition 4 is a generalization of the result of Foster and Vohra (1997), who foc
the special case whereM =M(0), i.e., the only checking rule is the always active check
rule. The setsM andM̃ are countable sets. Therefore, a direct corollary of Proposition
that there exists a universal forecasting scheme for playeri which ensures that, regardle
of the actions ofi ’s opponents, playeri ’s beliefs are calibrated (or eveñM-calibrated).

A direct corollary of Propositions 3 and 4 is that if players use the universal foreca
scheme when repeatedly playing a game with a unique correlated equilibrium then ta
best response to their belief at each stage results in a Nash-normal play path, almos

Remark. By Proposition 2, each player can construct a universal prediction sc
knowing only his own payoffs and the opponents’ action set. Therefore, even if
player does not know the opponents’ payoffs, they could generate beliefs using a un
prediction scheme and take myopic best responses to them. This would result in
and, if the stage game has a unique correlated equilibrium, in a Nash-normal play p

7.2. Regret

We now consider a thought experiment that demonstrates another applicat
Proposition 4: Assume that a decision maker can take two actions,T or B. Nature
simultaneously selects betweenL andR. The decision makers’ payoffs are given by t
matrix below:

L R

T 1 0
B 0 1

Assume the decision maker plays according to a (myopic) best response
M-universal forecasting scheme. Call this strategysM. The decision maker selectsT
when he believes that nature will playL with probability greater or equal to 0.5 andB
otherwise. Assume thatM =M(0), i.e., the only checking rule inM is the always active
checking rule. By Proposition 4, the decision maker’s beliefs areM(0)-calibrated. Hence
nature playsLmore (or equally) often than nature playsR, in the periods that the decisio
maker selectedT . Analogously, in the periods that the decision maker selectedB, nature



A. Sandroni, R. Smorodinsky / Games and Economic Behavior 47 (2004) 157–171 169

s
ff
at
l

a
al
an
er than

Turing

r

l. The
s result
rg and
999).
rties for

, and
Grant
rant is
cience

t

playsL less (or equally) often thanR. Consider the alternative strategy that replaceB
for T . That is, playB whensM(0) playsT and playsM(0) otherwise. The average payo
under this alternative strategy is not greater than undersM(0) because in the periods th
sM(0) playsT and the alternative strategy playsB, the frequency ofL is greater or equa
to 0.5. So, for every sequence of nature moves, the average payoff obtained undersM(0)
is greater (or equal) than the average payoff for playingB (or T ) in every period. This
property ofsM(0) is sometimes called Hannan-consistency or no-regret property.

We now assume that the decision maker’s strategy is,sM̃ , a best response to
M̃-universal prediction scheme. Consider a new alternative strategy which is equsM̃

unless thesM̃ = T and the staget is an odd number. By a similar argument, we c
show that the average payoff obtained by this alternative strategy cannot be great
undersM̃ . A similar property holds if the replacement was made in stagest which are
prime numbers, or any scheme that such replacements can be implemented by a
Machine.

The argument above shows that there exists a strategy,sM̃ , that generates higher (o
equal) long-run average payoffs than any other strategy that replacesB for T (or T for B)
in a way that can be implemented by a recursive algorithm. This result is quite genera
interested reader is referred to Lehrer (2000) who makes a formal presentation of thi
and to related results by Blackwell (1954), Freund and Schapire (1999), Fudenbe
Levine (1999), Hannan (1957), Hart and Mas-Collel (2000, 2001), and Rustichini (1
We simply note that the scheme presented in this section has good normative prope
long-run average payoffs.
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Appendix A

Proof of Proposition 2. In order to show thatη is a correlated equilibrium, it is sufficien
to show that for anyx ∈ Si, played withη-strictly positive probability,x ∈ BR(η−i | si =
x), whereη−i is the marginal distribution ofη on S−i andBR(η−i | si = x) is the set of
actions which are best responses to the conditional distribution ofη−i givenx.

Let x ∈ Si be ani ’s action played withη-strictly positive probability. By assumption,

lim
k→∞

Tk∑
C

(
st

) = ∞ and η≡ lim
k→∞

∑Tk
t=0C(s

t )It+1(s)∑Tk C(st )
.

t=0 t=0
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Therefore,

lim
k→∞

Tk∑
t=0

Cxi
(
st+1) = ∞ and lim

k→∞

∑Tk
t=0C

x
i (s

t+1)It+1(s)∑Tk
t=0C

x
i (s

t+1)
exist

and are equal to the conditional distribution ofη, x given.
By definition,

lim
k→∞

∑Tk
t=0C

x
i (s

t+1)[It+1(s)− bxi (st )]∑Tk
t=0C

x
i (s

t+1)
= 0

⇒ lim
k→∞

∑Tk
t=0C

x
i (s

t+1)bxi (s
t )∑Tk

t=0C
x
i (s

t+1)
exists.

Let BR−1
i (x) denote the set of stage-game beliefs overS−i for which x is the best

response. LetB ≡ BR−1
i (x) × x. Note thatB is compact and convex. By definitio

bxi (ŝ
t ) ∈B, and therefore,

lim
k→∞

∑Tk
t=0C

x
i (s

t+1)bxi (s
t )∑Tk

t=0C
x
i (s

t+1)
∈ B ⇒ lim

k→∞

∑Tk
t=0C

x
i (s

t+1)It+1(s)∑Tk
t=0C

x
i (s

t+1)
∈B.

Equivalently,x ∈ BR(η−i | si = x). ✷
Proof of Proposition 3. Let s ∈ S∞ be a path such that, for alli ∈ N , bi calibratesMi .
Let C be a (history-based) checking rule inM. Assume, without loss of generality, th
C(st )= 1 infinitely often (otherwise any probability measure on∆(S) calibratesC on s).
Let T1, T2, . . . be any subsequence of periods for which

η̄≡ lim
k→∞

∑Tk
t=0C(s

t )It+1(s)∑Tk
t=0C(s

t )
exists.5

That is,η̄ ∈∆(S) is an arbitrary limit point of the frequencies of play alongC.
By Proposition 2,η̄ is a correlated equilibrium of the stage game. However, the s

game is assumed to have a unique correlated equilibrium, which itself must be a
equilibrium. Therefore, all limits points of empirical frequencies alongC are equal to the
unique Nash equilibrium̄η. So, the limit of empirical frequencies alongC must exist and
is equal toη̄. ✷
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