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Abstract

In this paper we apply the minimum cross-entropy method (Min-
xEnt) for estimating rare-event probabilities for the sum of i.i.d. random
variables. MinxEnt is an analogy of the Maximum Entropy Principle
in the sense that the objective is to minimize a relative (or cross) en-
tropy of a target density A from an unknown density f under suitable
constraints. The main idea is to use the solution to this optimization
program as the simulation density in importance sampling. We shall
see that some existing importance sampling methods can be cast in a
MinxEnt program, such as the large deviations approach for light tails
and the hazard rate twisting for heavy tails. As an extension we shall
consider a correlated version of this hazard rate twisted solution which
give better simulation results. The sample generation is based on a

Gibbs sampler algorithm.
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1 Introduction

In this paper we study an importance sampling algorithm for simulating effi-

ciently the rare event problem

(= Py(X € A),

where X denotes the random process under study, h represents the statistical
law or probability densities of the process, and A is the rare event, meaning
that the probability ¢ is very small, say 1072 or less. Whereas the naive
simulation would use the original densities h to generate samples w of the
process—resulting in hardly any observation of the rare event—, in importance
sampling one generates samples from other densities f in such a way that one
sees more successful observations. Unbiasedness is obtained by compensating
the fraction of successes by the likelihood ratio h(x)/f(x). We refer to [7] for
a recent survey on importance sampling simulations and rare events, including
many applications.

More specifically, we shall consider the case where the rare event is para-

meterized by a rarity parameter, say v, such that

0(7) o Py(X € A(y)) = 0 as v — oc.

We denote the importance sampling estimator of this probability by Y'(v)
while using the importance sampling density f for generating samples. The
assessment of the statistical quality of Y () is done by analysing its second
moment (or variance) with respect to its first moment. Ideally, we like to

obtain strong efficiency:

limsupw <M < oo,

oo (Ef[Y (7)])?
which says that the relative error of the estimator remains bounded. When
the estimator satisfies this property, a constant sample size suffices to obtain

the same relative width of confidence intervals irrespective of how large 7 (or



how small ¢(y)) may be [11]. Only in rare occasions it is possible to construct
a strongly efficient importance sampling algorithm. A weaker condition is
(3, 7, 11]

o By (V)]

=0 log Ef[Y(7)]
When the estimator satisfies this property, one calls the algorithm (and the
estimator) logarithmically efficient, or asymptotically optimal. Then the sam-
ple sizes grow polynomially (or at some other subexponential rate) to remain
the same relative width of confidence intervals, as v — oc.

There are numerous techniques that construct importance sampling al-
gorithms, in all kind of statistical settings. Concerning efficient importance
sampling methods in applications to stochastic operations research problems
(queues, reliability, telecommunications, etc), we refer to the overviews in
[3, 7, 11, 17]. In our paper we propose an approach that is based on an
optimization program involving the Kullback-Leibler divergence. Here we like
to mention the well-known cross-entropy method for finding importance sam-
pling densities [26]. This method secks the new density that minimizes the
Kullback-Leibler divergence of the zero-variance density from a parameterized

family of probability densities:

irelf/f(a:|0) log

where f* is the ‘optimal’ density

f(z]0)
f*(x)

dx,

h(z)l{x € A}
()

which is the original density h conditioned on the rare event. The first-order

fHx) =

conditions of the minimization program cannot be solved analytically or nu-
merically (in general), but they can be reformulated to a kind of fixed-point
equation which is solved approximately by simulating iteratively its stochastic
counterpart. In most cases one does not obtain a closed-form solution, and
thus to prove efficiency might be cumbersome.

Our program seeks the importance sampling density that minimizes the
Kullback-Leibler divergence of the original probability density from a family
of densities that is subjected to constraints:

inf{/f(:c) log%dw : /f(cc)wi(ac)dwzei,i:l,...,m}.
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The major benefit of this optimization program is that its solution is directly
available in a closed form expression, as we shall discuss in Section 2. The
major difficulty lies in the choice of constraints for which we do not have general
clues other than that these constraints force the rare event to occur more
frequently than under the original density. Clearly we need nonnegativity (f >
0), and unit mass, which means that [ f(z)dz = 1 is one of the constraints.

Our optimization program is an analogy of the Maximum Entropy Principle
[13]—where the target density h is the uniform density—, and is also known as
the Principle of Minimum Discrimination Information [19], or, as we shall do,
the minimum cross-entropy method (MinxEnt) [18, 25]. Finding densities by
an entropy principle is a classical approach in areas such as information theory,
decision analysis, Bayesian information theory, thermodynamics, statistical
mechanics, statistical data analysis, etc, but seems to be new in the theory
of rare-event simulation. The objective of our paper is to report some of our
experiences of the MinxEnt approach to rare-event simulation.

The paper is organized as follows. Section 2 introduces the minimum cros-
entropy (MinxEnt) program and gives its solution in general form. In Section
3 we consider level-crossing problems with light-tailed random variables. We
shall see that a MinxEnt program coincides with the large deviations approach
to importance sampling. Also in this section we present an adapted MinxEnt
program that resolves a counter example to this approach. In Section 4 we con-
sider a level-crossing problem with heavy-tailed random variables for which a
hazard rate twisted solution has been developed that gives asymptotic optima-
lity of the importance sampling algorithm [16]. Again we see that a MinxEnt
program coincides with this approach, but more importantly, we present an
adapted MinxEnt program which gives asymptotic optimality in all cases (as-
suming some distributional properties). Because our solution is a correlated
multi-variate density, we analyse in Section 5 several algorithms to generate
samples form this density, specifically we analyse convergence diagnostics of a
Gibbs sampler. Finally we present in Section 6 simulation results of the heavy-
tailed problem of Section 4, and compare them with two existing algorithms,
one based on hazard rate twisting [16], and the other on conditional Monte
Carlo [2]. We consider Weibull, Pareto and Lognormal distributed increments

in the level-crossing problem. Our solution improves in all these cases the ha-



zard rate twisted solution in terms of performance of the associated estimator,
but compared to the conditional Monte Carlo solution, only in the case of not
so heavy-tailed Weibull increments we obtain better performance.

Nonetheless, we think that our approach is interesting from the point of
view that is unifies several existing methods in one framework. Furthermore,
in the heavy-tailed case we give an elegant proof of asymptotic optimality that
covers all distributions (subject to regularity properties, see Section 4); we do
not know whether it has been proven for the Lognormal in the conditional
Monte Carlo method.

2 The minimum cross-entropy program

The minimum cross-entropy program (MinxEnt) for finding an optimal density

f subject to constraints reads as follows [18, 25]:

s.t. /f(m) de =1, (1)
Efwi(X)] =6, i=1...,m.

The X = (X1,...,X,) in this program is a random vector distributed accor-
ding to density h(x). The constraints involve some known functions w; : R” —

R (i =1,...,m). The objective is minimizing the Kullback-Leibler divergence:

Da(f) [ fia)log 1 da.

The concept of assigning probabilities to the outcomes of uncertain events
has a long history going back to Laplace [20]. Laplace suggests to assign
equal probabilities for the case when no information is available. This has
been formalized by Shannon [29] who introduced the idea of entropy as a
measure of uncertainty. The entropy is maximal for the uniform distribution.
Later, Jaynes [13] considers the problem of maximizing Shannon’s entropy
under additional constraints, also known as the Maximum Entropy Principle
for probability inference. The corresponding optimization program is similar

to our (1) by replacing the objective by maximizing Shannon’s entropy

1 = [ f@)log f(@) da.
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Our program (1) is a natural extension of this maximum entropy program
and has been formulated already in [14, 19] under the name of the Principle
of Minimum Discrimination Information. Finally, it has been noted [18] that
a further generalization implements a more general probability divergence or
cross-entropy as the objective function in the MinxEnt program.

Initially, the development of these (cross-)entropy programs was triggered
to answer questions concerning which distributions satisfy the principle under
moment constraints. The Maximum Entropy Principle received attention in
a wide area of academic research fields, for instance information theory [15],
natural language processing [4], utility theory [1], computer vision [6], spatial

physics [30], and many others.

After leaving out the nonnegativity constraint, the MinxEnt program (1) is

solved easily by applying the method of Lagrange multipliers:

f(@) = h(x) exp (Ao + 220, Awi(®)) ,
where the \;’s are Lagrange multipliers satisfying
Ey [wiX) exp (Ao + X0 Awi( X)) | =65, i=1,...m.

Working out (see also [25]) we see that multiplier Ay cancels out and we obtain

the more illustrative expression

h(z) exp (312, Aiwi(x))
c(A) ’

flx) =
where ¢(+) is the normalizing constant:
€)= e+ ) = By [exp (S0 dn(X)) |
and the \;’s (i > 1) solve the nonlinear equations Vlogc(A) = 0, i.e.,

B [wi(X) exp (1 ()|
By jexp (2, (X)) |

:92‘, z:l,...,m.

Notice that nonnegativity comes ‘for free’.



3 MinxEnt and rare events with light tails

A classic problem involving rare events is
def
((y) = Pu(Xy+ -+ X, > va), (2)

where the increments Xi, Xs,... are independent and distributed as some
random variable X with finite mean E[X] < a. The rarity parameter v takes
integer values, and therefore we follow the traditional notation by replacing ~
by n. Notice that both the number n of increments and the overflow level na
tends to infinity by letting n — oo. We denote S(X) = X; + --- + X,,, and
let hi(x) be the probability density of a single increment X. Thus, h(x) =
H;L:1 hy(x;) is the joint probability density of the vector X = (X1,...,X,).

In this section we assume that X has a light-tailed distribution. Recall
that a random variable X is light-tailed if its moment generating function
FElexp(aX)] < oo in an open neigbourhood of zero, that is, a € (—¢,¢) for
some € > (; otherwise X is said to be heavy-tailed.

Let us explore the following heuristic for finding an importance sampling
density f of the vector X.

e To control the likelihood ratio we wish to have the new density ‘close’
(w.r.t. Kullback-Leibler divergence) to h.

e To obtain sufficiently many observations of the rare event during the

simulations we wish to have S(X) > na very likely.

This heuristic leads to the following MinxEnt program with a single (non-

trivial) constraint:

it {DKLmh) : /f@) dz =1, E[[S(X)] = na} | (3)
Since S(+) is an additive function the solution (see Section 2)

f(a) = h(z)e*S® B H;LZI hy(x;) exp ()\ Z?:l a:j>
e C()‘) B (cl()\>>n )

factorises in a product density f(x) = [[;_, fi(z;), with marginals

ar(N) = By, [eM]. (4)



Notice that this marginal density is an exponentially twisted version of the
original hy with twisting parameter A, and that the normalizing constant equals
the moment generating function of the variable X. The Lagrange multiplier
A solves (log ¢(A))" = na, which is—due to the factorization ¢(\) = (¢ (\))"—
equivalent to
(logci(N)) = a.

We see that the resulting exponentially twisted density is the same as the den-
sity that one would get from large deviations of the level-crossing probabilities
(2) by letting v (v = n) tend to infinity. There is an abundance of literatu-
re on the large deviations approach to rare event simulation, see for instance
[21, 27, 28] and the recent monograph [7]. Under mild conditions these ‘lar-
ge deviations solutions’ give efficient importance sampling algorithms for the
one-sided level-crossing problem (2). The next section deals with a counter

example.

3.1 A counter example to the large deviations approach

Consider the example in [10, Section 3], or example 5.2.13 of [7, page 114].
The jumps X = (Xi,...,X,) are i.i.d. standard Gaussian random variables,
with partial sums S, = Y"1 | X;. Let the target probability be

l(n) = P(S, < —na(l+e) or S, >na) =P (lsn < —a(l+e€) or lg > a) ,
n n

where a > 0 and € > 0. The large deviations solution would apply an expo-
nential shift making the minimum rate point of the associated large deviations
rate function J(-) the most likely point of the simulation [7, 10]. That would
mean here that the jumps are again i.i.d. Gaussian with unit variance, but
with mean a, since J(a) < J(—a(1+¢€)). However, [7, 10] have shown that the
associated importance sampling estimator is not efficient, its variance blows
up. The reason being that the likelihood ratios of successful observations in

(—o0, —na(l + €)] explode.

We propose a MinxEnt program for finding correlated jumps. The rare event
happens certainly when S? > n?a?(1+¢)?. Therefore we consider the constraint

E[S%] = pn?, for some positive p to be determined later. Thus,
i {DKL(f\h) : /f(zc) dz =1, E,[S2 :pn2},
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where h(-) is the original multivariate normal density function of the n inde-
pendent jumps. In the appendix A we shall show that the importance sampling

estimator Y'(n) obtained by sampling with the solution density f satisfies

2
lim inf log EfDC ()] > 2 )
n—oo log E¢[Y(n)] — (1+¢)?

As an illustration we give in Figure 1 two plots of this estimated logratio for the
cases a = 1.5,e = 0.05, and a = 1.5,¢ = 1.0, respectively. The (importance
sampling) simulation uses sample size k& = 50000 for all n in the range 5
until 200. We observed about the same numbers of the logratio for several
choices of the righthand-side parameter p, either constant such as p = 1, or
proportional to n such as p = 0.25n. Apparently, the theoretical lower bound
2/(1 + ¢€)? is not very tight, as there seems to be not much difference in the
ratios (at n = 200 both are just above 1.96). Figure 2 shows the bad behaviour
of the large deviations solution: n = 5,a = 1.0,e = 0.1 (exact probability
¢ =1.63-107%) and sample sizes ranging from 50K until 10M. A ‘shock’ occurs
whenever a negative successful sample is observed. The MinxEnt estimator

remains extremely accurate.

Figure 1. Estimated logratios in the range n =5, ..., 200.
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Figure 2. Logarithm of the estimations for sample sizes k =
510%,...,107. The constant line marks the exact probability. Left:

Large deviations solution. Right: MinzEnt solution.

4 MinxEnt and rare events with heavy tails

For the heavy-tailed case we consider the level-crossing probability with a
constant number of increments:

g(’y)(i;fph(X1++Xn>’}/),

. dist ..
where ¥ — oo. The increments X, Xs,... ~ X are i.i.d. and are assumed to

have the following distributional properties.

Assumption 1.
A. X s a positive random variable (P(X <0) =0).
B. X 1is subexponentially distributed.

C. X has a concave cumulative hazard function.

The increments are subexponentially distributed when they satisfy [9, Sec-
tion 1.4]:
PP Xi>x)~nP(X >z) (z— ),
where f(x) ~ g(z),z — oo means that % — 1 as © — oo. We denote the

hazard rate of the density h; of a single increment X by ¢(x) o hi(z)/P(X >

x). The cumulative hazard function is defined as

Qz) / " oy) dy.

It is easy to see that for x > 0 (see also [9, 16])

hi(z) = q(z)e 9@, P(X > 1) = ¢ 9@,

10



The representation Q(x) = —log P(X > x) gives immediately the following
properties

(i) Q(z) is nondecreasing; (i7) Q(0) =0, (ii) lim Q(z) = oco.

r—0o0

Typical distributions that satisfy Assumption 1 are Weibull with shape para-
meter 0 < # < 1, Pareto, and Lognormal. The cumulative hazard functions of
the Weibull and Pareto are concave on the whole positive axis, whereas of the

Lognormal distribution for x > E[log X].

A MinxEnt program similar to (3) of Section 3 with a constraint E;[S(X)] = v
does not work in the heavy-tailed environment because the moment genera-
ting function ¢;(A) of the marginal increment (4) has infinite values for A > 0.
Then the idea is to apply a logarithmic transformation to the moment cons-
traint to ‘make’ it finite. The cumulative hazard function is such a logarithmic
transformation, and we shall present two MinxEnt programs involving it. But

first, let us introduce the hazard rate twisting approach of [16].

4.1 Hazard rate twisting

The idea of hazard rate twisting, introduced in [16], is to change the cumulative
hazard function to Q(z) = (1 — 0)Q(z) for some hazard rate parameter 0 <
6 < 1. This results in marginal densities with heavier tails, and in an i.i.d.
joint density. In [16, Theorem 3.2] it is proved that, under regularity conditions
mentioned above, the importance sampling estimator is asymptotically optimal

if one choses for the parameter =1 —n/Q(7).

4.2 MinxEnt and hazard rate twisting

Consider the MinxEnt program

i {Dalsin) ¢ [ r@)ie -1 B[S e00]=cb©

11



where ( a parameter that we shall specify. The solution to this program

factorises:

@) ep (AT Q)

m hy xj) exp (AQ(z; -
D | (1)

with ¢;(A) = Ej, [exp(AQ(X))] being the normalizing constant of the marginal

density. Because the normalization constant factorizes as well, we get

) _ a) ¢
c(N) =¢ @ a(A)  n’
However, for 0 < \ < 1:
= 1
Cl<>\) = Eh1 [eAQ(X)} = / q(:lj)e*(lf)‘)Q(I) dr = N T
B _

Hence, we get

and so the marginal becomes

e Q@)
fi(z) = h1<cl)()\)

= (n/Q)qla)e 192,

=(1- )\)q(x)e—(l—A)Q(z)

This is exactly the hazard rate twisted density discussed in the previous section

with
n
—=1-0.
¢

The optimal hazard rate parameter § = 1 — n/Q(v) (according to [16]) is
obtained by ¢ = Q(7v).

4.3 Correlated hazard rate twisting

Next, we consider a minor adaptation in the constraint:
wf {Dai) [ f@de=1, 5 [Q(TLx)] =} ©
Note that

12



e The solution to this MinxEnt program does not factorise. We have

h(z) exp (AQ(5(X)))

f(@) = 0 ,

and thus the components of X;’s are not independent.

e Because the cumulative hazard function @)(+) is increasing and concave,

we have for any density of the jumps

BlQ(SX)] =B |Q (X7 X)| < B |1 X))

Consequently, the solution to the second MinxEnt program (6) must have
a heavier tail than the hazard rate twisted solution to the first MinxEnt

program (5).

e Applying the Markov inequality (for bounding below), and using the
concavity of @ (for bounding above) we readily obtain the following

inequalities

QMP;(S(X) > 7) < Ef[Q(S(X))] < Q(EFS(X)]).

Since we wish to have E¢[S] &~ 7 in the importance sampling simulations

we set the right hand-side parameter ¢ in (6) as

¢=pQ(v)

for some 0 < p < 1, unspecified at this stage.

Our goal is to prove asymptotic optimality when using this correlated hazard

rate twisited solution in importance sampling. Recall the normalizing constant
c(A) = Ep[exp(AQ(S(X))],
and Lagrange multiplier A satisfying

(logc(A))" = pQ(7). (7)

We have the following properties.

13



Lemma 1.
(1) c(N\) < o0 iff X < 1.
(ii) ¢c(A\) — oo as AT 1.
(11i) (logc(N)) — o0 as A T 1.
Denote the solution to (7) by X(~y). Then
(iv) A(y) — 1 as v — 0.
() 1og e(A(7)) = o(Q(x)) as ¥ — oo,

Proof. (i) Necessity: suppose that A > 1. Because all increments X; are
nonnegative and the cumulative hazard function Q(z) is nondecreasing, we

have
MQUS(X) = 2Q( I ;) = Q(X).
And so, for A > 1,

c(A) = Ep[exp(AQ(5(X)))]
lexp(Q(X ))] En, [exp(Q(X1))]

£y,
:/ ) da :/ q(z)dx = lim Q(z) = oc.
0 T—00
Therefore, ¢(\) < oo implies A < 1, and then we get (for 0 < A < 1):

c(A) = E, [eXp(AQ(Xl))]

Sufficiency: since Q(z) is nondecreasing and concave the inequality

Q(Z?:l fcz) < > Q)

holds for all nonnegative x;’s. Hence, applying that the X;’s are i.i.d.,
e = Bilexp(MQ(S(X)))] = By [exp (AQ( T, X)) )|
< Bn [exp (S 0Q(X)) | = B [T exo OQ(X;))]
- B e Q)" = (125 ) )
which is positive and finite for all A < 1.
(ii) Follows immediately from (8).

14



(iii) In Appendix B we will show that for all 0 < A < 1

1 1
— < r< ,
1_/\_(10gc()\)) _nl_/\

(10)

(iv) The bounds in (10) show that a solution A(7y) to (logc(M))" = pQ(y) must

increase to 1 as 7y — oo.

(v) The lower bound in (10) says that a solution A(7) to (logc(X)) = pQ(7)

satisfies
1

1_—/\@/) < pQ(7).

Apply the upper bound (9):

00 = (=5 ) < Qe

Taking logarithms:

log ¢(A(7)) < nlogp+nlogQ(7).

And clearly (logQ(7))/(Q(7)) — 0 when 7 — oo because Q(vy) — o©. O

The main result follows.

Theorem 1. The importance sampling estimator Y () of P(S(X) > ~) using
the MinzEnt solution f is asymptotically optimal.

Proof. The importance sampling estimator based on a sample size k is

ZY;(V),

Y(y) =

| =

with the Y;(v) (i =1,...,k) iid. as

V() = % 1{S(X) > )

= ¢(A) exp(=AQ(5(X))) {S(X) >~}
It is easy to see that

. ,
1=eo log Ef[Y(7)] y—oo  log Ef[Y (7)]

15



Then

B [0 = B¢ | (i) 150> %)

_ o [MX)
B [ S0 > 1)

= ¢(N) Enexp(=AQ(S(X)))1{S(X) > }]
Ne 0P, (S(X) > 7)

And because
Ef[Y(7)] = Pu(S(X) > 7) ~ nPy(X; > 7) = ne 90,

we get by the nonnegativity of log E¢[Y (7)]:
log E; [Y'(7)*] < logne(\) — (A +1)Q(y)

log Es[Y ()] ™ logn —Q(v)
_ logne(n)  A+1
logn—Q(v) §&5 -1
logn N log c(X) A+1

Clogn—Q(y) logn—Q(y) 11— g
Now let 7 — oo and recall that n remains constant, and that A = A(). The
first term goes to zero because Q(v) = —log P(X > ) — oo, the second term
goed to zero because logc(A) = o(Q(7)) according to Lemma 1(v), and the
denominator in the last factor goes to one because Q(y) — oo. Hence, by

Lemma 1(iv) we obtain

1 2 1
lim inf M > lim inf )‘;1 -
Y—00 log £() y—oo ] — 5%

5 Generating from the correlated MinxEnt den-
sity

Generating samples X from the correlated hazard rate twisted density f in

the importance sampling simulations is not trivial because of the dependency

16



of the increments. We give three algorithms for which we need the following
preliminaries. Because of the concavity of the cumulative hazard function
Q(z), it holds for any z1,...,z, > 0:

Q(Sin) <300

Furthermore, we denote the independent hazard rate twisted density of Secti-
ons 4.1 and 4.2 by

gl@) X (1= ") exp (AT, @(x»)
H (1= N () exp (AQ(z;)) H91 7).

Generating from this density is easy. For instance, when h; ~ Weibull(k, 3),
then g1 ~ Weibull((1 — M), 3).

5.1 Algorithm 1: acceptance-rejection

We bound the density:

h(x) exp (/\Q (Z?ﬂ xj) )

h@) exp (-, AQ(;))
S C()\) - Klg(m)a
with the bounding constant K;:
1 1

M=y ooy

When the vector @ is generated according to the (joint) density g, it is accepted

with probability
(@) 11

P Rl PR 5@

h(z) exp (AQ (Z %) ) 1

- oy (C()\) (1-2X) ) (1= A)"h(z) exp <)\ >y Q(xj)>



5.2 Algorithm 2: Metropolis-Hastings

We construct a Markov chain {X(¢) : t = 0,1,...} on R%, according to an
independent Metropolis-Hastings algorithm. Suppose X () = x. Then we
generate a random variate Y on RY, from the independent hazard rate twisted

density g(+) and set

1 robabili min I(Y)g(x)
X1 Y  with probability {f(w)g(Y)’1}7

x otherwise

The chain is iterated until convergence. Notice that the acceptance probability

- JWo(@) P (Me(Zhw) -Tew)) )

@) exp (A(Q (Sim) - Tii Q) )

18

5.3 Algorithm 3: Gibbs sampler

We construct a Markov chain {X(t) : t = 0,1,...} on R%; according to the
Gibbs sampler method, which means that we generate consecutively from
conditional densities. Suppose X (t) = x(®) = (xgt), . ,ng)). Then for j =
1,2...,n the j-th component X;(t + 1) is generated from

Filay | XY XY 22,
The chain is iterated until convergence. To work out the conditional density,
weset s, =) . 2j Ti, use the concavity of the cumulative hazard function Q(-),

and use the factorization of the original density h(z) = [[;_, b (2:):

.
s i #3) = = e

(x)

 h(@) e (MQs + )
@) e (AQ; +5y) ) d
i) exp (MQUa; +5)))
T ey) exp (AQ(%‘ + Sj)) da;

< hy(z;) exp(AQ(z;)) exp(AQ(s;))
fooo hi (xj> exp (/\Q(ﬁj + Sj)> dx;

= K3gl(xj)'

18



The bounding constant K3 is

K exp(AQ(s,)) o1 12

(1=X) Jy~ halw;) exp <AQ(%‘ + Sj)) du; 1A

where the inequality follows from Q(z; + s;) > Q(s;) and from h; being a
probability density. The acceptance-rejection algorithm is applied to generate
from the conditional density, namely by generating x; from g, (-) and accepting

it with probability

Ksg:1(x;)
hi(x;) exp ()\Q(.Tj + 5j)> 1 1
N Iy ha(z;) exp <)\Q(xj + ;) dxj> Ky (1= Mhi(x) exp(AQ(x;))
= exp ()\ <Q($]’ +55) — Q(s;) — Q(%‘))) - (13)

5.4 Convergence issues

The advantage of algorithm 1 is that it gives independent observations, but a
closer look at its details shows that the acceptance probability becomes very
small when Q(> 7, ;) is much less than > | Q(;). And this will occur in
most cases. For instance an experiment with n = 5 Weibull(x = 1,5 = 0.5)
random variables gave on average about 1500 iterations before an accepted
observation.

For the other two algorithms we need to assess the rate of convergence of

the Markov chain to its stationary regime.

e The independent Metropolis-Hastings algorithm.
In Section 5.1 we showed f(x) < Kig(x) for all x € R%;, with, accrding

to (8),
1 1

(TN = T n T

Thus, we can bound the total variation of the difference between the ¢-th

K, =

power of the transition probability kernel and the stationary density of
the Markov chain {X(¢),t > 0} [22], [24, section 7.4]:

1P, ) — ()l <2 (1 - %) <2(1— (1= Ay
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e The Gibbs sampler algorithm.
In this algorithm we deal with both acceptance probabilities and the
burn-in time. From equation (12) we see that the expected number of
iterations until acceptance is less than 1/(1 — \) per component. Fur-
thermore, let X () = @, then the probability density that X (t +1) =y
is

Pz, y) = ﬁlfg‘(yﬂyl, Y1, T, - Tp)
no a(y;) exp (AQ(yj + Sj))
=1 Jy” haly;) exp (AQ(%‘ + Sj)) dy;
hi(y) exp (AQ(s;))

1(y5) exp (AQ(yj)) exp ()\Q(Sj)> dy;

[T5=: hu(y;)

[T7=i Jo~ ha(y;) exp (W(w)) dy;
= (1= A)"h(y).

>
s

Thus, we can bound the total variation of the difference between the ¢-th
power of the transition probability kernel and the stationary density of
the Markov chain {X (¢),¢ > 0} [22], [23, chapter 16]:

1P, ) = FC)llov < (1= (1 =N)")".

Notice that we have established geometric convergence of the algorithms 2 and
3, though the bounding rate is close to 1 when A is close to 1: 1 — (1 — A)™.
However, usually the convergence of the underlying Markov chains goes much
more rapidly than based on these (loose) bounds [8]. From experiments we
experienced small acceptance probabilities (11) in the independent Metropolis-
Hastings algorithm. This would mean that to obtain independent samples
X (t;) the subsampling rate must be small, that is, large subsampling pe-
riods ¢;417 — t;. 'This is reflected in the autocorrelation of the time series
{S(t) : t = 0,1,...,T}, where S(t) = > 7, X;(t). For instance, the fol-

lowing autocorrelation plot was obtained by a simulation of the model with
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n =15 Weibull(k = 1, # = 0.5) random variables, and horizon 7" = 10000 after
a burn-in period of 1000 iterations. The Lagrange multiplier A was set to 0.9.

The horizontal axis contains the lags 1-200.

autocorrelation

0.5}

50 100 150 200
lag

Figure 3. Autocorrelation of the partial sums in the Metropolis-

Hastings algorithm with lags up to 200.

5.5 Convergence diagnostics of the Gibbs sampler

For analysing the Gibbs sampler (algorithm 3), we applied the following em-
pirical diagnostics to the time series {S(t),t = 0,1,...,T}, where S(t) =
>7—1 Xj(t) is the sum of the increments, and 7' the simulation horizon of the

Gibbs sampler.

1. The Heidelberger-Welch procedure for determining the burn-in period
[12].

2. An autocorrelation plot for determining the dependency structure.
3. The Kolmogorov-Smirnov test for testing stationarity.

These tests gave satisfactory clues that the chain is mixing rapidly, and that the
samples obtained with a high subsampling rate may considered to be stationary
and (almost) independent. All tests are executed with Weibull(x = 1, 8 = 0.5)

increments and Lagrange multiplier A set to 0.9.

The burn-in period
We iterated the Gibbs sampler T" = 2000 times, discarded the first

10%,20%, etc. of the iterations and calculated the resulting Cramer-von
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Mises statistic (CVM). When it passes the stationarity test, the length
of the discarded portion may be considered as the transient or burn-
in period. We also estimated the associated relative half-width of the

95%-confidence intervals (RHW) in percentages.

n=>, n =10 n =20
burn-in | CVM  RHW | CVM RHW | CVM RHW
0] 0.525 7.44 | 0.326 8.12 | 0.217 5.20
200 | 0.212 7.98 | 0.110 6.14 | 0.135 5.05
400 | 0.072 7.89 | 0.038 6.71 | 0.096 5.67
600 | 0.034 7.74 1 0.049 6.91 | 0.148 7.03
800 | 0.079 8.67 | 0.038 9.68 | 0.126 9.04

Table 1. The Cramer-von Mises statistic (CVM) and relative half-
width of the 95%-confidence intervals (RHW).

The 95% critical value of the CVM is approximately 0.45, thus to be on
a save side, we decided upon a burn in of 400 iterations of the Gibbs

sampler.

Autocorrelation function
Similarly to the Metropolis-Hastings, we constructed autocorrelation plots
for n = 5,10,20 Weibull(x = 1,5 = 0.5) random variables, horizon
T = 5000 after a burn-in period of 400 iterations. These plots in Figures

4-6 show clearly that consecutive samples are weakly dependent.

Kolmogorov-Smirnov test
We applied the Kolmogorov-Smirnov test for testing stationarity of the
sampled time series. After a burn-in period of 400 iterations, we conti-
nued with 7" = 2000 more iterations. After each 20 iterations we applied
the two-sample Kolmogorov-Smirnov test for comparing the first and se-
cond halfs. In Figures 4-6 we give plots of the computed p-values in case
of n =5,10,20 Weibull(k = 1, 5 = 0.5) random variables. The p-values

are well above the 0.05 uncertainty:.
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autocorrelation n=5 p-values n=5
0.05 : : : 1 : : :
0.025/ 08
0 A A A\ 0.6
NPT
-0.025 1 ol
-0.05 : : : 0 : : :
5 10 15 20 500 1000 1500 2000
lag iteration

Figure 4. Dimension n = 5. Left: autocorrelation of the partial

sums in the Gibbs sampler with lags up to 20. Right: p-values.

autocorrelation n=10 p-values n=10

0.05
0.8

PN
—0.025/ \/ \/\/\/ 1 3

0.2

-0.05

5 10 15 20 500 1000 1500 2000
lag iteration

Figure 5. Dimension n = 10. Left: autocorrelation of the partial

sums in the Gibbs sampler with lags up to 20. Right: p-values.

autocorrelation n=20 p-values n=20
0.05 : : : 1 : : :
0.025! ] 08
A
0 A A
WAL VN
-0.025¢ 02
~0.05 5 10 15 20 0 500 1000 1500 2000
lag iteration

Figure 6. Dimension n = 20. Left: autocorrelation of the partial

sums in the Gibbs sampler with lags up to 20. Right: p-values.

6 Simulation experiments
We executed simulation runs for increments X distributed according to
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e Weibull(k = 1,5 € (0,1)), i.e.,

8

hi(z) = B2 e ™, Hy(z)=Ppy (X >2)=¢"

e Pareto(k =1, > 0), i.e.,

hi(r) =a(l+z)"*', Hi(z)=PFP,(X>2)=(1+z)""

e Lognormal(y = 1,0?), i.e., X = e#"Z with Z standard Gaussian.

We considered a range of sample sizes n, target levels v, and shape parameters
G,a and o, respectively. We applied the Gibbs sampler of Section 5.3 to
generate the samples of the correlated MinxEnt densities with the appropriate

burn-in periods determined as we explained in Section 5.5.

We compared our results (RR) with those obtained by two other algorithms:

1. JS: the original i.i.d. hazard rate twisted importance sampling method
of [16] (see also Section 4.2).

2. AK: the conditional Monte-Carlo importance sampling algorithm of [2].
This method is based on

P(S, >~)=nP(S, >, M, =X,)
- nE[P(Sn > M, = X, | X1, ... ,Xn,l)}
=nkFE [I—L(maX(Mn_l, v — Sn_l))} ,
where M, o max{Xy,..., X, }.

The target level v in the experiments is set such that the asymptotic approxi-

mation
P(Xy+-+X,>7) ~nP(X >v) =nH(y) = 107",
ie,y=H ' (107" /n) for varying r.

Our algorithm needs the Lagrange multiplier A as a function of the righthand
side constraint pQ(vy) with 0 < p < 1, see Section 4.3. However, from Lemma

1 we know that A T 1 as v — oo, for any 0 < p < 1. And from the proof of
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Theorem 1 we see that the ratio log E;[Y (7)?]/log E;[Y (v)] is asymptotically
at least 1+ . Thus it suffices to implement the algorithm with A chosen to be
close to 1. On the other hand, the Gibbs sampler algorithm uses an acceptance-
rejection procedure with an acceptance probability getting smaller as A gets
larger, see (13). The convergence diagnostics of Section 5.5 were executed with
A = 0.9, but we decided to execute the actual importance sampling simulations
with A = 0.8. This choice increases acceptance and convergence, but might

give slightly worse efficiency.

After each simulation experiment we collect three (estimated) performance

measures of the estimators:

e RHW: the relative half width of the 95% confidence interval
1.964/Var[Y']/Y (in percentages).

e RAT: the logarithmic efficiency ratio

log E;[Y?]/log E;[Y].

e EFF: the (—logarithm of the) effort

—log,, (Var[Y] x CPU[Y]).

Better performance is obtained by smaller RHW | higher RAT, and larger EFF.
Notice that to compare the RAT and EFF measures we do not need to execute
the three methods with the same sample size k, assuming that k is large enough
(meaning RHW small enough) so that the resulting estimates are reliable.
We do need the same sample size for comparing RHW. Empirically we found
that the JS importance sampling method requires much longer sample sizes
to obtain the same RHW when the tails become heavier. On the contrary,
the AK method requires longer sample sizes when the tails become lighter.
In stead of setting equal sample sizes, we decided to simulate with different
sample sizes until we got sufficiently small RHW, and compensated the RHW

by a correction factor, since for the theoretical RHW:

VEk x RHW of k samples = VE' x RHW of &’ samples.
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Weibull

We varied the number of increments n = 5,10, 15,20, and » = 6,9,12,15 of
the target probability 107". Table 2 presents the performance measures of the
associated estimators, RHW and EFF are averaged over these 16 scenarios,
while RAT is averaged over the 4 scenarios at the highest level » = 15. This
has been done for each of the three choices of Weibull shape parameter § =
0.25,0.5,0.75. The larger 3, the lighter the tail becomes.

RHW RAT EFF

6] RR JS  AK| RR JS AK RR JS AK
0.25| 798 697.62 0.01|1.77 1.56 2.00]|22.33 20.21 29.75
0.50 | 11.30 350.93 032 | 1.74 1.63 1.99 | 21.60 20.74 25.99
0.75| 6.07 1480 1750 | 1.74 1.69 1.72]18.02 1799 18.18

Table 2. Average performances of the three importance sampling

algorithms for Weibull increments.

Pareto

We varied the number of increments n = 5,10,15, and r = 6,9,12, 15 of the
target probability 10~ (for n = 20 the problem in the JS method remains rare
and demands a huge sample size). The Pareto shape parameter was chosen
to be @ = 0.5 (infinite mean and variance), o = 1.5 (finite mean and infinte
variance), a = 5.0 (finite mean and variance). The larger a, the lighter the tail
becomes. Before we executed the importance sampling algorithms we analysed
the convergence diagnostics of the Gibbs sampler as we explained in Section
5.5. We found a faster mixing of the sampler and even less correlation between

samples than with the Weibull increments.

RHW RAT EFF

1G] RR JS AK| RR JS AK RR JS AK
0.5 523 23739 0.01|1.77 1.61 200 2270 21.03 37.49
1.5 526 22782 0.01 | 1.77 1.59 2.00 | 22.45 20.95 36.81
5.0 13.12 13228 0.02 | 1.71 1.62 2.00 |21.74 21.08 29.10

Table 3. Average performances of the three importance sampling

algorithms for Pareto increments.
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Lognormal

We varied the number of increments n, and the target probability 107" as in the
Pareto case. The Lognormal shape parameter was chosen to be 02 = 1,4, 9.
The larger o, the heavier the tail becomes. The convergence diagnostics of
Section 5.5 gave a slightly slower mixing of the sampler, but again a weak

correlation between samples after the burn-in period.

RHW RAT EFF

o? RR JS AK| RR JS AK RR JS AK
1.0 | 10.80 169.60 0.02 | 1.72 1.59 2.00 | 21.51 20.64 28.21
4.0 556 162.62 0.01 | 1.76 1.59 2.00 | 22.21 20.69 32.04
9.0 5.02 209.09 0.01 | 1.77 159 2.00 |22.22 20.81 35.18

Table 4. Average performances of the three importance sampling

algorithms for Lognormal increments.

In all cases we observe that our MinxEnt solution improves considerably the
independent hazard rate twisted solution. This comes as no surprise conside-
ring that the tail of the correlated density is heavier than of the independent
density as we explained in Section 4.3. On the otteh hand, in almost all cases
our algorithm is outperformed by the conditional Monte Carlo method. But
notice that Table 2 with the Weibull results shows empirically that the conditi-
onal Monte Carlo method degrades when the tails become lighter (the method
is asymptotically optimal for § below some critical level 5* [2]), whereas our

algorithm remains stable.

7 Conclusion and further research

In this paper we investigated the idea of applying the minimum cross-entropy
method (MinxEnt) for estimating rare event probabilities for the sum of i.i.d.
random variables. We saw that some existing importance sampling methods
for determining the new simulation densities can be cast in a Kullback-Leibler
MinxEnt program, such as the large deviations approach for light tails and the
hazard rate twisting for heavy tails. However, the MinxEnt approach allows

for generalizations or extensions in several directions, viz. other divergence
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measures as objective, other constraints, more constraints. Our investigations
of these other directions yielded until now limited successes. Our investigations
were restricted in the sense that we considered MinxEnt programs with a single
(non-trivial) constraint, and thus we suggest as for further research to consider
programs with possibly other divergence measures, in combination with more
and other constraints. This idea has been studied recently in [5] in the context
of density estimation. Currently we are investigating the generalization to rare
events involving a random number of increments and to long waiting times in
queues. The main challenge is to find the appropriate divergence measure and
constraints for which the MinxEnt program can be solved and for which the

solution admits a fast algorithm to generate samples.
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Appendix A

In this appendix we solve the MinxEnt program

inf {DKL(f\h) : /f(w)dwz L, EylS.) :an}’

when the increments X; are i.i.d. standard normals, and S, = Z;L=1 Xj. De-

note S(x) = >, z;, denote by I the n x n identity matrix, and by U the

n X n matrix of all ones. Notice that
2
S%(x) = (Z;;l xj> =z’ Ux.

Thus, the solution to the MinxEnt program is

)= L x) e )‘52(93)
f(@) = 55 h@)
_ L 1 6—%wTIa: eAwTU:I:
V) (Vam)
11 ——x"(I —2\U)=

We recognize a multivariate normal density if we set X1 LT —2\U as the

inverse of the variance-covariance matrix > and the constant c(\) as the square
root of its determinant: ¢(\) = /|X|. Let the scalar 7 = 7(A) be

)
1 —2\n’

T

Then, since (I — 2A\U)(I 4+ 7U) = I we obtain the variance-covariance matrix
Y =1+ 7U. Assuming

1
O< A< —
on’

the scalar 7 is positive, and the matrix ¥ = [ + 7U is symmetric and positive
definite. The next issue is to determine the determinant |¥| = det(X). We
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found det(I + 7U) = 1 + nT. We do not know whether this is a known result,
we found it by solving a recursion relation for these determinants: we denote
d,, = det(I + 7U) when the matrices I and U have dimension n. Then from

the classical way of calculating a determinant:
dy=m—1)1dy2—((n—2)7 — 1)d,_1.

It is easy to check that d,, = 1 + n7 satisfies this relation (n > 1). Thus

221
1—2\n  1—2\n’

Xl=14+nr=1+4n (14)

Finally we can determine the Lagrange multiplier A by solving (logc())) =
pn?. With ¢(\) = /|, and |3| given in (14) we readily solve the equation
and obtain
A= 1— . (15)
pn
Substitution in (14) gives |¥X| = pn. In order the Lagrange muliplier A being
positive we require

1
p>—.
n
Complexity of the importance sampling estimator

The density f(x) is used as the importance sampling density to estimate

l(n) o P(S, < —na(l+¢) or S, > na),

where a > 0 and € > 0. Let us calculate the likelihood ratio:

L(X) o % =c(\)e —AS,
=./pn e_)‘S?z.

Denote the two intervals that define the rare event as B (—o0, —na(l+e€)| U
[na,o0). The importance sampling estimator is an average of i.i.d. copies of
Y(n) o L(X)1{S, € B}. We shall determine its first two moment E;[Y (n)]

and FE¢[Y?(n)]. Firstly we notice that S,, being a linear transformation of the
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multivariate Gaussian variables X1, ..., X, is itself Gaussian with zero mean

and variance Var[S,] = E;[S?] = pn®. Denote this density by ¢(s). Then

Byl = [ v e 7 g(s)ds
1

L
2 — S
—AST o 20m7 g

oy e

/ L1 2n d
=[] ———F&e s
B V2T VN

where we have used (15) to get

1 1
A =—.
+ 2pm?  2n

Hence,
Ef[Y(n)] = P(N(0,n) < —na(1 +€)) + P (N(0,n) > na)
> 2P (N(0,n) < —na(l+€)) = 2P (N(0,1) < —a(1l + €)v/n)
=20 (—a(l+€)vn) =2 (1 — @ (a(l +€)v/n)).
Almost in the same way, omitting the details:

E;[Y?*(n)] = KP (N(0,n5%) € B),

with
pn o
K=—""' 5= ,
-1 7 T2m-1
Thus,
P (N(0,n5%) € B) < 2P (N(0,n6%) = na) = 2P (N(0,1) = £v/n)
o

1(-o(3m)

In order to bound the logarithmic ratio we apply a well known inequality for
the tail of the standard normal distribution:
2 —11 1
S —0(@) < 1-0() < —6(a), (> 0)
We use the upper bound with « = a\/2pn —1/,/p in E;[Y?(n)]:

log Ef[Y?(n)] < log % + log ¢()

1 1a?(2pn — 1
= log 2na+/p — §log27r— EM
p
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We use the lower bound with z = a(1 + €)y/n in Ef[Y(n)], thus we may set

(22 —1)/2* > 3, assuming that n is sufficiently large:
1 1, 9
log E;[Y (n)] > —loga(l + €)v/n — 3 log 2 — 34 (1+¢€)°n.

Consider their ratio, take % of numerator and denominator, let n — oo, and

take into account that the denominator is negative:

. Llog Ef[Y?(n)] - limsup,,_,., = log E;[Y?(n)]
n—oo  Llog F;[Y(n)] — liminf, o =log Ef[Y(n)]
—1 2d® 2

a2(1+e)?  (1+e2

Y

N =

Appendix B
Lemma 2. For all0 < A < 1:

% < (logC(/\)>/ <

n
1—-X

(16)

Proof. In part (i) of the proof of Lemma 1 we showed that

<< (ﬁ) (1)

It is well known that ¢()\), being a moment generating function of a nonnegative
random variable, is convex nondecreasing. Clearly, the lower and upper bounds
in (17) are convex and increasing functions. We show now that the ‘gap’

between c¢(\) and its lower bound is nondecreasing on [0, 1). That is

<C<A) - ﬁ) > 0.

(C(A) a %)l - (E [GAQ(S(X”} - E[GAQ(Xl)D'
— B[QS()e )] - B[]

As follows

> E[Q(Xl)@@(?ﬁ)} - E[Q(Xl)ewxﬂ] — 0,

where we used that @ (Z?Zl Xj) > Q(X1) because the X;’s are nonnegative

and () is nondecreasing.
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Similarly, the ‘gap’ between ¢(A) and its upper bound is nondecreasing on
[0,1). That is
1\ '
—— ) —c(N) | =0.
((1—/\> 2 >> =0
As follows

()" o) = (=] - plooly

—E[ZQ AT QX )} E[Q(S(X))GAQ(S(X))]

> E[Q<Z?:1 X,) e CIb> j—lXj)} - E[Q(s(x)ees0] =,

where we used that 2?21 Qz;) > Q(Z" ) because () is nondecreasing

j 1
and concave.

Taking logarithms in (17):
—log(1 = A) <loge(N) < —nlog(l —\).

All these three functions are nondecreasing and convex on [0,1) and again
reasoning as above we obtain that the gaps between logc()\) with its lower
bound and its upper bound, respectively, are nondecreasing. That is, we obtain
the required bounds (16). O
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