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Abstract

We present a fast algorithm for the efficient estimation of rare-event (buffer overflow)
probabilities in queueing networks. Our algorithm presents a combined version of the two
well known methods, called RESTSART/splitting and cross-entropy , where in the latter the
optimal change of measure (importance sampling) is determined adaptively during the sim-
ulation, using the cross-entropy method. For queueing models we consider two well known
importance sampling policies: the so-called fized (stable) queueing policy and the so-called
switching (unstable) queueing policy and compare their efficiencies. In particular, we show
that for the switching policy the combined algorithm is typically much faster than its coun-
terpart, the combined algorithm with fixed policy. We also show that the switching policy
combined algorithm reduces, in fact, to a degenerated case presenting a simple single-level
cross-entropy algorithm. Simulation results for queueing models of ATM-type are presented.
Our numerical results demonstrate high efficiency of the proposed method as compared to the
original RESTART /splitting.
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1 Introduction to Rare Event Simulation

Performance of computer and communication systems is commonly characterized by the occur-
rence of rare events. For example, cell loss probability in asynchronous transfer mode (ATM)
switches is typically less than 107°. The performance of such systems is frequently studied
through simulation. However, estimation of rare event probabilities with the naive Monte Carlo
techniques requires a prohibitively large number of trials in most interesting cases. Two methods,
called splitting/RESTART and importance sampling have been extensively investigated by the
research simulation community in the last decade.

The basic idea of splitting proposed by Kahn and Marshal [17] is to partition the state-space
of the system into a series of nested subsets and to consider the rare event as the intersection of
a nested sequence of events. When a given subset is entered by a sample trajectory during the
simulation, numerous random retrials are generated with the initial state for each retrial being
the state of the system at the entry point. Thus, by doing so, the system trajectory has been
split into a number of new sub-trajectories, hence the name splitting.

A similar idea has been developed by Villen-Altamarino and Villen-Altamarino [30], [31] into
a refined simulation technique under the name RESTART which has been extended by different
authors [6], [7], [9], [10], [11], [13], [14], [16], [28], [29] to the multiple threshold case. Although
RESTART has been shown to be an efficient and flexible simulation technique for simple networks,
its applicability for complex ones is still a challenging problem.

The main idea of IS, when applied to rare events, is to make their occurrence more frequent,
or in other words, to ”"speed up” the simulation. Technically, IS aims to select a probability
distribution (change of measure) that minimizes the variance of the IS estimate. Finding the right
change of measure is often described by a large deviation result. This type of analysis is feasible
only for relatively simple models, see [2], [15], and [27] for surveys. In [19] an adaptive IS algorithm
for rare events simulation based on the cross-entropy, called the cross-entropy (CE) method, works
very efficiently for complex static systems, like the stochastic PERT networks. Its applicability
to complex dynamic systems such as ATM networks is under investigation. An extremely useful
feature of the CE method, is that it can be readily modified for finding (estimating) the optimal
solution in an NP-hard combinatorial problem (see Rubinstein [23], [24]).

RESTART is a robust and intuitively simple method for estimating rare event probabilities. It
has been proven theoretically and numerically that typically it works well for rare event problems
in Garvels et al. [7]. However, it is also well understood now that it requires availability of the
so-called importance function (IF), which might be an extremely difficult task especially in the
multidimensional state space. That is the main reason why we propose a modification of the
RESTART method, namely to incorporate CE into RESTART with the view to get efficient and

accurate estimations of rare event probabilities.

2 The RESTART method

Denote

1. /- the rare event probability.



2. m - number of stages.

3. x4, t=0,1,...,m - intermediate levels (zg = 0, z,,, = ).
4. py - probability of hitting x;, starting from x;_;.

5. R; - number of successful hits of level x;.

6. NN; - total number of restarts from level x;.

As performance measure of interest (in queueing context) we consider the probability that starting
at zero the simulation process reaches level x before returning back to zero.

In this section we cite some basic results from [6], while considering RESTART with the
so-called fized effort (FE). We have

t=1]pe (2.1)

t=1
0=1T] (2.2)

t=1

where R
Dt ﬁ? (2.3)

R, = vaztl Ii(t) is the total number of successes at the t-th stage, Ii(t), i = 1,..., Ny are the
indicators meaning that the underlying process reaches some intermediate level x; before returning
to level z;_1 and p; = IE{Ii(t)}.

Our main goal is to present calculation for Var/ and to show how much variance can be
obtained with RESTART (RE) versus the crude Monte Carlo (CMC). We have

m
Varl = B — 2 = E ] p7 — ¢ (2.4)
t=1
Taking into account that
Varpy = Ny 'pe(1 — pr), (2.5)

we obtain . -
5 pe(1 —pt) 2} 2 2 {(1 —pt) }
Var/l = {—I— —0° =/ —~+1,—-1]. 2.6
t:l_Il N P t:r[l PNt (2:6)
Note that (2.5) presents, in fact, a CMC estimate of p; in (2.1).
To find the optimal parameters m, (z1,...,Zm—1) and (Ny,..., Np,) we need to solve the

following minimization problem

min Var/ = min ¢2 (ﬁ {(1;’\?) + 1} - 1) (2.7)

=1\ P
with respect to (w.r.t.) m, (z1,...,Zm—1) and (N1,..., Ny,), subject to the following constraint
m
> N;=N. (2.8)
t=1



It is not difficult to show (see [6]) that the solution of (2.7)-(2.8) is pr = p = ¢ and N, =
%, Vk=1,...,m. With this at hand the program (2.7)-(2.8) reduces to

2m2(1 —ziz)}

2.9
(w N (2:9)

min Var/ = min {
m m

The optimal values of m and p, the minimal variance, optimal squared relative error and optimal

efficiency, denoted as m,, p,., Var.f, x2, and e, are

1
my = — 98¢ (2.10)
2
pr=¢e? (2.11)
- (ellogl)?
o= 080 92.12
Var, £ N (2.12)
N~War,l  (elogt)?
2 _ rt
R = N (2.13)
and . A )
N~"Var,{ {(elog/)
r = ~ y 2.14
T -0 1 (2.14)
respectively.

3 Combined RESTART and Cross-Entropy Method

The combined RESTART and cross-entropy (RECE) method presents, in fact, a revised version
of RESTART in the sense that the Bernoulli parameters p; in (2.1) are estimated using likelihood
ratios (LR) and the cross-entropy (CE), rather than according to CMC (see (2.5)). The rest is
exactly the same as in the original RESTART (RE).

We shall revise now the basic RESTART formulas (2.2)-(2.14) for the RECE version. In

particular instead of formulas (2.2)-(2.3) we shall use

0=1] 5 (3.1)
t=1

and -
I i
= — .2
Dt Nt’ (3 )
respectively, where
N¢
Ry(®7) =3 11w (v,3)), (3.3)
i=1
() — % f(Zit7 ’U)
W, V, V)= 775 ==\ 3.4
7 ( t ) f(Zitv vt ) ( )

is the likelihood ratio, Z;; ~ f(z,v]), v; is the optimal reference parameter, which is obtained
either using either the importance sampling [26] or the cross-entropy (CE) method [24]. If not
stated otherwise we shall use the cross-entropy method, (see (3.8)-(3.9) below) and assume without

loss of generality that N, = N.



To derive the optimal v} we modify the basic formulas (6.3)- (6.7) of the Appendix as follows.
(a) Adaptive estimation of Az;. For a fixed v;_; derive Az} from the following simple

one-dimensional root-finding program

max Az s.t. Eyr {I{M(Z)>A:pt}} >, (3.5)

where Z ~ f(y,v;_4).
The stochastic counterpart of (6.3) is as follows: for fixed ®}_; derive Az; from the following

program
| N
max Az; s.t. NZ;I{M(Z]')ZA%} >, (3.6)
j=

where Z; ~ f(y,v;_;).

Similar to (6.5) we have
Ay = Awy (07_1) = My (ja—p)N))» (3.7)

where M, ;) is the j-th order statistics of the sequence M; = M(Z;), Z; ~ f(z,v}), j =
1,...,N. For n = 102 this reduces to

Al’: == Mt,( ﬂN])

100

(b) Adaptive estimation of v;. For fixed Ax;_; derive v} from the solution of the program

max D(Az;_j,v;_j,v) = H%)B;XIE'ULI {I{M(Z)EAQS:_I}W(Z, v,v;_1)In f(Z, vt)} , (3.8)

(o

where v = v.
The stochastic counterpart of (3.8) is as follows: for fixed Ax;_; derive ¥} from the following

program

N ALK — % 1 a — %
H%]%XDN(Al‘t_l,’Ut_l, vy) = max {N le{M(Zj)z&c,’{,l}W(Zj’v’ v;_1)In f(Zj,'vt)} , (3.9
]:

where v = v.

Clearly, with v} instead of v we obtain
Var{p;(v)} < Var{p;(v)} = Var{p;(v)} = N, 'p:(1 — ps), ¥t = 1,...,m. (3.10)

Because of that we have
Var{l,(v})} < Var{f(v)} = Var{{(v)}. (3.11)
RECE Algorithm 3.1 below can be viewed as an extension of both RESTART and CE:
e RECE extends RESTART in the sense that the sample path (trajectories) and the associated

sample function M(-) at each level x; are generated using the IS density f(y,v}) (v} is

obtained from (3.9)) rather than from the original one f(y,v).



e RECE extends CE in the sense that in the former the collected statistics are not wasted
and are used to calculate p; (via likelihood ratios employing v}) at each ¢-th iteration, while
in the latter the collected statistics are used only at the final stage m to calculate ¢ (via

likelihood ratios employing v},).

Note that at each stage t RECE involves a three-step procedure: at the first two steps, a sample is
taken from the pdf f(y,v;_;) to estimate Ax; and v}, while at the third step a different sample
is taken from the importance sampling (IS) pdf f(y, ;) to estimate p; in (2.1). Note that for v}
to be a reliable estimate of v; the sample must be at least of order p, L

As in Algorithm 6.1 of the Appendix we set v1{ = v and then iterate in both v; and Az =

xy — xi—1 as follows.

Algorithm 3.1 :

1. (Common step). Sett =1 and set v;_; = v. Generate a sample Z1,...,Zy from the pdf
f(y,v) and deliver the solution (3.7) of the program (8.6). Denote the initial solution by

=k ok
AT = 77

2. (CFE step). Use the same sample Z1,...,Z N as in (3.6) and solve the stochastic program
(3.9) (for t =1). Denote the solution by v} = v](AZ}).

3. (RECE step). Generate a new sample Z1,...,Zx from the pdf f(y,v]), set vi = v} in
(3.3) and deliver p; according to (3.2).

4. (RECE step). Sett =t+1 and proceed with Step 1-Step 3. At each iterationt, (t =1,2,...)
generate two different samples: the first from f(y,v;_,) and the second from f(y,v}).
Calculate Az} and v} from (3.9) and calculate py from (3.1)-(3.2) using the samples from

F(y, ©5_,) and f(y, o)), respectively.

5. (Stopping rule: CE step). If ; > z, (T} = Y.k AZ}), set T} = x and solve the stochastic
program (3.9) for Azy = x — Zi_,. Denote the solution as v}, and stop; otherwise repeat
Step 4.

6. (Estimating ¢: RECE step). Estimate the rare-event probability ¢ according to (3.1)- (3.3).

It is readily seen that

e Deleting Step 2 we obtain v; = v, V&t = 1,2..., and thus, the RESTART algorithm with
fixed effort.

e Deleting Step 3, we obtain the CE Algorithm 6.1, provided AZ is replaced by 7; and Step
6 of Algorithm 3.1 is replaced by Step 5 of Algorithm 6.1.

Note that instead of deleting Step 2 or Step 3 entirely in Algorithm 3.1 one can keep them for
some iterations, say for the first ¢, (k = 1,...,m) iterations (level crossings), where m denotes
the total number of iterations of Algorithm 3.1. For example, including Step 2 only at the first

iteration of Algorithm 3.1 and eliminating it for the rest m — 1 iterations, one obtains, in fact,



a RESTART algorithm which uses v instead of v. We call Algorithm 3.1 the [m x m| RECE
algorithm, to distinguish it from the [m. x m| RECE algorithm and from the [m x m,] RECE
algorithm, where m., (m. =0,1,...m) and m,, (m, = 0,1,...m) correspond to the number of
times (iterations) Step 2 and Step 3 are included, respectively. Clearly, in the above notations,
the configurations [0 x m] and [m x 0] correspond to the original RESTART and to the original
CE, respectively.

At the first glance one might think that RECE needs a sample as twice as big as for the
original RE. But, as we will see below, because of (3.12), the sample in RECE is, in fact, less.
Clearly if m, = %mr, then the total sample sizes in both methods are the same. Note also that the
overhead of solving (3.9) is small compared to that of the total number of calculations of M(Z;)
in (3.9). Note finally that regardless of the fact that @} depends on @* , £ in (3.1) will be still a
consistent (although slightly biased for finite samples) estimate of the unknown parameter /.

Since the optimal parameter vectors v} and v}, derived in (3.8)-(3.9) are typically model de-
pendent we shall calculate them along with some other parameters, such as the minimal variances
Var{p;(v})}, Var{f;(v*)}, the optimal m (denoted m,), the optimal p (denoted p.), the optimal
squared relative error k2 (denoted x?) and the optimal relative efficiency e (denoted e.), (see
(2.7)-(2.14)), for several simple static and dynamic (queueing) models.

We shall show that in all our examples below

me < My, (pc < pm) (312)

and the variance reduction obtained with the RECE method compared to the original RESTART
method is quite substantial. Similar efficiency might be obtained while using RECE versions
for fixed splitting [6] rather than for fixed effort and for other RESTART modifications. In
Proposition 3.1 below we prove that formula (3.12) holds for quite general models. The proof of
(3.12) is based on (3.10).

3.1 Static models
To appreciate the efficiency of RECE versus RESTART we consider several simple static models.

Example 3.1 [1 x m| RECE configuration. Suppose we are interested in estimating ¢ =
P(M(Y) > x), where
MY)=Y (3.13)

and the random variable Y is exponentially distributed with rate v, i.e. Y ~ f(y,v) = vexp(—vy).
In this case
(=e " and p; = e VAT, (3.14)

where as before Axy = x4 — 241, 29 =0, x,, = .
Rather than sampling from f(y,v) = vexp(—vy), we assume for convenience that at each level

x; the sample is taken from the following shifted exponential pdf

f(y,v,2) = vexp(—v(y — x¢)), y > x4. (3.15)

We proceed with calculation of



(i) Var{fu(v})},
(i) Var{i(v")},

(iii) The optimal m, and the optimal p.

(i) Consider Var{p:(vi)}. Taking (3.3) and (3.4) into account we obtain by straightforward

calculations that

1 v26—(2v—vt)Axt

Var{p;(v1)} = N; —pl (3.16)

v (20 — vy)

The optimal value of the reference parameter v; = v} (x) which minimizes Var{p;(v1)} is
v (z) = v+ Azt — (V¥ + Az D)2, (3.17)

For z; ' << v it reduces to
vf &~ Axyt (3.18)

Substituting (3.18) into (3.16) and taking into account that p; = et we obtain

2 2 2
- 1 _epi(Inpy) —pep;(—Inp)
Var{pi(v1)} = N; 12(—tlnpt) 1 —ptz ~ N 1= 5 —pf- (3.19)
The efficiency €; of pi(v}) relative to the CMC estimate p;(v) is
Var{p:(v1)} -
= —— I~ (0.50Az;) e 708, 3.20
“t Var{p;(v)} (05vAz)e (3:20)

For example, if p; = e "2% = ¢~ 2, then we have vAz; = 2 and, thus
e~ el (3.21)
The total variance reduction over m stages relative to the RESTART method is

et e™, (3.22)

cr

If, for example, £ = e~2°, then using RECE instead of RE one obtains variance reduction of order
el%, that is a speed up of more than 10* times.
JFrom (2.14) it follows that the efficiency of RECE relative to CMC is
{(elog?)?
o= = Helogt)” , (3.23)

€cr 4em

We shall show next that the optimal value of p; for this model is in the [1 x m] configuration
RECE is p; = e~2. To proceed, consider
(ii) Var{¢(v*)}. Substituting (3.19) into

Varl = B — * =E [ p7 — £ (3.24)
t=1
we obtain )
7 epi (—Inpy) 2 2 (17 e(=1npy)
— —? = —1]. 2
Var/ t:l_[l 2N, =7 <,51_[1 o, (3.25)



Solving the program

. i rp e(—Inp)
min Var/ = min ¢ (l I elzlnpy) _ 1) (3.26)
5N

with respect to m, (z1,...,2m-1) and (NVy,..., Np,), subject to the constraint- (2.8) and taking

into account that for large N we can approximate

7 Inp;

t=1 Nt

in (3.25) by

" Inp,
o M 7
we readily obtain that the optimal number of splittings m equals unity, that is there is no splitting
and the optimal p equals to £ = e~*. This result is intuitively clear since no computational cost
was imposed while estimating v} from the solution of the CE program (3.9). This computational
cost, denoted Cy, contains sampling from the original pdf f(y,v), N; times computation of the
sample performance M(Y ;) and solving (3.9). We shall take into account below only the first
two items and shall ignore the third one, since (3.9) is solvable analytically. As mentioned earlier,
in order for ¥} to be a reliable estimate of v} one needs to take in (3.9) a sample from f(y,v) at
least of order of N; = O(p; '), where

bt = E{I{M(Y)zAxt}}'

(iii) With this at hand we assume below that C; = p; !, denote

m
Lo=E]][pC— (3.27)
t=1
and modify the program (3.26) as
in £, = min ¢2 ﬁ_elnpt 1 (3.28)
min £. = min -1, .
‘ 1 2N

subject to (2.8). Arguing as in (2.7)-(2.9) we readily obtain that p; = p = tm, N = % and, thus

L. reduces to

Lo(m) = £2 (mzln(gm) - 1) . (3.29)

It remains to minimize £.(m) with respect to (w.r.t.) m. Assuming that m is a continuous rather

than a discrete variable we can approximate the optimal m, denoted as m., from the solution of

dl.(m) 0
dm
We have i log./
) _ g3 log(¢m)[2m — log £ — ——>——] =0
dm Cm log(fm)



Since the third term in the brackets is negligible compared to the first two ones we can approximate

m. from the solution of
dL.(m)

dm

=2m —logl =0, (3.30)
which coincides with (2.10), namely

log ¢

5

In the analogy to (2.10) we have that the optimal p is

(3.31)

me =

pe=€"2. (3.32)

Remark 3.1 If one takes into account the computational cost Cy = pt_1 = E%, then the program
(2.9) must be replaced in analogy to (3.29) by

Cm2(1 —
min £, (m) = min {m(Q)} . (3.33)
The optimal solution of (3.33), denoted by my. is
mye = —log (3.34)
and the optimal p, denoted as pre 18
Pre=¢"". (3.35)

We call the RESTART method based on the program (3.33), the revised RESTART method. It
follows from comparison of (3.34) with (2.10) that in the revised RESTART method the optimal
number of thresholds must be doubled compared to the original RESTART.

It also follows from (3.31) and (3.34) that the optimal number of thresholds in [1 x m] configuration
RECE is twice less than in the revised RESTART method. This in turn employs that €. in (3.23)
presents a lower bound of the relative efficiency of RECE versus the revised RESTART method.

Example 3.2 Example 3.1 continued: [l x m| RECE configuration Here we combine
the RECE Algorithm 3.1 with inverse transform - likelihood ratio (ITLR) approach (see the
Appendix). In the particular we apply the configuration [1 x m] of RECE for Example 3.1. Note

that in this case applying the inverse-transform method
Y =Fy ' (U),
(see (6.8)) for Y ~ exp(v) we obtain
1
Y = —;ln(l—U) ) (3.36)

where U ~ U(0,1).
We shall show that in this case our basic result (3.19) holds again, that is

— _logﬁ
c — 2 .



As in Example 3.1 we shall calculate

(i) Var{p;(a)}, and (i) Var{f(a%)}, where o is the optimal reference parameter for the Beta
(a, 8 = 1) pdf given as h(y,a) = ay® . Note that af is obtained from the solution of the CE
program (3.8), where v] is replaced by aj.

(i) Consider Var{p;(«7)}. Taking (3.36) and (6.12) into account we obtain in analogy to (3.16)

~ * 11— (1 _pt)Qia
Var{pt(al)} = Nt ! 04(2 _ Oé) (337)
Differentiating (3.37) over o and equating the result to zero, it can be obtained that for small p;
we have 1
o] = — . 3.38
= (3.39)

Substituting (3.38) into (3.37) we obtain for small p; that
Var{pi(a7)} = Ny ' (e — 1)1}, (3.39)

The efficiency €; of pi(aj) relative to the CMC estimate p;, (corresponding to a = 1) follows
directly from (3.39) and equals

___Var{aap)
! Var{p:(a = 1)

7 ~ (e — 1)p;. (3.40)
As in Example 3.1, if p; = e V2% = ¢72, we have from (3.40) that

e~ (e—1)e? (3.41)
and the total variance reduction over m stages relative to the RESTART method is
et~ (e —1)"me?™, (3.42)

cr

(ii) Var{f(a*)}. Substituting (3.39) into (3.27) we obtain

m m -1
Lo=E]]pC— =12 (H ;tpt ~ 1) : (3.43)

t=1 t=1

Minimizing £, with respect to m subject to (2.8) we readily derive in analogy (3.28)- (3.31) that
log ¢
Me = ————.
¢ 2

Since in ITLR the same dominating pdf h(y, «) is used for any sample function M(Y") (regardless
of the original pdf f(y,v)), it can be viewed as a model independent approach. It is shown in
[19] that using ITLR the results of type (3.41) typically hold for a broad class of sample functions
M(Y'). For this reason we may argue that

log ¢
Me = ————
¢ 2

holds for a variate of simulation models as well. Based on this, we propose, as rule of thumb, to
take the number of levels in [1 x m| RECE configuration twice less as in RESTART.

10



Example 3.3 Example 3.2 continued: [m x m| RECE configuration. We now revise some
of the basic formulas (3.39)-(3.43) of Example 3.2 for the [1 x m] configuration to its counterpart,
the [m x m] configuration. To do so we need only to replace @] with a;, t =2,... and calculate

3.39)-(3.42) again. Calculating, for example, (3.41), with & replaced by aj, t = 2,... we obtain
1 t
e~ (e—1)e 2, (3.44)

The total variance reduction over m stages relative to the RESTART method ([0 x m] configura-

tion) will be now (see also (3.42) for the [1 x m] configuration )

o ~(e—1)"" ] *. (3.45)
t=1
The total number of thresholds (level crossings) m for the [m x m] configuration can be derived

from the solution of .
H e =y
t=1

with respect to m. Clearly, for small ¢, the solution of the above will be much less than the

number of thresholds
B log ¢

2
corresponding to the [1 x m] configuration. It is also readily seen that in contrast to the [1 x m]

m =

configuration, where

Aibt :1’
Azy_q
here we have
Amt 2
Axgy

That is, instead of linear in ¢t function x, we have an exponential in ¢ function ;.

We now prove our main Proposition for the configuration [1 x m], which can be readily extended
for any RECE configuration with fized effort.

Proposition 3.1 Consider the revised RESTART method with fived effort. Let v] be the optimal
reference parameter vector obtained from the CE program (3.8). Then the optimal number of
thresholds m, in the RECE method is no greater than the associated one my. in the revised
RESTART method, that is

me < mype = — logl. (3.46)

Proof. The proof is quite simple and is based on (3.10), that is on the fact that one always gets
variance reduction with RECE method relative to the revised RE. The formal proof is as follows.
Denote Var{p:(v)} and Var{p:(v})} by V,.(pt) and V.(p;), respectively and consider the program
(2.7) -(2.8). Taking into account that V;(p;) = N; 'ps(1 — p;) we can rewrite (2.7) as

min Varf(V,(p;)) = N; ! min ¢2 (ﬁ {‘Z;ﬁ;) + 1} — 1) . (3.47)
t=1 eVt

11



Replace now V,(p;) = N; 'ps(1 — p;) in (3.47) by the alternative one, V.(p;). As an example of
Ve(pe) consider the function V.(p:) = Var{p;(v])} in (3.19), and recall that V,(p;) < V,.(p¢). Since
the function Varf(V.(p;)) decreases in V,(p;) and since V.(p;) < V,(pt), it is readily seen that the
optimal solution of the program min Varl(V,(p;)), subject to constraint (2.8), will be no greater
than the optimal solution of the program min Var@(%(pt)), subject to the same constraint (2.8).

0.

4 Queueing models

Before proceeding with application of RECE Algorithm 3.1 for the estimation of rare event prob-
abilities for queueing models we mention the following two well known importance sampling (IS)
policies [26]: (a) fized or stable IS policy and (b) switching or unstable IS policy.

We explain their differences, while consider, for example, regenerative rare event simulation
for a single queue. In case (a) we assume that the reference parameter vector v in IS is fixed and
is chosen such that during the simulation the queue remains stable, that is the associated traffic
intensity po < 1, while in case (b) the constraint pg < 1 is removed. Furthermore, we need to
distinguish in case (b) the following two possibilities associated while generating a regenerative
cycle: (i) the level x is reached, (ii) the level z is not reached. In the former case we simulate the
queue with some pg (typically with pg > 1, see below) from state zero until the level x is reached
and then we switch back to the nominal traffic intensity p until the busy cycle is completed. In
the latter case we simulate the queue with pgy for the entire busy cycle.

Note that using the switching policy in transient rare event simulation, that is estimation of
the probability ¢ of buffer overflow in a busy cycle starting the system at some initial state, say
at an empty system, then we act similarly to the steady-state case. The only difference is, while
crossing the level x with pg > 1, we turn the simulation off, rather than we switch back to the
nominal traffic intensity to complete the busy cycle.

Although, it is well known [26] that IS estimates with switching policy are typically much faster
than their counterpart with fixed policy, we shall nevertheless consider both RECE versions. We
shall show, the former reduces, in fact, to a degenerated case - the [1 x 1] configuration presenting a
single-level CE algorithm (see Algorithm 4.1 below). This is quite a remarkable result! In addition,
it is proved in [4] that for the exponential change of measure the single-level CE Algorithm 4.1

converges to the optimal tilting parameter (state-independent exponential change of measure).

4.1 Fixed queueing policy

Here we apply RECE algorithm 3.1 for estimation of £ = P{L; > z} using regenerative simulation,
where {L;} is the steady-state waiting time process. We start with a stable M|M|1 queue.

Example 4.1 M|M|1 queue: RECE with stable queueing policy It is well known that
(= P{L >z} = pe~ =Nz, (4.1)

where 1 and A are the service and the inter arrival rates and p = % Let vg = (Ao, po) be the

reference parameter vector in the LR process associated with the M|M|1 queue.
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Recall that for the M|M|1 queue the optimal tilted pg = %, denoted by p* = %, corresponds
to A* =y and p* = A for both the steady-state and the transient probabilities £.

We cite first some material from [3], where it was assumed that vg = (\, po), that is only
the service rate p was allowed to change, while A was kept fixed. Under this assumption a
general expression for the variance of the regenerative estimator of ¢(19, ) was derived (see (2.1)
of [3]). It is however difficult to treat analytically the expression for the variance in [3] and to
get the optimal parameters p*, Varg(,u*) and m., similar, say to these in (3.19)-(3.29). To get
a good look into insight on how much variance reduction can be obtained with RECE method
(versus the original RE), consider the [1 x m] configuration and assume as before that m. = m,.,
where m, = —%, (pr = e72). Consider next the results of Table 3.1 of [3], which presents the
efficiency €(p*, p, z) for different traffic intensities p and different z. Consider for example p = 0.6
and p = 0.9. Then for p; = e~2 we have from Table 3.1 of [3], ¢ ~ 0.576 and ¢ ~ 0.536 for
p =06 (p* =0.711) and p = 0.9 (p* = 0.937), respectively. That is, at each stage we obtain
variance reduction approximately twice compared to RESTART. The total gain over m stages
will be

1 1
—(_— \ym de=(—0m
¢ =Gz ande= (G

respectively. Note that these are only the lower bounds of the gains, since

(4.2)

1. In [3] only the parameter ug was assumed to be the reference one in vy = (A, o) (and in

vo* = (A, 1*)). Clearly, if we replace A by A* we shall get more variance reduction.

—log ¢
2

me < m, instead of m. = m, we shall get more variance reduction. To see it, take in RECE

2. We assumed that m., = m, = , while, in fact, m. < m,. If we use the fact that

instead of p = e 2, (m = #) ,say p=e 0 =1073 (m= %) then we could get per
each stage (see Table 3.1 of [3]) e = 0.0984 and € = 0.0122 for p = 0.6 (p* = 0.777) and
p =09 (p* = 0.951), respectively. If, for concreteness £ = 10~9, then for p = e72 ~ 107!
and p = e % ~ 1073 the total variance reduction would be approximately 2° and 103 times
for both queues with p = 0.6, and p = 0.9. Clearly that 10% > 2% and, thus, the total gain

6 2

for p = e~ would be greater than for p = e™°.

It is shown numerically in [25] that for £ ~ 10~! variance reduction of at least twice is guaranteed
(with v*) for quite general queueing models with the [1 x m] configuration. This means that using
RECE with the [1 x m] configuration a total variance reduction of approximately 2™ times will
be obtained relative to RESTART.

Note that if we consider the [m x m] configuration instead of the [1 x m] configuration we
will get results similar to Example 3.3, and in particular (see (3.45)) the former is more efficient
than the latter. Note also that similar results could be obtained for the M|M|1 queue while
considering the transient rare event probability, like the probability of buffer overflow instead of
the steady-state one. Note finally that the numerical studies in [25] (see eg., Table 4.4.6 and
Table 4.4.7 of [25]) clearly indicate that the efficiency of RECE versus RESTART for the stable
IS policy is quite substantial.
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4.2 Switching queueing policy

As we mentioned we shall show that in this case RECE Algorithm 3.1 reduces to CE, while the
last (see Algorithm 4.1 below) presents, in fact a single-step Algorithm. The convergence proof
of Algorithm 4.1 to the optimal tilted parameter, as well as confidence intervals for the M|M]|1

queue will be given in [4].

Example 4.2 M|M|1 queue: RECE with switching queueing policy We consider the
standard transient buffer overflow probability in a busy cycle, while starting the system at some
initial state, say at an empty system. Mathematically we write £ as

(= P(fgg[Mt > z]) = Ev{Z}, (4.3)

where Z = Lsup, _o[My>a]s C'is the length of a busy cycle and «x is the buffer size.

To proceed, we cite some material from Asmussen [1].

1. The buffer overflow probability ¢ under the original distribution is

1—p

(=TEyZ =Ey 2% = T

AL (1.4)
Note that £ = EyZ = [Ey Z? and (4.4) holds for both, p < 1 and p > 1.

2. Under the tilted traffic 5 = p~! we have asymptotically in x (see [1]) that
- 1—
EypZ? = p2x17pﬁr_1. (4.5)

Here Z is the likelihood ratio estimate of ¢, that is

Z = ISUPt<c[MtZI]W(T’ v, ’l~)),

6(7)

~ = f1(Z1,vm1) = f2(Z2,v2)
W(r,v,8) = WiWs, Wi = H 1 fi( Zy,11)’ H 1 fa( Z3,02)’

f1 and fo are the inter-arrival and the service (exponential) pdf’s, v = (v1,v2) and ¥ =
(01, D2) are the original and the tilted parameters in the pdfs, 7 = x + d(7) and §(7) is the

number of customers, served in a busy cycle before reaching x (until buffer overflow).

Asmussen, de Boer and Rubinstein [4] prove the so-called instability theorem which states
that while estimating the transient buffer overflow probability in a M/G/1 queue for an arbitrary
buffer size x, (z =2,...) the optimal tilted traffic intensity p(x) is greater than unity. Moreover,

p(z) increases in x and for the M|M|1 queue

lim p(z) =p L

T—00

An immediate consequence from this theorem is: while estimating the rare event probability £ in
(4.8) simulate an unstable M|G|1 queue (with p(x) > 1) rather than a stable one. This is the
reason that the switching policy can be called the unstable policy as well.

It follows from (4.4) that
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1. £(x) decreases in x and ¢(x) =1 for x =1.

2. For a stable M|M|1 queue lim, ., ¢(x) = 0, that is for a stable M |M |1 queue the probability

{(z) goes to zero asymptotically in the buffer size z.

3. For an unstable M|M|1 queue

lim ¢(z) = 21, (4.6)

T— 00 p

that is for an unstable M|M|1 queue one can, in fact, hit any arbitrary large level x with a

positive probability

For example, if p = 1.1, we have £ ~ 0.1; and if p = 2, we have ¢ ~ 0.5 (asymptotically in
x). For an M|M|1 queue with a finite buffer, the above probabilities are even higher.

As mentioned, we shall take advantage of the theorem of Asmussen, de Boer and Rubinstein [4]
while designing our single level CE Algorithm 4.1 below.

For queueing networks we conjecture that under the optimal tilted parameter vector vo*(x)
(x > 1), there exist at least one unstable queue in the network and the probability Py «{M; >
x} >> Pp{M; > x}. Here Py{M; > x}, M; and v are the underlying rare event probability,

the underlying output process and the underlying parameter vector, respectively.

4.3 Single level algorithm

Based on (4.3)-(4.6) we now devise an algorithm for efficient estimation of both, the tilted p(z)
and the buffer overflow probability ¢(z) for a fixed . Our Algorithm 4.1 is based on the stochastic
counterpart of (6.2) that is on

N 1 XN
T%%X{DN(UaUO) = Ni:ZlI{M(Zi)>x}W(Ziavvvl)lnf(Z'ia'UO)} ) (4.7)

and can be written as follows
Algorithm 4.1 Single level CE :

1. Set v1 = v and set the initial buffer size vy small enough, say v9 = 2. Generate a sample
Z,...,Zy from the pdf f(y,v) and solve the stochastic program (4.7) for x = ~y. Denote
the solution by vg(yo)-

2. Set v1 = v;(y0) and repeat Step 1 for the original program (4.7), that is with x instead of

v0- Denote the solution by v]. Take v7 as an estimate of the optimal reference parameter

’UQ*.

3. Estimate the rare-event probability ¢ using the LR estimate (6.1) with vo* replaced by v7.
Remark 4.1 :

e To get a more accurate estimate of vy* one can proceed with Step 2 for several additional

iterations.
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e Step 1 of Algorithm 4.1 can be viewed as a pilot run. Its aim is twofold:

1. To find a “good” starting reference parameter vector vg(o).

2. To make the M|M|1 queue unstable.

e Instead of of Algorithm 4.1 one can use either the steepest descent algorithm or a converging

to vo* stochastic approximation algorithm [19].

e As an alternative to Step 1 one can use the following one: Set v; = v, choose g small
enough, say find g from solution of the stochastic counterpart of Iy {I M( Z)>70}} =,

where, say 7 = 10~! and solve the stochastic program (4.7) for = vp. Denote the solution

by 95(70)-

e Algorithm 4.1 can be readily modified to estimate the root (say, buffer size z) in £ = P{M >

x} for given /.

It is shown in [4] that the single level Algorithm 4.1 is robust in the sense it converges to
the optimal tilted parameter vector vo* regardless of the initial buffer value ~g, provided vy > 1.
Moreover, for a finite sample, v] estimates quite accurately the unknown vector vo* for which a
valid confidence region can be obtained.

To see why, Algorithm 4.1 converges to vo* in a single iteration we argue as follows. By
choosing 79 > 1 and solving the stochastic program (4.7) for 79 < x (see Step 1 of Algorithm
4.1) we obtain v; which results in an unstable queue (p(y0) > 1). Since with an unstable queue
one can reach any large level  with probability at least ¢ = p—;l, we can solve immediately the
stochastic program (4.7) (see Step 2 of Algorithm 4.1) for which a sample Z1, ..., Zy is generated
from the pdf f(y,vy).

One may wonder, why a pilot run (Step 1 of Algorithm 4.1) is needed at all: just start with an
arbitrary vy, which results to an unstable queue. The reason is that not only do we want to make
the queue unstable, but also we want v1 to be a “good” initial parameter vector, which insures
a “wright” proportion of zeros and unities in the indicator I of the program (4.7). Note that an
arbitrary v, (with p; = % > 1) may result into too many unities in I and therefore can be viewed
as the dual to the original vector v in the sense that solving (4.7) with v; = v one has too many
zeros (for large ) in the indicator I and, while solving (4.7) with an arbitrary vy, (p1 > 1) one
may run into too many unities in /. Clearly, guessing a ”good” initial v] for a queueing network

is even more difficult than for a single queue.

4.3.1 The efficiency of RECE for the M|M|1 queue with unstable IS policy

Denote as before zg = 0, x, = @, Axy = x4 — 241, k = 0,...,m, assuming that in RESTART
p: = e~2 and taking into account that 1 — p™% ~ 1, we have from (4.3) that
2+ In(1 - p)

Az ~ —
Inp

—1. (4.8)
Let p =1/2. We have Az; ~ 5,

1—p
2 Azi—1 o o—
]EUZt = 41 — prtp Tt =~ 2 5’
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and similarly for other values of p.

Let £ = e™™ = ¢72™ where m = M/2 is the number of level crossings. We have

EpZ? = Ey ﬁ zl = ﬁIEvZ2 = (1 —P PAzt1>m
=1 ' =1 ' 1 — phwe

For p = 1/2 we have Axz; = 5 and, thus [Ey 2% = 27°™,
To see how much variance reduction could be obtained in the first iteration while using RECE
instead RESTART consider
Varrv Zl ]E'U 212

€1 = — & —. 4.9
' Vargg- 21 By 22 (4.9)

Substituting the appropriate values of By Z? and [Eyq+ 22 from (4.4) and (4.5) we obtain

1 r1+1
erplp™™ — 1]~ () (4.10)
p
For p = 0.5 we have z1 = 5 and, thus e; ~ (3)°.

The total efficiency of the single-level RECE versus the m-level RESTART is

; (4.11)

€ =

VaryZ  EypZ? <1)m1+1
Varvo*é IE)'UO*Z~2 '

For p = 0.5, (z1 =5) and m =20, (£ =e %) we have e ~ (). Comparing (4.11) and (4.2) it
follows that the unstable policy is much more efficient than the stable one. It also follows from the
numerical studies in [26] and [25] (compare, for example the results of Table 4.4.6 and Table 4.4.7
of [25] with with these of Table 9.7.6 and Table 9.7.7 of [26]) indicate that RECE with unstable
IS policy is more efficient than its stable counterpart.

Note that similar results could be obtained for the M|M|1 queue while considering the steady-

state rare event probability instead of the transient one.

4.4 Discussion: stable versus unstable policy

Although we argued that the unstable IS policy of RECE is more efficient than its stable coun-

terpart, we shall still indicate some important cases where the stable policy might be efficient.

1. The efficiency of the unstable policy versus the stable one was demonstrated for the state-
independent CE Algorithm 4.1, which in some case fails as compared to its counterpart -
the state-dependent CFE version [5]. For these cases one has to find some alternatives, say to
use either the state-dependent CE version as in [5], or to use RECE with stable IS policy

as in our numerical results below

2. The unstable single-level RECE may fail to produce accurate rare event probability estimates
for queues with deterministic inter-arrival or server times. In this case one can use either
the combined push out method [26] with RECE unstable version, or again use RECE with
stable IS policy.
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5 Numerical Results

In this section we demonstrate the efficiency of the RECE Algorithm 3.1, while simulating an
ATM model, as depicted in the figure below and compare RECE with RESTART.

— : i
: : ‘output
: T o itraffic
Input : utput queues :
traffic

...................................................................................

The above ATM model (the inside of the dashed box) is a realistic one borrowed from ECI

(Israel Telecom Corporation). It contains a set of
1. Input queues.
2. Output queues.

3. Input sources

Input queues Traffic enters the ATM at one of the N input modules. These input modules
are the physical input queues. However, for proper modeling of the service discipline of the input
queues, we introduce virtual input queues inside each input module. We assume that inside each
input module there are R virtual queues, one for each output queue. When a cell enters the input
module, its destination port, k say, is read and the cell is put in virtual queue k& immediately. In
reality the cells are all in the same queue, and the service discipline has priorities; however with
this virtual queue model we have a FIFO service discipline in each virtual input queue. The input
module has a scheduler which decides which virtual queue to serve, provided only one cell per
input module can be served at a time. The service time requirement 57 in the input module per
cell is assumed to be constant. The scheduler of each input module serves its virtual queues in
a round-robin fashion, skipping virtual queues that are either empty or cannot be serviced right

away.

Output queues The output queues accept cells from multiple input modules concurrently, up
to the moment they reach their capacity, which occurs when the number of cells in the buffer
equals C'. After this the output queues only accept new cells from the input modules, provided the
number of cells in the output buffer falls below C. Immediately when the output queue becomes

available again, it will poll the input modules in a round-robin fashion in order to find the first
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input module that is idle and has cells destined for a particular output queue. Each cell in the

output queues has a fixed service time requirement So, after which it leaves the system.

Input sources The ECI model assumes that a fixed number of input sources B are connected
to each input module. The sources generate traffic in the form of cells, which are assumed to be
identical and independent. Also, the behavior of each input source is identical and independent.
Each input source might be either in ‘on’ or ‘off’ state, meaning that they either generate traffic
or they are silent, respectively. After each ‘on’ period one ‘off” period follows and the reverse also
holds; the sources’ behavior is thus cyclic with a cycle length equal to the sum of the ‘on’ and ‘off’
period. During the ‘on’ period (assumed to be constant) a fixed number of cells, called average
burst size (AVBS) is generated at a rate of peak cell rate (PCR) cells/sec. The ‘oft” period T is

assumed to be an i.i.d. random variable with little variance, which is expressed as
T=FE{T}+tol «x E{T} «U(—1,1). (5.1)

Here IE{T} denotes the expected length of an ‘off’-period, tol (tolerance) is a (small) relative
deviation around the expectation, and U(—1, 1) is a standard uniform random variate distributed

n [—1,1]. The expected length of an ‘off’-period follows directly from the average cell rate (ACR):

cells per cycle AVBS

length ‘on’-time + length ‘off’-time ~ AVBS/PCR + E{T}

(5.2)
Finally, the sources are assumed to be in their steady-state when starting the simulation.

Stochastic processes We will now describe the model in stochastic terms.

1. Source states.

Since the arrival times of the sources are independent and randomly distributed during the
first (initial) period, composed from the length ‘on’-time + length ‘off’-time, each source in the
steady-state can be seen as one having a state randomly distributed on the source cycle starting

at time t = 0. The Markovian state of a source can be viewed as the one consisting of

1. The simple ‘on’ or ‘off” state of the source.

2. The remaining time in the current (‘on’ or ‘off’) state.

Denote the first item, the state of the source number i at time ¢, as Xt(i), where Xt(i) equals

unity, when source ¢ is in the ‘on’-state at time ¢ and zero otherwise. It is clear that Xt(i),t >

0,7=1,2,..., BN present a sequence of i.i.d. Bernoulli random variables with success probability
ACR
A p— —_ — 5'3
Pi=P= pER (5.3)

since it presents a ratio of the fixed time spent in the ‘on’-state divided by the average cycle time.

The second item (the remaining time) can be easily generated from the steady-state remaining

)

time distribution given the current state X;".
2. Cell destinations. The i-th cell entering an input module j is associated with an output
()

queue destination (random variable), say D;”’, j =1,2,...,N, i = 1,2,...; these are supposed
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to be i.i.d. on {1,2,...,R}. Thus, each cell i = 1,2,... arriving at each input module j =
1,2,..., N, ng ) has a discrete R-point distribution, denoted Multi(q) with the parameter vector
(q1,92,---,qRr), where g; is the probability that a random cell will destinate to the output queue
i,1=1,2,...,R.

3. Buffer contents. The vector describing the number of cells in the buffers at time ¢ we
denote as Qgi),i =1,2,...,(N 4+ 1)R. Here the first NR components correspond to the virtual
input queues (clustered per input module) and the last R

corresponds to the output queues. At time ¢ = 0 we assume all buffers to be empty.

The ATM system process (Z¢,t > 0), which describes the entire system, consists of the process
(X¢,t > 0), the process (Q¢,t > 0), and the sequence (D;,i = 1,2,...). Note that we aggregated
all related processes and sequences into vector form. Components of each of the vectors can be
matched to the queues involved.

The crucial parameter of RESTART /splitting, called the importance function [8] is defined as
M(Zy) = le) and presents the number of cells in the first virtual queue in the first input module.
The importance function can be further associated with the following event {M(Z) > z}, i.e.,
the first virtual queue reaches a high level x. This event is used to make the decision on when to

split a sample path into multiple sub-paths.

Objectives of the simulation Our goal is to compare the efficiencies of the RESTART with
fixed effort, the standard CE and the RECE method for both the transient and the steady-state
overflow probability. In the transient simulation the overflow probability, denoted as ¢;(z) is
U(x) = P{M(Zy) > x} = P{le) > x},0 <t <Tp, (the buffer size M in the first queue reaches
a high level = before returning to zero, where the stopping time T is defined as inf;~o{M(Z) <
0}), while in the steady-state simulation the overflow probability, denoted as ¢s(z) is £s(x) =
limy—oo P{M(Zs) > x}.

To estimate ¢;(x) with RESTART and RECE we use standard splitting (i.e., we split a path
whenever M(Z;) crosses a threshold =y, k= 1,2,...,m), and we combine the standard splitting
with CE as per Algorithm 3.1, respectively. The steady-state estimate ¢s(z) is based on batch-

means simulation, as described in [26].

Importance Sampling (IS) We apply IS first to a simplified version of the original ATM
model, called Model A, and then to the original one, called Model B.

Model A The only difference between model A and model B is that in the former the burst
size and the off time input are changed (see (5.1), (5.2)). Namely,

e The burst size is assumed to be distributed Geometric(g;) with gil equal to the original
AVBS.
e Off time is assumed to be distributed Geometric(gs) with g% equal to the original T', which

is scaled by a factor 1/PCR (the inter-cell transmission time).

As we shall see below, tilting the above two parameters (g1) and (g2) of the geometric distribution
suffices for RECE Algorithm 3.1 to became a pure single level CE one. Clearly by tilting additional

distribution parameters one can get more variance reduction.
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Model B In contrast to model A this model has too little randomness in order for RESTART
or CE to work satisfactorily. The combined RECE version, based on RESTART and IS with the
tilted parameters updated according to CE works, however quite well, as our numerical results
indicate below.

The randomness in our model can be represented by the following four random variables:
1. Initial state of the sources denoted as X(()i),z' =1,2,...,NR.
2. Remaining time in the initial state of the sources.

3. Off-times of the sources defined by the parameter tol and the uniform random variable

U(—-1,1), (see (5.1)).
4. Destinations of the cells denoted as ng),j =1,2,...,N,i=1,2,....

Note that the first two items are associated with the initial input distribution, and the last
two with run-time behavior. The initial system state is very important, since it determines the
level of synchronicity between the sources’ cycles. As the level of synchronicity increases, the
‘on’-times will overlap more often and as a result, the total burst of the input traffic will increase.
This burst is exactly what will cause the buffer to overflow. Notice also that for this model, the
steady-state synchronicity is associated with the sources having similar starting states. In fact,
the parameter p (the probability of a source being in the ‘on’-state at time zero) is exactly a
measure for the synchronicity. We clarify this argument with the figure below, which depicts the

sample source dynamics of six sources.

6 I 1 I I | |

0 time —

The ‘on’ periods are shown as a grey area. We can see that the estimate of p, denoted as p,
is p = 2/3, since four sources are active at the steady-state time zero. Clearly when more sources
are active at the same time (and thus also at time zero), their cycles are more aligned and the
burst of the total traffic is increased.

In our experiments we found little gain in tilting the parameters of distributions of the random
variables labeled 2 and 3. We will next describe in more detail tilting for the parameters of
distributions of the random variables labeled 1 and 4.

Consider the random variables labeled 1 at ¢ = 0, namely the random vector Xy = (Xéi),z' =
1,2,...,NR). Tt is distributed Ber(p), where p € [0,1]"V represents the state of the sources at
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time zero, while starting the simulation. (Recall that in the ECI model all components of the
vector p are defined in (5.3) and equal to p.) We introduce a tilting vector p, € [0,1]" and thus,
generate from Yo(i) ~ Ber(p;(;)), where we use the notation X ~ Y when variable X has the same
distribution as variable Y, and J(i) denotes the input module number that source 7 is connected
to. In this fashion, we choose a new success probability pg; for the state of the source at time
Z€ero X(gi), depending on which input module 7 =1,2,..., N it is connected to.

Consider finally the set of random variables Dl(j ), j=12...,N, i=1,2,... labeled 4 and
associated with destination output queues. Note that for R = 2 (two output queues), Dl(j ) is
Bernoulli distributed. For R > 2 we have an R point discrete distribution DZQ )~ Multi(qg) where
qg=(q1,92,---,qr), and qx, k = 1,2,..., R, is the probability that a random cell entering the
system has a destination output queue k. We propose to tilt the vector ¢ = (¢1,42,...,qr) of

ng) as qg = (W, qz%, .., qR t’;f ), that is to tilt only the first probability ¢; and to rescale

the others. By doing so we expect occurrence of the overflow in the first virtual queue more often
when ¢ increases. This is the same as to say that faster filling of the first output queue will cause
a shutdown and subsequent filling up of all the first virtual queues.

Note that the tilted routing probability vector w, is associated with the so-called ’back-
pressure’, which is associated with the event: the output queue is full and stops accepting cells
from the virtual input queues. At this moment the scheduler of the input modules will stop
serving the virtual input queue destined for the full output queue, and as a result the number of
cells in that virtual input queue builds up rapidly, causing an overflow.

In our simulation studies for the model B we tilted in RECE simultaneously, both the burst

and the routing probability parameter vectors, since we found that

1. Tilting only the former, the efficiency (see RTV in our tables below) decreases by one-two

orders compared to the efficiency of RECE with both parameter vectors being tilted.

2. Tilting only the latter, the efficiency increases only by one-two orders compared to the
efficiency of RESTART.

Note finally that the redundant parameters, like those labeled 2 and 3 (the parameter of the re-
maining time distribution in the initial state of the sources and the parameter tol), were eliminated
(screened out) automatically at the early stage of the simulation using the Screening Algorithm

proposed in [20].

Simulation setup We implemented both, RESTART (with the fixed effort and fixed splitting)
and RECE (Algorithm 3.1) in our simulation tool (The simulation machine was a Sun computer,
equipped with the Solaris 2.6 operating system, a 336 MHz UltraSparc II processor and 3 GB
RAM memory). Thresholds for both methods were found automatically, as well as the optimal
IS tilting parameter vector v = (pg, qo) for each stage (level crossing) in RECE simulation.
We employed the truncation method in the splitting method as described in [8], [9]. In order
to increase the simulation efficiency (by truncating the unpromising paths) we chose the depth
parameter [9], [8] equal to three. For RESTART we used 10* samples per stage to determine the

thresholds and 108 per stage for the actual simulations. For the steady-state simulations we used
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the batch-means technique with fixed sampling time of 3200 seconds per run. Note finally that
in contrast to model A we used for model B the stable switching policy, since we could not find
a parameter setting for which model B becomes unstable.

In our tables below we denote: the estimated probability as z(x), the relative error as RE:=
\/var(¢(z))/0(x), and the relative time variance product as RTV:= RE?t,,, where ¢, stands
for the total simulation time. Note that the RTV is equal to the time-variance product, (see e.g.,
[12]). Note also that the ratio of two RTV’s, which we will refer to as the gain, measures the

relative efficiency of two estimators, like RESTART and RECE and has the following properties:

1. For large sample sizes it converges to a constant.

2. For a fixed relative error r it becomes RTV(Z)/RTV(fy) = tsim,2/tsim 10

exactly the factor by which the simulation time is reduced by using the estimator /1 instead

i.e. the gain is

of estimator €A2

We present next simulation results for model A and model B, respectively.

Model A We chose the following parameters: N = 1,R = 1,B = 1,PCR = 1.6,AVBS =
160, ACR = 0.8, C = oo, that is model A presents, in fact, a single server queue with geometric
bursts and geometric off-times. As mentioned before, the original parameter vector g = (g1, 92)
of the geometric distributions, can be readily derived from the AVBS, PCR and ACR parameters.
For PCR = 1.6, AVBS = 160, ACR = 0.8, we have that g = (g1, g2) = (.9901,.9901). We used 10°
samples in each stage of RECE and RESTART, and a target success probability of e=2 ~ 0.14
per stage, which is optimal for the independent case of RESTART as shown in e.g. [8].

Table 1 presents the steady-state simulation results of both RECE and RESTART methods as
functions of the buffer size x. As expected, we found that RECE Algorithm 3.1 becomes a single
level pure CE with g denoting the estimate of true unknown optimal tilting parameter vector
g5- We also found that the same phenomenon (reduction of RECE to a single level CE) holds
for different values of the two-dimensional vector g, as well as tilting (the burst size and the off
two-dimensional vector) in the exponential family of distributions [26] instead of the geometric
one g. Note that for both the RECE and RESTART methods the steady-state parameters were
obtained using the duality method as presented in [8] instead of the batch-means method. For
the RESTART we used the truncation variant with cut-off depth equal to four [8]. In this way,
the number of stages RESTART used is [log(fs(x))/ log(e™2)] = —1 log(fs(x))].

It follows from the results of Table 1 that RECE (single level CE) over-performs RESTART in
both, variance (RE) and efficiency (RTV). Note, however, that RESTART is quite efficient here
as well. This is due to the fact that one can generate the remaining times at the current state
from the memoryless geometric distributions and estimate empirically the Bernoulli distribution,
which governs the current state upon hitting a threshold.

Model B In our simulation results for model B we fixed the following parameters p = 0.5, ¢ =
0.5,PCR = 0.02, ACR = 0.01, AVBS = 160, tol = 0.2, C = 10, S1 = S5 = 1 leaving the parameters
N, B and z free in order to have more flexibility for the rare event probabilities ¢;(x) and ¢4(x).

Tables 2 and 3 present the performance of the RECE and the RESTART methods in the
transient and the steady-state regime, respectively, by tilting in RECE both the parameter vector
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Level Optimal RECE Optimal RESTART

~

T gi ls(z) |RE | RTV ls(z) |RE | RTV

2400 || (.9944, .9837) | 6.471e-8 | 5.7e-3 | 7.3e-4 || 6.221e-8 | 2.2e-2 | 3.1e-2

3200 | (.9938, .9838) | 3.305e-10 | 5.7e-3 | 1.1e-3 || 3.064e-10 | 2.4e-2 | 6.0e-2

4000 || (.9938, .9838) | 1.667e-12 | 5.3e-3 | 1.2e-3 || 1.652e-12 | 2.7e-2 | 1.0e-1

Table 1: Steady-state simulation results for the RECE and the RESTART methods.

p of the Ber (p) and the routing probability vector p.

Parameters Optimal RECE Optimal RESTART

z|N| B (i(z) | RE RTV l(z) | RE | RTV

250 | 2| 80 || 3.770e-7 | 3.3e-2 | 2.0el || 3.235e-7 | 2.4e0 | 8.0eb

250 | 3| 60 | 1.356e-7 | 12.6e-2 | 1.3e2 || 8.907e-9 | 7.0e-1 | 4.0e4

250 | 4| 45 | 5.903e-9 | 9.9e-2 | 8.3el || 9.582e-8 | 4.1e-1 | 1.1e3

Table 2: Transient simulation results for the RECE and the RESTART methods.

Parameters Optimal RECE Optimal RESTART

z|N| B {s(z) | RE | RTV ls(z) | RE | RTV

250 | 2| 80 || 3.818e-7 | 4.0e-2 | 4.4el || 1.777e-8 | 6.4e-1 | 1.7€3

250 | 3|60 | 4.978e-6 | 2.7e-2 | 2.5el || 5.028e-6 | 3.0e-1 | 3.2¢e2

250 | 4| 45 || 6.812e-7 | 7.1e-2 | 1.8e2 || 4.493e-7 | 4.5e-1 | 1.0e4

Table 3: Steady-state simulation results for the RECE and the RESTART methods.

From the results of these tables it is readily seen that in the transient simulation the RECE
method improves dramatically over the RESTART method, usually with a gain in RT'V over 103.
The gain in the the steady-state is a little smaller, namely approximately 10? and is due to the
longer simulation runs. Clearly, the RESTART method cannot get much gain since there is very
little randomness in the course of the simulation and hitting the rare event heavily depends on
the initial distribution. In such a situation [8] the efficiency of the splitting is similar to the
CMC. In contrast, the RECE method can change substantially the original parameter vector p

by an optimal tilting one pgj, which is the major contributor of the efficiency parameter RTV and,
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thus to increase the probability of some sources being in the state ‘on’ at the start of simulation,
signifying that the most likely path for an overflow to occur is by having many active sources
simultaneously.

Tables 4 and 5 present the optimal parameter setting found from simulation by RECE Al-
gorithm 3.1 for the data in Tables 2 and 3, respectively. Here k, kK = 1,2,... denotes the stage
(iteration) number, x; denotes the upper threshold level in stage k (xp_1 is a starting threshold
level for stage k) and ny denotes the number of samples used in stage k.

It follows from the results of Tables 4 and 5 that for N = 2 RECE requires only a single
stage and thus reduces again to pure single level CE, while for N = 3 and N = 4 RECE requires
two stages (iterations). In all cases we see that tilting of the vector p is stronger compared to
tilting the vector p. The latter is tilted more when the stage width Axp = xp — xi_1 is low
and is tilted less when Axy is large. Another interesting observation for the two-stage procedure
(k = 2) is that for the transient and the steady-state simulation, the first threshold level x; is
relatively low and high with respect to x (z = 250), respectively, (compare, for example, 1 = 10
and x1 = 207 , given in the last rows of Tables 4 and 5), respectively. This is due to the fact that
in the steady-state many paths reach low levels during the fixed simulation path, whereas in the

transient case this is much harder due to the very many short samples.

Queues || Stages Thresholds Tilting parameters
N k|l zk—1 | o | n&x || Dok o,
2 110 250 | 1e7 || (.6731, .5059) (.5061, .5016)
3 110 10 le7 || (.6389,.5624,.5410) (.5838, .5537, .5491)
3 2 || 10 250 | 1leb (.5094, .5032, .5028)
4 140 10 le7 || (.6872, .5282, .5579, .5376) | (.5785, .5423, .5356, .5263)
4 21 10 250 | leb (.5090, .5032, .5039, .5025)

Table 4: Optimal parameters found from the transient simulation by RECE Algorithm 3.1 for
the data in Table 2.

Table 6 presents simulation results for RECE with N = 4, B = 45 and different R in the
transient regime. The parameter setting was the same as in Table 2. The sample size have been
multiplied by four in order to obtain accuracy similar to that in Table 2.

Table 7 presents data similar to Table 6 by varying the tolerance parameter tol for N = 4, R =
2 and B = 45.

It follows from the results of Table 6 that performance of RECE increases (RTV decreases)
slightly as R increases, (the best performance of RECE corresponds to R = 4, four input and
four output queues). It also follows from the results of Table 7 that the output parameters ft(x),
RE and RTV change very little while varying tol. Note again, that as before, for N = 4, in both
cases RECE reduces to a to a two-stage procedure, and we tilted simultaneously both parameter

vectors p and p since we found that the efficiency of RECE is typically worse by at least a factor
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Queues ‘ Stages Thresholds Tilting parameters
N k|| oe—1 | ok ‘ nk || Dok oy,
’ 2 ‘ 1 H 0 ‘ 250 ‘ 1e6 H (.6605, .5127) ‘ (.5133, .5055)
3 110 235 | 1le6 || (.5929,.5377,.5360) (.5080, .5043, .5009)
3 2 || 235 250 | 1e6 (.5099, .5029, .5028)
4 1o 207 | 1e6 || (.6165, .5467, .5448, .5402) | (.5159, .5080, .5094, .4938)
4 2 || 207 250 | 1le6 (.5097, .5010, .5042, .5012)

Table 5: Optimal parameters found from the steady-state simulation by RECE Algorithm 3.1 for
the data in Table 3.

Parameters Optimal RECE

x R l(z) | RE RTV

250 2 || 7.795e-9 | 7.5e-2 | 1.9e2
250 3 || 1.501e-8 | 6.2e-2 | 1.3e2
250 4 ]| 1.582e-8 | 5.3e-2 | 9.5el

Table 6: Simulation results with RECE in the transient regime for different R and N = 4, B = 45.

while tilting only p.

Parameters Optimal RECE

x tol li(z) | RE RTV

250 0.2 | 5.903e-9 | 9.9e-2 | 8.3el

250 0.1 || 6.347e-9 | 13.6e-2 | 1.6e2

250 | 0.05 || 6.466e-9 | 13.2e-2 | 1.5e2

250 0 5.932e-9 | 9.0e-2 | 7.0el

Table 7: Simulation results with RECE in the transient regime for different values of the tolerance
parameter tol and N =4, R =2, B = 45.

We shall compare now RECE with the standard CE method. Table 8 presents the steady-state
simulation results for the RECE and the CE methods, where the RECE results were taken from
Table 3, (we omitted the case N = 2 since for N = 2 RECE reduces to the pure CE).

It readily follows from the results of Table 8 that RECE is approximately as two times as
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Parameters Optimal RECE Optimal CE

A~ ~

z|N| B ((x) | RE | RTV {(z) | RE | RTV

250 | 3|60 || 4.978e-6 | 2.Te-2 | 2.5el || 4.750e-6 | 3.3e-2 | 4.5¢el

250 | 4| 45 || 6.812e-7 | 7.1e-2 | 1.8e2 || 7.513e-7 | 1.0e-1 | 4.1e2

Table 8: Steady-state simulation results for the RECE and the CE methods.

efficient as the pure CE method. For completeness, we present in Table 9 the tilting parameters
found by the CE algorithm similar to that found in Table 5 by the RECE one.

Queues Thresholds Tilting parameters
N |l 2o | 21 1 po Bok
’ 3 H 0 ‘ 250 ‘ le6 H (.5951,.5358,.5385) ‘ (.5096, .5057, .5026) ‘

’ 4 H 0 ‘ 250 ‘ 1e6 H (.5579, .5253, .5164, .5233) ‘ (.5133, .5052, .5038, .5014) ‘

Table 9: Optimal parameters found from the steady-state simulation by CE Algorithm for the
data in Table 8 .

Most of the above tables deal with rare events probabilities of order, 10~% and higher. Consider
next rare events probabilities of order, 107! and less. For such small probabilities we found that
neither, RECE Algorithm 3.1 with fized effort no the standard CE, estimate reliably the unknown
rare event probability in a reasonable time limit. In fact, we found that CE converges too slow,
while RECE with fixed effort runs into memory difficulties, which occurs by either increasing the
buffer size (decreasing the overflow probability) or/ and by increasing the network size (adding
more queues). This happens, since at the end of each stage one needs to save all successful paths’
information. As a result, the memory grows linearly in the system state size and in the number of
samples in the current stage. To overcome this difficulty we use instead of RECE with fized effort
RECE with fized splitting, in which one does not have to fix in advance the number of samples
at each stage of Algorithm 3.1, but rather fix the number of offspring (splits) of every successful
path. By doing so, the memory problem disappears. That is, in RECE Algorithm 3.1 with fixed
splitting, the rare event probability estimation (see step 3) is performed using fixed splitting,
while the determination of the tilting parameters and thresholds is performed using fixed effort
RECE. For more details on fixed splitting see [8].

Table 10 presents steady-state simulation results for the RECE method with fixed split-
ting for the following two configurations: (i) (N x R x B x ) = (2 x 2 x 80 x 500) and
(ii) (N x Rx B x ) = (16 x 16 x 13 x 250), and such that the rare event probability /()
is smaller than 10~!'. It follows from the results of Table 10 that for both configurations :
(NxRxBxx)=(2x2x80x500) and (N x Rx Bxx)=(16 x 16 x 13 x 250) the number of
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stages k = 2. Recall that for the configuration N x R =2 x 2 in all previous tables with x = 250

we obtained k = 1.

Parameters Optimal RECE (fixed splitting)

x| N| R| B |k ls(z) | RE RTV

500 | 2| 2|80 2| 4.053e-13 | 1.1e-1 | 4.1e3

250 | 16 | 16 | 13 | 2 || 8.702e-12 | 5.0e-2 | 6.1e0

Table 10: Steady-state simulation results for the RECE method with fixed splitting.

Table 11 presents the optimal steady-state parameters found by RECE Algorithm 3.1 with
fixed splitting at each stage k for the configuration (N x R x B x z) = (16 x 16 x 13 x 250).

Queues | Stage Thresholds Tilting parameters
N k|l zr—1 | =k ‘ Nk Do Bog,
16 110 214 | 4e6 || (.8891, .5546, ..., .5445) | (.5282, .4951, ..., .5077)
2|l 214 | 250 | 19 (.5357, .5969, ..., .5028)

Table 11: Optimal steady-state parameters found by RECE Algorithm 3.1 with fixed splitting for
the configuration (N x R x B x x) = (16 x 16 x 13 x 250).

Based on the results of these two stage tilting parameter values one can readily see that RECE
with fixed splitting indeed handles nicely both, the model size (N, R, B) and also the overflow
level x, provided the rare event probability is of order 1071,

Let us turn back to the set of random variables Dl(j), j=12,....,N, i =1,2,... associated
with destination output queues. Intuitively, one would expect a significant change in the vector p
=(p1, ..., 1) relative to the original vector, causing a specific input queue to fill up (to overflow)
quicker than the others and even becoming unstable in the sense that RECE becomes a pure CE.
This, however, does not happen as Tables 4 and 5 indicate. We explain this fact as follows: u
is not changed substantially by the CE method since the likelihood ratio for any successful path
consists of exactly one factor caused by p, and thousands of factors caused by p, simply because
for every path typically only a single initial state is chosen and thousands of cells need to be
routed. In order to keep the variance of the likelihood ratio (LR) low over the successful paths
(necessary for efficient importance sampling simulation) clearly g cannot be changed more than
slightly, exactly what we observe with the CE algorithm.

At this end, it is worthwhile mentioning that the presented RECE method can be viewed
as dynamic or “stage-dependent” tilting one in the sense that when the number of trajectories
(samples) generated for each threshold coincides with the number of hits no real splitting but

rather “stage-dependent” IS occurs.
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6 Appendix: The Cross-Entropy Method

Here we present the cross-entropy (CE) introduced in [24] for estimating the optimal parameter

vector in an importance sampling estimate. Let
l(z) = P{IM > 2} = Bl pq50)

represents the probability of the rare-event I (MY)> w}), M(Y) is the sample performance and
Y is a a given random vector with known distribution. The importance sampling estimate of

l(x)=P{M >z}is

1 N
In(v,v0) N; M(Z>at W (Ziv,00) (6.1)
where HZ.0)
,V
W(Zﬂ%vo):m

is the likelihood ration and wvq is called the reference parameter. To find the optimal reference
parameter vo* which minimizes the cross-entropy (CE),
max { D(v,v0) = B, {2y W(Z,0,01) I f(Z,00)} | . (6.2)
we introduce [24] an auxiliary sequence of vectors {7y}, ¢ > 0 and iterating in both 7 and wv;,.
We start by choosing, say v1 = v and some initial vy (79 < ), such that under the original pdf
f(y,v), the probability £(70) = Ey{I{r1=+}} is n0t too small, say £(y0) = 1 ~ 10”2 and then
iterate in both v; and v as follows.
(a) Adaptive estimation of ;. For a fixed v;_; derive 7} from the following simple one-

dimensional root-finding program

max ¢ s.t. Eyr {I{M(Z)>%}} >, (6.3)
where Z ~ f(y,v;_;) and, say 1072 <n < 107L.

The stochastic counterpart of (6.3) is as follows: for fixed ©;_; derive 4; from the following

program
max y; S.t. { ZI{M PR }>n, (6.4)

where Z; ~ f(y,v;_;).
It is readily seen that
Y= (Vi_1) = My (((1=n)N))» (6.5)
where M, ;) is the j-th order statistics of the sequence M; = M(Z;), Z; ~ f(z,v}), j =
1,...,N. For n = 1072 this reduces to

Vo= MmNy

(b) Adaptive estimation of v}. For fixed 7;_; derive v} from the solution of the program
max D(y{_1,v{1,v¢) = max y; | {I{M(Z)>7;1}W(Za v,v;_1)In f(Z, ’Ut)} ; (6.6)
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where v = v.
The stochastic counterpart of (6.6) is as follows: for fixed 7;_; derive @} from the following

program
. 1 Y
max Dn (1, 0i_1,v¢) = MAXY N Z;I{M(Zj)zﬁt*_l}w(zjv’m’D;fkfl) In f(Zj,v1) ¢, (6.7)
j=

where v = v.

The resulting algorithm for estimating ¢(y) can be written as
Algorithm 6.1 :

1. Generate a sample Z1,...,ZyN from the pdf f(y,v) and deliver the solution (6.5) of the
program (6.4). Denote the initial solution by 4§. Set t=1.

2. Use the same sample Z1,...,ZyN as in (6.4) and solve the stochastic program (6.7) for

Yi—1 = 7/_1. Denote the solution by v} = 0 (;_1).

3. Generate a new sample Z1,...,Zy from the pdf f(y,v;) and deliver the solution 7; in
(6.5) of the program (6.4). Denote the solutions by 7; .

4. If 3f > x, set 4F = x and solve the stochastic program (6.7) for 7f = x. Denote the solution

as vy, 1 and stop; otherwise set t =t + 1 and reiterate from step 2. After stopping:

e [Estimate the rare-event probability ¢ using the LR estimate (6.1), with vg replaced by

,l_)>tk+1-
6.1 The Inverse Transform Approach

According to the inverse transform (IT) method a random variable Y ~ F(y,v) can be written

Y = Fp'(U), (6.8)

where U ~ U(0,1) and F~! is the inverse of the cdf F.

Formula (6.8) can be readily extended to the multidimensional case. We consider below only
the case where the components of Y ~ F(y,v) are independent. We have that M(Y) and
l(v) = P{M(Y') > z} can be written as

M(Y) = M(Fy ' (U)) = L(U,v) (6.9)

and
Uv) = Boll pvysn} = Bullpue, 0ysat = EUtlnw vysat (6.10)
respectively. Here U = (Uy,...,U,) and Uy, k =1,...,n are iid each distributed U ~ U(0,1).
Combining (6.10) with LR, we can present ¢(v) and @N(V) as

(W) = Bu{l (7 .0)onW(Z. 1)}, (6.11)
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and

N
INw) =N 1 7 0y W (Ziv) (6.12)
i=1
respectively. Here
1
W(Z,v)= Gz 0 (6.13)

is the LR, h(z,v) is the pdf dominating the uniform pdf 2/(0, 1), say

h(v) = Beta(a, 3)

and v = («, ) is the reference parameter vector. We call (6.12)- (6.13), the inverse transform -
likelihood ratio (ITLR) estimate.

Note that Algorithm 6.1 remain the some for the ITLR approach, provided the CE programs
(6.6) and (6.7) are replaced by

Hllja:XD('y:_l, v, v = H,%XIEVIA {I{L(Z)>’yt*1} Inh(Z, I/t)} , (6.14)

and

maxDN(% LVi_1,Vt) —max{ ZI{L V277, lnh(Zz,Vt)} (6.15)

respectively. Here
Zi~Nhz,viq) .
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