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1 Introduction and Background

The estimation of rare event probabilities is probably one of the most chal-
lenging topics in Monte Carlo simulation. Interest in rare events arises

from many branches of science. Examples include performance analysis in
communication theory and computer science where extremely small buffer

overflow probabilities are of concern, chemical physics where the transition
probabilities from one metastable state to another plays a key role, and risk



management where measuring rare but catastrophic losses is a prerequisite.

Under these circumstances, one is often interested in both qualitative and
quantitative information directly related to the rare event, such as how likely

is the rare event and, given that it does occur, how does it happen.
To illustrate the inefficiency of standard Monte Carlo in simulating rare

events, consider a simple example. Let X be a random variable defined on
some probability space (Ω, F, P ). Suppose that one is interested in estimat-

ing the probability that X is in some given set A:

p = P (X ∈ A).

Standard Monte Carlo would generate k independent identically distributed

samples {Xi : i = 1, . . . , k} from the distribution of X and form an unbiased
estimate

p̂k =
1

n

k
∑

i=1

1A(Xi),

where 1A is the indicator function of the set A:

1A(x) =

{

1 if x ∈ A,

0 if x 6∈ A.

As the sample size k tends to infinity, the estimate p̂k converges to p with

probability one by the strong law of large numbers. The rate of convergence
is determined by the variance of 1A(X). More precisely, by the central limit

theorem, the distribution of p̂k is approximately normal with mean p and
variance

Var[p̂k] =
1

k
Var[1{X∈A}] =

1

k
p(1− p).

Even though this variance is very small when p is very small, the relative

error associated with the estimate p̂k

relative error =
standard deviation of p̂k

mean of p̂k
=

√

p − p2

√
kp

can be very large. Indeed, the relative error is unbounded as the event A

becomes rarer. Therefore, a large number of samples are required in order
to achieve a fixed relative error bound.

Two major classes of techniques to improve the efficiency of estimating
small probabilities are importance sampling and particle splitting. When

properly designed, both algorithms can dramatically reduce the number of
samples needed to achieve the desired precision. Due to space constraints,
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this paper will focus on importance sampling, even though it should be said

that particle splitting is related to importance sampling in an unexpected
way via subsolutions. See Glasserman et al. (1999), Dean and Dupuis

(2009), Rubinstein (2010), and the references therein. For the same reason,
we will not be able to discuss other interesting variance reduction techniques

such as conditional Monte Carlo (Asmussen and Glynn, 2007).
The basic idea of importance sampling is to simulate the system based

on an alternative probability distribution [i.e., change of measure] and an
unbiased estimate is formed by multiplying the original estimate by an ap-

propriate likelihood ratio. This technique was first applied to nuclear-physics
calculation around 1940’s and has been an area of active research for the last
two decades. See, e.g., Heidelberger (1995) and Asmussen and Rubinstein

(1995), for surveys. In this paper we review some of the recent develop-
ments of this methodology. Our purpose is to emphasize basic concepts and

innovative ideas, without much attention paid to mathematical rigor. The
precise statements of the theorems and their rigorous proofs can be found

in the relevant references.
The paper is organized as follows. In Section 2, we describe two effi-

ciency criteria for Monte Carlo simulation algorithms. In Section 3 we set
up two examples that will be frequently used throughout the paper. In Sec-

tion 4, we discuss several different techniques for the design of the change
of measure in importance sampling, including the cross-entropy method,
the game/subsolution approach in dynamic importance sampling, and the

Lyapunov function method for heavy tailed distributions.

2 Efficiency Criteria

There are two commonly used criteria for the performance of a Monte Carlo
algorithm in rare event simulation. Consider a family of rare event proba-
bilities {pn} such that pn → 0 as n → ∞. One can think of n as an index for

rarity. For example, pn may denote the probability that a one dimensional
simple random walk with negative drift ever crosses a large threshold n,

starting at the origin.
Consider a Monte Carlo algorithm for estimating pn, where the estimate

is the sample mean of independent copies of some random variable Yn that
satisfies E[Yn] = pn. Then the estimate is unbiased. We say that the

estimate has bounded relative error if

lim sup
n→∞

Var[Yn]

p2
n

< ∞.
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It is not difficult to show that the number of samples required to achieved

a fixed relative error remains bounded as n increases.
Since Yn is unbiased, minimizing its variance is equivalent to minimizing

its second moment. By Jensen’s inequality, E[Y 2
n ] ≥ (EYn)2 = p2

n. This
motivates a weaker notion of efficiency, namely, the logarithmic asymptotic

efficiency or asymptotic efficiency, which holds if

lim
n→∞

logE[Y 2
n ]

log pn
= 2. (2.1)

This criterion is particularly convenient when the rare event probabilities
{pn} satisfy the large deviation asymptotics

lim
n→∞

1

n
log pn = −γ,

where γ > 0 is some constant. In this situation, logarithmic asymptotic

efficiency amounts to

lim
n→∞

1

n
logE[Y 2

n ] = −2γ,

and implies that the number of samples required to achieve a fixed relative
error grow sub-exponentially as n increases. In the literature, logarithmic

asymptotic efficiency is sometimes referred to as asymptotic optimality.

3 Two illustrative examples

Even though the methodologies we are going to discuss can be applied to
general settings, it is perhaps best to convey the main ideas through some

concrete examples. The purpose of this section is to describe two examples
that will be used repeatedly later in the paper to illustrate various Monte

Carlo schemes.

Simple Random Walk [SRW]. Let {Zi} be a sequence of R
d-valued,

independent identically distributed random variables with distribution µ,

and assume that the log-moment generating function

H(α) = logE[e〈α,Z1〉] = log

∫

Rd

e〈α,x〉µ(dx)

is finite for every α ∈ Rd. Define for n ≥ 1, Sn = Z1 + · · ·+ Zn. For some

Borel set A ⊂ R
d, we are interested in estimating the probability

pn = P

(

Sn

n
∈ A

)

.
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Under some mild conditions, the large deviations asymptotics hold, namely,

lim
n→∞

1

n
log pn = − inf

β∈A
L(β), (3.2)

where L is the Legendre transform of H :

L(β) = sup
α∈Rd

[〈α, β〉 − H(α)]. (3.3)

Tandem Queueing Network [TQN]. Consider a two-node tandem Jack-
son queueing network, where the arrival process is Poisson with rate λ and

the service times are exponentially distributed with rate µ1 and µ2, respec-
tively. The system is assumed to be stable, that is, λ < min{µ1, µ2}. See
Figure 1.

λ
µ1 µ2

Figure 1: Two-node tandem queue

Assume that the two queues share a single buffer with total capacity n.
We are interested in the buffer overflow probability

pn = P {network total population reaches n before returning to 0,

starting from 0} .

Glasserman and Kou (1995) established the large deviation limit

lim
n

1

n
log pn = − log

min{µ1, µ2}
λ

.

4 Importance Sampling

The basic setup of importance sampling is as follows. Suppose that we are

interested in estimating
p = P (X ∈ A),

where X is a random variable with distribution µ. Importance sampling
generates samples from a different probability distribution ν and uses the

sample mean of independent copies of

Y = 1{X∈A}
dµ

dν
(X)
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as the estimate. One usually requires that µ be absolutely continuous with

respect to ν so that the likelihood ratio dµ/dν is well defined. This re-
quirement can be relaxed as long as the absolute continuity holds for the

restrictions of µ and ν to the set A. Note that the estimate Y is unbiased
since

Eν[Y ] =

∫

A

dµ

dν
(x) dν(x) =

∫

A
dµ(x) = P (X ∈ A).

Here we have used Eν[·] to denote the expectation taken under the proba-

bility distribution ν.
The key question in importance sampling is the choice the sampling

distribution ν. Ideally, one would like to find the one that minimizes the
variance of Y . To this end, define a measure ν∗ such that

dν∗

dµ
(x) =

1

p
· 1{x∈A}.

It is not difficult to verify that ν∗ is a probability distribution and the

corresponding importance sampling estimator Y has variance zero. However,
such a probability measure is of little practical use since it requires the
knowledge of p, the quantity we wish to estimate. Therefore, instead of this

unconstrained optimization, it is typical to search within a parameterized
family of alternative probability measures. When the problem can be cast

into the framework of Section 2, it is desirable for the estimator to achieve
logarithmic asymptotic efficiency or bounded relative error.

Remark 4.1. For future analysis, observe that the second moment of the

importance sampling estimate Y admits a very simple form

Eν[Y
2] =

∫

A

(

dν

dµ

)2

(x) dν(x) =

∫

A

dν

dµ
(x)dµ(x) = Eµ[Y ].

4.1 Classical results in importance sampling

Siegmund (1976) was the first to argue that, using an exponential change of
measure, asymptotically efficient importance sampling schemes can be built

for estimating gambler’s ruin probabilities. The analysis was related to the
theory of large deviations, which has since become an indispensable tool for

the design of efficient Monte Carlo algorithms.
To illustrate the idea, consider the example of SRW where A is assumed

to be a closed convex set. Suppose that instead of generating the increments
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{Zi} according to µ, we sample {Zi} from an exponential change of measure

να where
να(dx) = e〈α,x〉−H(α)µ(dx)

for some α ∈ R
d. The importance sampling estimate is

Yn = 1{Sn/n∈A}

n
∏

i=1

e−〈α,Zi〉+H(α) = 1{Sn/n∈A}e
−〈α,Sn〉+nH(α).

Taking into account Remark 4.1 and application of Varadhan’s Lemma, the

second moment of Yn satisfies

lim
n→∞

1

n
logEνα [Y 2

n ] = lim
n→∞

1

n
logEµ[Yn] = − inf

β∈A
[〈α, β〉 − H(α) + L(β)].

The α∗ that minimizes the right-hand-side of the above display yields the
asymptotically most efficient exponential change of measure [say ν∗ = να∗ ],

and is the solution to the min/max problem

sup
α∈Rd

inf
β∈A

[〈α, β〉 − H(α) + L(β)]. (4.4)

Since A is closed and convex, it is valid to exchange of the order of the sup

and inf in the above expression. Then it follows from (3.3) that

lim
n→∞

1

n
logEν∗ [Y

2
n ] = − inf

β∈A
sup
α∈Rd

[〈α, β〉 − H(α) + L(β)] = −2 inf
β∈A

L(β).

In other words, ν∗ = να∗ is logarithmic asymptotically efficient. Further-
more, if β∗ minimizes L(β) over β ∈ A, then α∗ can be identified as the

conjugate point of β∗ or the point that maximizes 〈α, β∗〉 − L(β∗) over
α ∈ Rd.

It turns out that ν∗ coincides with the change of measure used in the
classical proof of the large deviations lower bound for the rare event proba-

bilities P (Sn/n ∈ A). This formal connection between importance sampling
and the theory of large deviations has been subsequently explored by many
and made rigorous under certain circumstances. See, e.g., Asmussen (1985),

Heidelberger (1993), Asmussen and Glynn (2007) and the references therein.
These investigations gave rise to an entirely new community using exponen-

tial change of measure as the driving force for importance sampling.
Glasserman and Kou (1995) was the first to challenge the standard

heuristic that the change of measure used in the proof of the large devi-
ation lower bound should perform well. The paper considered a change of
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measure proposed by Parekh and Walrand (1989) for the example of TQN,

which amounts to interchanging the arrival rate and the smallest service
rate, and showed that it failed to be asymptotically efficient in general. In

Glasserman and Wang (1997), counterexamples were constructed, such as
SRW with a non-convex target set A, to show that the importance sam-

pling estimator based on the standard heuristic can be less efficient than the
standard Monte Carlo. In retrospect, the failure of the standard heuristic

even in very simplistic settings is not surprising. In the previous analysis
of the SRW model, a key assumption is that A is convex so that the sup

and inf in (4.4) can be interchanged. This is clearly not true when A is
a general non-convex set. The work of Glasserman and Kou (1995) and
Glasserman and Wang (1997) made it clear that the standard heuristic had

to be applied with great caution and motivated the development of general
methodologies such as dynamic importance sampling. We will review some

of these development later in the paper.

4.2 Cross-entropy method

The cross-entropy method is a relatively new Monte Carlo technique that

originated from a sequence of papers Rubinstein (1997, 1999). It is a very
powerful and versatile technique that can be used not only for estimating

rare event probabilities, but also for solving difficult combinatorial optimiza-
tion problems. See de Boer et al. (2005) for a tutorial and Rubinstein and
Kroese (2004) for a comprehensive treatment.

Consider the generic importance sampling problem for estimating p =
P (X ∈ A), where X is a random variable with distribution µ. When look-

ing for an alternative sampling distribution, we will restrict ourselves to a
prescribed, parameterized family of distributions, say {µθ : θ ∈ Θ}, that con-

tains the original distribution µ. The reference parameter θ is sometimes
termed the tilting parameter. As discussed previously, the zero-variance

change of measure ν∗ is defined by

dν∗

dµ
=

1

p
· 1{x∈A}. (4.5)

Under the natural assumption that a sampling distribution “close” to ν∗

should be a good choice for importance sampling, the cross-entropy method
aims to solve for the distribution µθ that is closest to ν∗ under the Kullback-
Leibler distance. This leads to the minimization problem

min
θ∈Θ

R(ν∗‖µθ), (4.6)
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where R(·‖·) is the Kullback-Leibler cross-entropy, or relative entropy, de-

fined by

R(ν‖µ) =

∫

log
dν

dµ
(x) dν(x)

if ν is absolutely continuous with respect to µ and ∞ otherwise. Note that
R(ν‖µ) is always non-negative and equals zero if and only if ν = µ.

The cross-entropy method provides a simple iterative procedure to obtain
a solution to the optimization problem (4.6). Every iteration involves two

phases: (1) samples are generated from the distribution µθt where θt is the
current candidate of the tilting parameter; (2) based on these samples, the

tilting parameter θt is updated to θt+1 in order to produce better samples
in the next iteration. The iteration is terminated when the convergence of

{θt} is reached. Suppose that θ∗ is the final tilting parameter. Then µθ∗

is used as the importance sampling change of measure to estimate p, the
probability of interest.

A big advantage of the cross-entropy method is that θt+1 can often be
solved analytically. In particular, this happens when the distributions {µθ}
belong to the family of exponential changes of measure. See Subsection 4.2.1
for more details.

The initialization θ0 of the cross-entropy algorithms is quite flexible in
general. For example, in many situations one can simply choose θ0 that

corresponds to the original distribution µ. However, in the context of rare
event simulation, the choice of θ0 becomes less straightforward. We will

discuss these issues in Subsection 4.2.2.

4.2.1 The adaptive updating of θ

Consider the minimization problem (4.6). Denote by Wθ the likelihood ratio

function

W (x; θ) =
dµ

dµθ
(x).

Plugging in the formula (4.5) we have

R(ν∗‖µθ) =

∫

log
dν∗

dµθ
(x)dν∗(x) = − log p +

1

p

∫

1{x∈A} logW (x; θ) dµ(x).

It follows that the minimization problem (4.6) amounts to minimizing over

θ ∈ Θ the integral
∫

1{x∈A} log W (x; θ)dµ(x).
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Now let γ ∈ Θ be an arbitrary reference parameter. Then the above integral

equals

∫

1{x∈A}W (x; γ) logW (x; θ)dµγ(x) = Eγ

[

1{X∈A}W (X ; γ) logW (X ; θ)
]

,

where Eγ [·] means that the expectation is taken with X distributed accord-

ing to µγ . Therefore the minimization problem (4.5) is equivalent to the
minimization problem

min
θ∈Θ

Eγ

[

1{X∈A}W (X ; γ) logW (X ; θ)
]

, (4.7)

for any arbitrarily fixed γ ∈ Θ. In the cross-entropy method, the minimizing

θ is estimated by solving the corresponding stochastic program

min
θ∈Θ

1

N

N
∑

i=1

1{Xi∈A}W (Xi; γ) logW (Xi; θ), (4.8)

where {X1, . . . , XN} are independent samples from the distribution µγ . The

function in (4.8) is convex and differentiable with respect to θ in typical
applications. Thus the minimizing θ is the solution to the equation

1

N

N
∑

i=1

1{Xi∈A}W (Xi; γ)∇ logW (Xi; θ) = 0,

where the gradient ∇ is with respect to θ.

Now we can state the basic adaptive updating rule for the tilting pa-
rameter θ in the cross-entropy method. We will use the stochastic program

(4.8) in lieu of the deterministic program (4.7).

The basic updating rule of θ. Suppose θ̂t is the value of the tilting

parameter at the end of the last iteration. Generate independent samples
{X1, . . . , XN} from the distribution µθ̂t

. Define

θ̂t+1 = arg min
θ

1

N

N
∑

i=1

1{Xi∈A}W (Xi; θ̂t) logW (Xi; θ). (4.9)

The iteration continues until a prescribed convergence criterion of θ̂t is sat-
isfied.
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As we have mentioned previously, the minimization problem (4.9) can

often be solved analytically (the connection between this minimization prob-
lem and the maximum likelihood estimate can be found in Asmussen and

Glynn 2007) . For illustration, we will consider the case where {µθ} is the
family of exponential changes of measures of the original distribution µ.

That is,
dµθ

dµ
(x) = e〈θ,x〉−H(θ).

Then logW (Xi; θ) = H(θ) − 〈θ, Xi〉 and ∇W (Xi; θ) = ∇H(θ) − Xi. It
follows easily that the minimizing θ̂t+1 satisfies

∇H(θ̂t+1) =

∑N
i=1 1{Xi∈A}W (Xi; θ̂t)Xi

∑N
i=1 1{Xi∈A}W (Xi; θ̂t)

.

Note that ∇H(θ) equals the expected value of a random variable with dis-
tribution µθ. Therefore if we reparametrize the distributions {µθ} by the

mean v, then we obtain the classical cross-entropy updating formula

v̂t+1 =

∑N
i=1 1{Xi∈A}W (Xi; v̂t)Xi

∑N
i=1 1{Xi∈A}W (Xi; v̂t)

. (4.10)

This formula actually holds when the distributions {µθ} belongs to a more

general natural exponential family that is reparametrized by the mean; see
Appendix A.3 of Rubinstein and Kroese (2008).

Example 1. Consider the SRW model. Let X = (Z1, . . . , Zn) where Zj’s
are independent with common distribution µ. Denote by {µθ : θ ∈ Θ} the

family of exponential change of measure of µ, that is,

dµθ

dµ
(z) = e〈θ,z〉−H(θ)

Suppose that the family of candidate sampling distributions of X is {νθ :

θ ∈ Θ} such that under νθ, Zj’s are independent with common distribution
µθ. Then the likelihood ratio W (x; θ) is given by

W (x; θ) =

n
∏

j=1

e〈θ,zj 〉−H(θ) = en〈θ,S̄(x)〉−nH(θ),

where x = (z1, . . . , zn) and S̄(x) = (z1 + · · · + zn)/n. It is not difficult to

solve the updating formula (4.9) to obtain

∇H(θ̂t+1) =

∑N
i=1 1{Xi∈A}W (Xi; θ̂t)S̄(Xi)
∑N

i=1 1{Xi∈A}W (Xi; θ̂t)
,
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where Xi = (Z
(i)
1 , . . . , Z

(i)
n ), i = 1, . . . , N , and Z

(i)
j are independent sam-

ples from the common distribution µθ̂t
. As before, if we reparametrize the

distribution νθ by the mean v, the formula becomes

v̂t+1 =

∑N
i=1 1{Xi∈A}W (Xi; v̂t)S̄(Xi)
∑N

i=1 1{Xi∈A}W (Xi; v̂t)
.

In other words, the mean of the updated sampling distribution is the weighted

average of the sample path means.

Example 2. Consider the TQN model. Suppose that the family of candi-
date sampling distributions is {Pv : v = (v1, v2, v3), vi > 0} such that under
Pv the system is a Jackson network with exponential interarrival times of

mean v1, and exponential service times of mean v2 and v3, respectively. The
original distribution corresponds to v0 = (1/λ, 1/µ1, 1/µ2).

Let X1, . . . , XN be independent sample paths generated from the distri-
bution Pv̂t , each of which starts from the origin and stops at the first time ei-

ther the total population hits the level n or the system becomes empty again.
For a sample path X , denote by τ1(X), τ2(X), and τ3(X) the total number

of interarrivals, service completion at node 1, and service completion at node
2, respectively. Let {Y1j(X) : j = 1, . . . , τ1(X)} be the interarrival times.

Similarly, let {Y2j(X) : j = 1, . . . , τ2(X)} and {Y3j(X) : j = 1, . . . , τ3(X)}
be the service times at node 1 and node 2, respectively. Then the density
of a sample path X under the distribution Pv equals

f(X ; v) =

3
∏

k=1

τk(X)
∏

j=1

1

vk
e−Ykj (X)/vk

and the likelihood ratio W is given by

W (X ; v) =
f(X ; v0)

f(X ; v)
.

Denote by A the buffer overflow event. It is not difficult to solve the stochas-
tic program (4.9) to obtain the analytic formula

v̂t+1,k =

∑N
i=1 1{Xi∈A}W (Xi; v̂t)

∑τk(Xi)
j=1 Ykj(Xi)

∑N
i=1 1{Xi∈A}W (Xi; v̂t)τk(Xi)

for k = 1, 2, 3. This updating formula is actually valid for much more

complicated queueing networks. See de Boer, Kroese, and Rubinstein (2004)
for more details.
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4.2.2 The initialization in rare event simulation

The initialization of the cross-entropy algorithm, or the choice of θ̂0, can be

quite flexible in general. It usually suffices to set θ̂0 = θ0 where θ0 corre-
sponds to the original distribution. However, this recipe is problematic in

the context of rare event simulation, since most likely the indicator 1{Xi∈A}

will be zero for all i if A is a rare event, rendering the minimization problem

(4.9) meaningless.
A possible approach is as follows. Choose a set B ⊇ A so that it is much

less rare than A but shares the same qualitative flavor, e.g., in the TQN

example one may choose B to be the event of total population overflow with
buffer size m � n. Setting θ̂0 = θ0, a pilot cross-entropy algorithm delivers

the nearly optimal tilting parameter (say) θ∗ for estimating P (X ∈ B). Next
with θ̂0 = θ∗, the main cross-entropy algorithm is performed to yield the

optimal tilting parameter for estimating the actual probability of interest
P (X ∈ A). De Boer, Kroese, and Rubinstein (2004) used this approach

to estimate buffer overflow probabilities in queueing networks, where B is
chosen as the buffer overflow event with a small buffer level.

Generalizing this idea, a two-stage iterative scheme where both the set

B and the tilting parameter θ are updated seems to be more convenient for
most problems. To describe the idea, assume that the probability we wish

to estimate is
p = P (S(X) ≥ γ) = P (X ∈ Aγ)

where γ is a fixed level, S is some performance measure, and Aγ = {x :
S(x) ≥ γ}. It is assumed that γ is large and Aγ is a rare event. As before,

the distribution of X is denoted by µ and {µθ : θ ∈ Θ} is a parametrized
family of candidate sampling distribution. In this two-stage approach for

estimating p, one generates a sequence of tilting parameters {θ̂t}, as well as
a sequence of levels {γ̂t} that are determined by the samples and generally

increase to the actually fixed large level γ. In essence, these artificial inter-
mediate levels divide the original difficult rare event A into a sequence of
easier, less rare events Aγ̂t .

The algorithm is as follows. Fix a priori a fraction ρ that is not too
small, usually between 1% and 10%. Setting θ̂0 = θ0, we generate N samples

X1, . . . , XN from the distribution µθ̂0
. Estimate the (1−ρ)-quantile of S(X)

by the sample quantile. That is, order the performances S(Xi) from the

smallest to the largest: S(1) ≤ · · · ≤ S(N) and define

γ̂1 = S(Ne), Ne = d(1 − ρ)Ne,
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where dxe is the ceiling of x or the smallest integer that is greater than or

equal to x. Then we update the tilting parameter as in (4.9) with the set
A replaced by Aγ̂1

. In other words, θ̂1 is estimated on the basis of those

samples Xi that satisfies S(Xi) ≥ γ̂1 and there are about ρN of them (elite
samples). Iterating these steps until γ̂t ≥ γ, we have the following algorithm:

Main cross-entropy algorithm for rare event simulation.

1. Let θ̂0 = θ0 and t = 0 (iteration counter).

2. Generate samples X1, . . . , XN from the distributions µθ̂t
. Calculate

the performances S(Xi) and order them from the smallest to the

largest: S(1) ≤ · · · ≤ S(N) and define

γ̂t+1 = min{S(Ne), γ}.

3. Use these samples X1, . . . , XN to solve the stochastic program (4.9)
with the set A replaced by Aγ̂t+1

.

4. If γ̂t+1 < γ, set t = t+1 and reiterate from Step 2. Otherwise, proceed
with Step 5.

5. Let T be the final iteration counter. Estimate the rare event proba-
bility p by importance sampling, with the final tilting parameter θ̂T .

Sometimes between Step 4 and Step 5, one can refine the final tilting
parameter by running a few extra iterations of the standard cross-entropy

updating program (4.9) with θ̂T as the initial tilting parameter and the set
A fixed as Aγ . The analysis of the convergence properties of this algorithm

can be found in R.Y. Rubinstein and D.P. Kroese (2004) and Costa, Jones,
and Kroese (2007).

4.3 Dynamic importance sampling

The notion of dynamic, or state-dependent importance sampling was intro-
duced in Dupuis and Wang (2004). The development of this methodology

was partly motivated by the counterexamples in Glasserman and Kou (1995)
and Glasserman and Wang (1997) that had challenged the validity of the

standard heuristic. It was shown in Dupuis and Wang (2004) that the sec-
ond moment of an importance sampling estimator can be interpreted as

the value of a small noise stochastic game. In this context it was obvious
that the heuristic approach, which amounted to allowing only those state
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independent changes of measure [or open loop controls in the language of

stochastic games], could not possibly be asymptotically efficient in general.
See also Bassamboo, Juneja, and Zeevi (2006). This connection also linked

importance sampling to the Isaacs equation of a limiting differential game,
which turned out to be equivalent to the Hamilton-Jacobi-Bellman (HJB)

equation associated with the corresponding large deviation rate function. As
a consequence, the solution to this HJB equation can be used to construct

asymptotically efficient importance sampling schemes.
Dupuis and Wang (2007) explored this connection in further depth and

showed that the design and analysis of dynamic importance sampling algo-
rithms could be based on the classical subsolutions to the HJB equation.
One can often construct subsolutions that are structurally much simpler

than the actual solution, but which correspond to asymptotically efficient
importance sampling schemes that reflect this simplicity. Subsolutions pro-

vide a unifying and flexible tool and can be used to study to a broad range
of process models. See, e.g., Dupuis, Sezer, and Wang (2007) and Dupuis

and Wang (2007, 2009).

4.3.1 Limit differential game and its Isaacs equation

We will use the SRW model to formally illustrate the connection between im-
portance sampling and small noise stochastic games. Recall that {Z1, . . . , Zn}
is a sequence of independent random variables with common distribution µ.
Define the scaled random walk process

Xj =
1

n

j
∑

i=1

Zi, j = 1, . . . , n, (4.11)

with X0 = 0. The probability of interest is pn = P (Xn ∈ A). As before, one

can define an exponential change of measure να by

να(dx) = e〈α,x〉−H(α)µ(dx)

for every α ∈ Rd.

Consider a state-dependent change of measure in the following sense.
For each j = 0, 1, . . . , n − 1, conditional on the simulation history {Zi : i =

1, . . . , j}, Zj+1 is sampled from a distribution µαj
, where αj is a function of

both the scaled time j/n and the scaled state Xj as defined in (4.11). The

corresponding importance sampling estimator is given by

Yn = 1{Xn∈A}

n−1
∏

j=0

e−〈αj ,Zj+1〉+H(αj).

15



The estimate Yn is unbiased. Our goal is to minimize the variance, or

equivalently, the second moment of Yn.
We will recast this minimization problem as a stochastic control problem

with {αj} being the control, and make a natural connection to a partial
differential equation. To this end we must extend the problem slightly to

allow a general initial time and state. For i ≥ 0 and x ∈ R
d, define Xj for

j = i, . . . , n as above except that Xi = x, and then define

Vn(x, i) = inf
{αj}

Ē



1{Xn∈A}

n−1
∏

j=i

e−〈αj ,Zj+1〉+H(αj)





2

,

where Ē denotes the expectation taken under the change of measure deter-

mined by the control {αj}. In other words, Vn(x, i) is the minimal second
moment of the importance sampling estimators given that the state process

{Xj} starts at time i with initial state x. It will be more convenient to
express this in terms of the original distributions as in Remark 4.1:

Vn(x, i) = inf
{αj}

E



1{Xn∈A}

n−1
∏

j=i

e−〈αj ,Zj+1〉+H(αj)



 ,

where the expected value is taken such that {Zj, . . . , Zn} are independent
with common distribution µ.

As the value function of a discrete time stochastic control problem, Vn

satisfies the dynamic programming equation

Vn(x, i) = inf
α∈Rd

∫

eH(α)−〈α,y〉Vn

(

x +
y

n
, i + 1

)

µ(dy). (4.12)

Owing to the exponential scaling in n, it is natural to consider the logarith-

mic transform of Vn and assume that

−1

n
logVn(x, i) ≈ W (x, i/n) (4.13)

for some smooth function W : Rd × [0, 1] → R. This leads to the approxi-

mation

Vn

(

x +
y

n
, i + 1

)

· V −1
n (x, i) ≈ exp

{

−〈∇W (x, t), y〉 − ∂W

∂t
(x, t)

}

where ∇ is the gradient with respect to x, and t = i/n. Plugging the above
approximation into equation (4.12), taking log on both sides, and recalling
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the definition of H , we arrive at

0 = −∂W

∂t
+ inf

α∈Rd
[H(α) + H(−∇W − α)] . (4.14)

Since Vn(x, n) = 1{x∈A}, W satisfies the boundary condition W (x, 1) = 0 if

x ∈ A and ∞ otherwise.
We wish to make a few observations regarding equation (4.14). Even

though a very special model has been used here, these claims actually hold
in much greater generality.

1. Equation (4.14) is the Isaacs equation associated with a two-person

zero-sum game. Indeed, since H and L are convex duals, for every
α ∈ R

d

H(α) = sup
β∈Rd

[〈α, β〉 − L(β)].

Thus equation (4.14) can be written as

0 =
∂W

∂t
+ sup

α
inf
β

[〈∇W, β〉+ L(β) + 〈α, β〉 − H(α)] .

This is the Isaacs equation corresponds to the following zero-sum dif-

ferential game. The dynamics φ̇(t) = β(t) only involves the β-player.
The running cost L(β)+ 〈α, β〉−H(α) is affected by both players, and
the terminal cost is ∞ · 1Ac . Because of the intervening minus sign,

the maximizing α-player indeed tries to minimize the variance.

2. Thanks to the convexity of H , the maximizing α in equation (4.14) is

α∗(x, t) = −1

2
∇W (x, t). (4.15)

This is the basic formula for computing the state-dependent change of

measure.

3. Plugging the formula of α∗ into equation (4.14), we arrive at

0 =
∂W

∂t
+ 2H(−∇W/2). (4.16)

This is equivalent to the HJB equation associated with the correspond-
ing large deviation rate function. To see this, we abuse the notation

and extend the definition of pn to

pn(x, t) = P (Xn ∈ A|Xbntc = x)
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for x ∈ R and t ∈ [0, 1]. Clearly the probability of interest P (Xn ∈ A)

equals pn(0, 0). Then under suitable conditions

− lim
n

1

n
log pn(x, t) = inf

φ

∫ 1

t
L(φ̇(s)) ds,

where the infimum is taken over all absolutely continuous functions φ

such that φ(t) = x and φ(1) ∈ A. Denote by U(x, t) the value function
of this minimization problem. Then U satisfies the HJB equation

0 = inf
β

[

∂U

∂t
+ 〈∇U, β〉+ L(β)

]

=
∂U

∂t
+ H(−∇U)

with terminal condition U(x, 1) = 0 if x ∈ A and ∞ otherwise. Clearly
it is equivalent to (4.16) by a change of variable W = 2U . This

equivalence also indicates that the state-dependent change of measure
based on the solution to the Isaacs equation (4.16) is asymptotically

efficient since by equation (4.13)

− lim
n

1

n
logVn(0, 0) = W (0, 0) = 2U(0, 0) = −2 lim

n

1

n
log pn(0, 0),

and Vn(0, 0) is the second moment of the corresponding importance
sampling estimator. A rigorous proof can be found in Dupuis and
Wang (2004).

4.3.2 The idea of subsolutions

From the previous discussion, it follows that the solution to a related Isaacs

equation can be used to build asymptotically efficient importance sampling
schemes. A difficulty with this approach is that a solution to a nonlinear

partial differential equation such as Isaacs equation is hard to compute. To
circumvent this, Dupuis and Wang (2007) proposed importance sampling

schemes based on the subsolutions to the Isaacs equation. Subsolutions are
functions that satisfy the partial differential equation with inequality instead
of equality, and allow much greater flexibility in the design of importance

sampling schemes.
In order to understand the sufficiency of subsolution, let us examine the

criterion of logarithmic asymptotic efficiency more closely. Recall the defi-
nition of logarithmic asymptotic efficiency (2.1). Jensen’s inequality implies

that
logE[Y 2

n ] ≥ 2 logE[Yn] = 2 log pn.
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Therefore, if for some γ > 0 the large deviation asymptotics

lim
n→∞

1

n
log pn = −γ

hold, then (2.1) is equivalent to the inequality

lim sup
n→∞

1

n
log E[Y 2

n ] ≤ −2γ. (4.17)

In other words, in order to show that Yn is asymptotically efficient, it suffices

to establish the upperbound (4.17) only. The inequalities in the definition
of a subsolution [see below] are consistent with this upper-bound, when the
subsolution is combined with a verification argument to bound the second

moment of Yn.
To give the definition of a subsolution, we consider a family of Isaacs

equations of a given form. The definition easily extends to other types of
Isaacs equations. For a broad collection of problems, the probability of

interest is of form pn = P (Sn/n ∈ A), where Sn is the partial sum of inde-
pendent identically distributed random variables or functionals of Markov

chains. Then under suitable conditions, the large deviations asymptotics

lim
n→∞

1

n
log pn = − inf

β∈A
L(β) := −γ

hold for some convex rate function L. Denoting by H the Legendre trans-

form of L, then the Isaacs equation takes the familiar form

∂W

∂t
+ sup

α
inf
β

[〈∇W, β〉+ L(β) + 〈α, β〉 − H(α)] = 0, (4.18)

with boundary condition W (x, 1) = 0 if x ∈ A and ∞ otherwise.

Definition. A classical subsolution (4.18) to the Isaacs equation is a

smooth function W that satisfies

∂W

∂t
+ sup

α
inf
β

[〈∇W, β〉+ L(β) + 〈α, β〉 − H(α)] ≥ 0

with boundary inequality W (x, 1) ≤ 0 for x ∈ A.

Given a classical subsolution W , the corresponding change of measure

is determined by the maximizing α∗ for the min/max term, which has ex-
actly the same form as (4.15). The following theorem is the key result in
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the performance analysis of those importance sampling schemes based on

subsolutions. See Dupuis and Wang (2007) for more details.

Theorem 1. Let W be a classical subsolution to the Isaacs equation and Yn

the corresponding importance sampling estimate of pn. Then under suitable

conditions

lim sup
n→∞

1

n
logE[Y 2

n ] ≤ −W (0, 0). (4.19)

In particular, if W (0, 0) = 2γ, then Yn is asymptotically efficient.

4.3.3 Construction of subsolutions

Theorem 1 reduces the problem of building an asymptotically efficient or
nearly asymptotically efficient importance sampling scheme to that of a

classical subsolution W with W (0, 0) equal or close to 2γ, respectively. For
systems with piecewise homogeneous dynamics, a particularly useful tech-
nique is to build a piecewise affine subsolution at first and then obtain a

classical subsolution by mollification. The construction of a piecewise affine
subsolution, which is usually identified as the minimum of a collection of

affine functions, is the key step. Once such a piecewise affine subsolution is
given, say,

W̄ = W1 ∧ · · · ∧ Wm,

we use a mollification technique called exponential weighting:

Wε = −ε log
m

∑

i=1

e−Wi/ε,

where ε is a small positive number. It is not difficult to show that Wε

approximates W̄ as ε approaches zero. Furthermore, analytic formulas for

quantities such as ∇Wε are readily available. There are two remarks we wish
to make: (1) In general, Wε is not exactly a subsolution, but an approximate

one in the sense that the inequality (4.19) is satisfied with the right hand
side replaced by a vanishing negative number. This is usually sufficient for

asymptotic efficiency; (2) It is sometimes more convenient to use a change of
measure slightly different from the one determined by α∗ = −∇Wε/2. It is

essentially a state dependent mixture of the changes of measure determined
by {Wi}. Theorem 1 still holds in this case. See Dupuis and Wang (2007)
for details.

To finish the discussion, we will illustrate the construction of piecewise
affine subsolutions through two examples. In general, it is accomplished by
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carefully analyzing the properties of the system dynamics and the relevant

large deviation properties.

Example 3. Consider the SRW model. Without loss of generality we
assume that E[X1] = 0. We first assume that A = [β,∞) for some β > 0.

Denote by α the conjugate point of β. Then the affine function

W (x) = −2〈α, x − β〉 − 2(1− t)H(α)

is a subsolution to the Isaacs equation. Since −∇W/2 = α, the correspond-
ing change of measure is exactly the classical one as in Section 4.1.

A more interesting case is when A = (−∞, β̄] ∪ [β,∞) when β̄ < 0 < β.
Let ᾱ be the conjugate point of β̄. Define

W̄ (x) = −2〈ᾱ, x− β̄〉 − 2(1− t)H(ᾱ).

Then it is not difficult to check that W ∗ = W ∧ W̄ is a two-piece affine
subsolution. Note that

−∇W ∗/2 =

{

α if W < W̄

ᾱ if W > W̄

is piecewise constant. See Figure 2 for an illustration of how this would

partition the space-time domain.

β∗

t
β̄

x

Figure 2: Domain decomposition and corresponding drifts

Example 4. Consider the TQN model. Without loss of generality assume
λ + µ1 + µ2 = 1. Define by {Zk = (Zk,1, Zk,2) : k = 0, 1, . . .} the embedded

discrete time Markov chain, where Zk,i represents the length of the i-th
queue at the k-th transition epoch of the network, i = 1, 2. The space of

the possible jumps is

V = {v0 = e1, v1 = −e1 + e2, v2 = −e2}.
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The system dynamics can be described as Zk+1 = Zk + π[Zk, Yk+1], where

{Yk} are random variables taking values in V and π is the mapping due to
the non-negativity constraint on the queue lengths: for x = (x1, x2) ∈ R

2
+

and y ∈ V

π[x, y] =

{

0 if xi = 0 and y = vi for some i = 1, 2
y otherwise.

See Figure 3. Let P be the space of strictly positive probability measures

on V, i.e.,

P = {θ = (θ0, θ1, θ2) : θ0 + θ1 + θ2 = 1, θi > 0}.

Under the original distribution, {Yk} are independent identically distributed
with distribution Θ = (λ, µ1, µ2). Recall that R(·‖·) denotes the relative

entropy. The relevant Isaacs equation is such that for x ∈ {(x1, x2) ∈ R
2
+ :

x1 + x2 < 1}

sup
Θ̄∈P

inf
θ∈P

[

〈∇W (x),

2
∑

i=0

θi · π[x, vi]〉+

2
∑

i=0

θi log
Θ̄i

Θi
+ R(θ‖Θ)

]

= 0,

with the boundary condition W (x) = 0 when x1 + x2 = 1. Here Θ̄ corre-

sponds to the change of measure. Given W , the optimal (maximizing) Θ̄
admits an analytic formula.

v2

v0

v1

z2

z1

d1

d2

Figure 3: The system dynamics

The definition of a subsolution is just to replace the “=” by “≥” in
the Isaacs equation and replace the boundary condition “W (x) = 0” by

“W (x) ≤ 0”. Simple piecewise affine subsolutions can be constructed. For
example, when µ2 ≤ µ1, define vectors

r1 = 2γ(−1,−1), r2 = 2γ(−1, 0), r3 = (0, 0).
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Let δ be a small positive number. Then W̄ = W1 ∧ W2 ∧ W3 defines a

subsolution, where

Wk(x) = 〈rk, x〉+ 2γ − kδ, k = 1, 2, 3.

This subsolution divides the region into three pieces: R1, R2, and R3, such

that W̄ (x) = Wk(x) for x ∈ Rk. See Figure 4. The regions R2 and R2

are sometimes called “boundary layers”. They are closely related to the

discontinuity of the dynamics on the boundary {x2 = 0} and the origin, and
the large deviations properties of the rare event. Details of the algorithms

can be found in Dupuis, Sezer, and Wang (2007).

� �
� �
� �
� �

x1

x2

1

1

d1

d2

∂1

∂2

R3

R1

R2

r1

r2r3

∂e

Figure 4: Piecewise affine subsolution

4.4 Lyapunov function method for heavy tailed distribution

Much of the previous discussion has assumed that the distributions involved

are light-tailed in the sense that their moment generating functions are finite
in a small neighborhood of the origin, and thus the exponential changes of

measure are meaningful. On the contrary, for a large class of distributions
emerging from practice, the tail probabilities decay much more slowly. These

heavy-tailed distributions have very different large deviation properties and
the exponential scaling is in general not valid. As a consequence, fast rare
event simulation algorithms can look very different from those for light-

tailed distributions. See Asmussen, Binswanger, and Hojgaard (2000) and
references therein.

Some of the recent works on rare event simulation involving heavy-tailed
distributions have been concerned with state-dependent algorithms. See,

e.g., Dupuis, Leder, and Wang (2007). In this section we review a general
technique proposed by Blanchet and Glynn (2008) that is based on Lyapunov
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functions. These Lyapunov functions are closely related to the subsolutions

in Section 4.3 [they are in some sense the exponential of subsolutions]. Even
though the method is applicable to light-tailed distributions as well, we will

discuss it in the context of heavy-tailed distributions, via the example of
estimating level crossing probabilities for heavy-tailed random walks.

Let {Xi} be a sequence of independent identically distributed heavy-
tailed random variables with common distribution µ and strictly negative

mean. Define the simple random walk

Sn = y +

n
∑

i=1

Xi,

with initial condition S0 = y. Here we assume that y is a very negative

number and the quantity of interest is the level crossing probability

p∗(y) = P (Sn ≥ 0 for some n).

Under suitable conditions, as y → −∞, p∗(y) has the asymptotics

p∗(y) ∼ 1

−E[X1]

∫ ∞

|y|
P (X1 > s)ds. (4.20)

A useful observation is that if Q∗ is a probability measure (Doob’s h-
transform) that satisfies

Q∗(Xn+1 ∈ dz|Sn = x) =
p∗(z + x)

p∗(x)
µ(dz) (4.21)

for x < 0, then Q∗ is the zero variance importance sampling change of

measure. As before, Q∗ is impractical since p∗(·) is unknown.
However, (4.21) does motivate the use of a change of measure Q such

that for x < 0

Q(Xn+1 ∈ dz|Sn = x) =
v(z + x)

w(x)
µ(dz), (4.22)

where v is a function that is close to p∗ and w(x) is the normalization

constant such that

w(x) =

∫

R

v(z + x)µ(dz). (4.23)

The corresponding importance sampling estimator is just

Y = 1{T<∞}

T−1
∏

i=0

w(Si)

v(Si+1)
,
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where T = inf{n ≥ 1 : Sn ≥ 0}.
To aid the design of Q, one also need some means to analyze its perfor-

mance. This is where the Lyapunov function comes into play. Even though

the definition here is slightly different from that of Blanchet and Glynn
(2008) in the form, they are indeed equivalent.

Definition. A function H : R → [0,∞) is said to be a Lyapunov function

associate with the probability measure Q if for every x < 0,

H(x) ≥
∫

R

w(x)

v(z + x)
H(z + x)µ(dz).

and H(x) ≥ 1 for x ≥ 0.

Theorem. Let Y be the importance sampling estimator and H a Lyapunov
function associated with Q, then

EQ[Y 2|S0 = y] ≤ H(y).

Proof. Define the process

Rn
.
= H(Sn) ·

n−1
∏

i=0

w2(Si)

v2(Si+1)
.

Then it is straightforward to check that the definition of the Lyapunov
function H is equivalent to the claim that RT∧n is a supermartingale under

Q. Therefore by the Optional Sampling Theorem, for y < 0

EQ[RT |S0 = y] ≤ EQ[R0|S0 = y] = H(y).

We conclude the proof by observing that RT ≥ Y 2 since H(ST ) ≥ 1. Q.E.D.

The idea of the Lyapunov function method is to find a pair (v, H) such

that (i) v is close to p∗ in the sense that they are asymptotically equivalent;
(ii) H is a Lyapunov function of the form H(x) = h(x)v2(x). Then the
preceding theorem asserts that the performance of the importance sampling

algorithm associated with the change of measure Q is characterized by h.
For example, if h is bounded then it is of bounded relative error.

Now let us discuss the objectives (i) and (ii). An immediate problem is
that how one can tell if v is close to p∗ when p∗ is unknown in the first place.

The idea is that, comparing (4.21) and (4.22), if v = p∗ then w defined in
(4.23) should equal p∗ as well and thus w − v = 0. Therefore, w − v can be
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used as a criterion to measure how close v and p∗ are. With this in mind, it

is natural to start with the function on the right-hand-side of (4.20). Define
a non-negative random variable Z that is independent of {Xi} and such that

for t > 0,

P (Z > t) = 1 ∧
∫ ∞

t

1

−E[X1]
P (X1 > s)ds.

Define v̄(x) = P (Z > −x) for all x ∈ R. Note that v̄(x) = 1 = p∗(x) if
x > 0. Furthermore, with w̄ defined as in (4.23) with v replaced by v̄, it
can be shown that w̄(x) and v̄(x) are asymptotically very close as x → −∞.

Therefore, there exists an a∗ < 0 such that v(x) = v̄(x + a∗) and w(x) =
w̄(x + a∗) are very close for all x < 0. Given the function v, one can find a

bounded piecewise constant function h such that H(x) = h(x)v2(x) defines
a Lyapunov function. Thus we obtain an importance sampling scheme with

bounded relative error.
We want to mention in the end that the sampling distribution is deter-

mined by (4.22), and it is not difficult to check that

Q(Xn+1 ∈ dz|Sn = x) = P (X1 ∈ dz|X1 + Z > −x − a∗).

Samples from this conditional distribution are typically generated by suit-
able acceptance/rejection schemes, where the acceptance probability re-

mains uniformly bounded away from 0. The design of such schemes is based
on the tail behavior of the distribution µ. See Blanchet and Glynn (2007)

for the case when µ is regularly varying.
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