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ABSTRACT

This paper concerns the evaluation and combination of subjective probability
estimates for categorical events. We argue that the appropriate criterion for
evaluating individual and combined estimates depends on the type of uncertainty
the decision maker seeks to represent, which in turn depends on his or her model
of the event space. Decision makers require accurate estimates in the presence of
aleatory uncertainty about exchangeable events, diagnostic estimates given
epistemic uncertainty about unique events, and some combination of the two
when the events are not necessarily unique, but the best equivalence class
definition for exchangeable events is not apparent. Following a brief reveiw of the
mathematical and empirical literature on combining judgments, we present an
approach to the topic that derives from (1) a weak cognitive model of the
individual that assumes subjective estimates are a function of underlying judgment
perturbed by random error and (2) a classification of judgment contexts in terms
of the underlying information structure. In support of our developments, we
present new analyses of two sets of subjective probability estimates, one of
exchangeable and the other of unique events. As predicted, mean estimates were
more accurate than the individual values in the first case and more diagnostic in
the second. © 1997 by John Wiley & Sons, Ltd.
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INTRODUCTION

For many real-world decisions, ranging from the mundane to the crucially important, it is necessary to
combine information from multiple sources prior to taking action. The information may be heavily
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statistical, as with the outcomes of experimental or epidemiological studies, or it may be in the form of
expert interpretation of indicators, as regarding the likelihood of earthquakes, severe weather
conditions, or the outcome of a particular medical procedure on a 68-year-old man with a history of
coronary disease. The issues regarding how to combine information from multiple and disparate
sources are so important and so difficult, that a special committee of the US National Research
Council studied them and issued a report with recommendations regarding procedures and future
research on the topic (National Research Council, 1992).

In particular (references to follow), researchers in management science, operations research, and
statistics have sought to develop formal procedures based on normative considerations for combining
expert forecasts or judgments. Behavioral scientists (primarily, but not exclusively, psychologists) have
empirically compared the various methods to each other as well as to individual judgments.! Our
present research seeks to unite the best of the behavioral and the normative approaches by providing a
cognitive foundation for combining multiple judgments. Specifically, our goals are to:

(1) Develop methods for combining subjective probability judgments that are based on sound
theoretical principles, are easily operationalized, and yield results that are of maximal diagnostic
value.

(2) Ground the principles and methods in cognitive models that describe how individual judges form
and express their opinions, and that are sensitive both to judges’ levels of knowledge and to the
nature of the available information.

(3) Empirically test the underlying cognitive models where necessary.

(4) Empirically evaluate our combination rule (or rules) with behavioral data and computer
sensitivity runs, as appropriate.

This paper represents a step toward meeting those goals.

We consider here only the problem of combining subjective probability estimates for categorical
events. A proper solution to this aspect of the more general combination problem has the potential to
both improve the quality of important decisions and increase our understanding of basic human
judgment processes. We begin by providing examples of situations in which such judgments must be
combined. Then we discuss criteria for assessing the quality of probability estimates and provide a brief
review of the relevant theoretical and empirical literature. Next, we develop our theoretical approach
and present empirical results in support of it. Finally, we discuss the implications of our developments,
as well as some of the remaining open problems.

Categorical events have a finite number of possible outcomes. By focusing on a particular outcome,
O, and its complement, not-O, we define binary events, which can be termed generically as true or false,
or as occurring versus not occuring. Examples include a statement being true or false, a particular
patient surviving or succumbing during surgery, or two countries settling a particular dispute within a
particular time frame. In all these cases and many others the event is well defined, but the uncertainty
regarding it cannot be represented by statistical or relative frequency information. Rather, the
uncertainty must be obtained and expressed as a matter of expert judgment, and in many (probably
most) cases experts will disagree.

Consider the medical example. A very sick individual may be willing to undergo a certain surgical
procedure if his survival chances are sufficiently great, say at least 80%. He consults two specialists. On
the basis of the same medical information, one expert estimates the chances as 60% and the other as

! Social psychologists have contrasted judgments reached independently to those reached via interacting groups, but that work
does not relate to our current concerns. In his excellent review of that literature, Locke (1987) concluded among other things that
group interaction is useful in many ways, but does not substitute for ultimately combining separate judgments by means of a
formal rule.
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95%. Their estimates may differ because the experts have different views of the patient’s condition, of
the surgical staff’s competence, or of the relevant medical literature. The patient may discuss these
matters with the two experts, but ultimately the issues are beyond his range of knowledge and he is left
with their two probability estimates. How should he combine them? Should he take an arithmetic
mean, perhaps weighting each judgment to reflect perceived or measured competence? Would a
(weighted) geometric mean of the odds be better? Or would yet some other combination procedure be
optimal? One can readily see the same problems occurring in many other contexts.

Our formulation of the combination problem rests on the claim that rules for aggregating subjective
probability estimates should be sensitive to both the structure of the information base supporting the
estimates and the cognitive processes of the judges who are providing them. The former point is well
understood and often discussed (e.g. Chapters 11—13 of Cooke, 1991; French, 1986; Genest and Zidek,
1986). The latter one seems obvious and is implicit in much of the literature, yet to our knowledge,
it has not been made explicitly before. To develop the points simultancously, we next discuss criteria
for assessing the quality of individual or aggregated subjective probability estimates. With that
background, we then briefly consider the mathematical literature on combining expert judgment, the
behavioral literature comparing combined to individual judgments, and the cognitive literature on the
structure of individual judgments. All this material sets the stage for the development of our approach
in the following section.

Criteria of quality’

In the case of physical dimensions, the quality of a set of subjective estimates depends primarily on
their accuracy, which assuming agreement on the issue of scaling is straightforward to define and
measure. For example, on an ordinal scale, subjective estimates are accurate when their ranking
coincides with that of an independent physical measure. Deviations from accuracy are scored by an
index of rank inversions. On a particular ratio scale (e.g. grams of mass), subjective estimates are
accurate when they equal the physical measure. Deviations from accuracy are scored by an index of
closeness, such as the root-mean-squared deviation between the subjective and objective measures,
perhaps normalized by the standard deviation of the physical measures.

The issue of quality is considerably more complex, however, when it is probability rather than a
physical characteristic that is being estimated. As De Finetti (1974) and others have argued, probability
is not a property of the external world, but the representation of a coherent decision maker’s opinions
about a set of events. We suggest that the appropriate criterion of quality varies with the type of
uncertainty the decision maker seeks to represent. Heath and Tversky (1991) distinguished two types of
uncertainty: aleatory (associated with external chance factors) and epistemic (associated with internal
lack of knowledge). Others have made similar distinctions (e.g. Budescu and Wallsten, 1987; Howell,
1971; Kahneman and Tversky, 1981; Vesely and Rasmuson, 1984; Wallsten, 1990; Whitfield and
Wallsten, 1989). This neat division, however, is not absolute, as it depends on the decision maker’s
model of the events in question. Moreover, when he or she is unsure about the model to apply, or
considers more than one model plausible, then the uncertainty is both aleatory and epistemic in some
combination.

Uncertainty is aleatory when the decision maker can partition observations into equivalence
classes of exchangeable events. The notion of exchangeability was developed by De Finetti (1937/1964)
and is described lucidly by Cooke (1991, Chapter 9). Briefly, a sequence of binary events (coding each

2 The ideas in this section have benefited greatly from comments from and discussions with Bob Clemen, Craig Fox, Claudia
Gonzalez-Vellajo, Michael Lavine, In Jae Myung, and Jack Soll, as well as from the very thoughtful reactions of the audience to
a presentation by the first author at a Duke Fuqua School of Business Decision Analysis Workshop.
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outcome as 0 or 1) is exchangeable (or the sequence consists of exchangeable events) if for any subset
length n of the sequence containing r Os and n-r 1s, the decision maker considers all permutations of 0s
and 1s to be equally likely.

Note that two people may disagree on whether a set of events is exchangeable. Thus, a person who
knows nothing about the seasonal weather pattern in a particular location may consider all
permutations of 50 rainy and 50 non-rainy days to be equally likely for a given 100-day period, while
someone with knowledge of the area may consider some permutations to be more likely than others.
The sequence is exchangeable for the first person, but not for the second. More generally, decision
makers may define equivalence classes of exchangeable events with differing levels of precision,
depending on their knowledge and goals. Thus, mortality tables may group people by country of
residence only; country and gender; country, gender, and age; country, gender, age, and smoking
history; etc. Any uncertainty about the partition to use is epistemic, but given a particular partition, the
uncertainty within it is aleatory. The event probabilities are expected to be increasingly distinct as the
equivalence classes become more precisely defined. Only when there is universal agreement on the
definition of the equivalence classes might we say that the uncertainty is purely aleatory.?

Events that the decision maker does not consider exchangeable with other events are unique. Thus,
most people will consider the event that Amsterdam is north of Paris to be unique. Any uncertainty
they have regarding its truth is epistemic. However, for individuals knowing nothing about the
geography of Europe, this event may be exchangeable with many others concerning the relative
latitudes of pairs of European cities. The uncertainty for them is aleatory.*

Returning to the question of quality, we assume that decision makers want probability estimates that
(1) are coherent and (2) yield maximum expected value or expected utility decisions (Clemen and
Murphy, 1990). Consistent with those requirements, we suggest that decision makers want accurate
probability estimates when they treat observations as belonging to equivalence classes of exchangeable
events and diagnostic estimates when they treat the observations as unique. When decision makers are
unsure of how to define the equivalence classes, or believe that others may define them in ways that can
lead to improved resolution, then they want estimates that are maximally diagnostic (highly resolved, in
the language associated with Brier score partitions — Yates, 1982, 1994) while still being accurate.

Generally speaking, estimates are accurate if they match the (expected) relative frequencies of the
observations in each equivalence class. They are diagnostic if they allow one to distinguish events that
are true from those that are false. Of the many possible indices of accuracy and diagnosticity, we
propose ones that accord with common practice.

A natural index for accuracy is the mean squared deviation over equivalence classes between the
estimated probabilities and the event relative frequencies. Specifically, let a, as, ..., a;, ..., a; be I
distinct events (equivalence classes of observations) and p(a;) the (expected) relative frequency of «;.
Further, assume that a judge estimates the probability of @; on each of N; occasions, and let f(a;)
denote a central statistic (e.g. mean, median, or mode) for those N; estimates. Finally, let N = ZleN ;
be the total number of estimates. Then, the accuracy index is

1 I
CI' = Y Nilf (@) = pla))? (1)

i=1

3 Universal agreement may be hard or impossible to come by, as Davidson, Suppes, and Siegel (1957) discovered when seeking a
fair die that all research participants treated as fair. But we can imagine the concept in principle.

4 One might argue that because Amsterdam either is or is not north of Paris, any uncertainty about that event necessarily is
epistemic and not aleatory. By the same token, one then would be forced to argue that if a coin had been tossed and did or did
not land heads, uncertainty about that event is necessarily epistemic. The issue is complex and further discussion of it is beyond
our scope.
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We use the notation CI’ to emphasize the similarity of this index to the calibration index, CI,
obtained from Murphy’s (1973) decomposition of the quadratic scoring rule, which we will discuss
shortly. Generally, one would set f(«;) equal to the mean of the estimates of ¢; but depending on one’s
model of the estimation process, an alternative central measure might be preferable.

Turning now to an index of diagnosticity, we propose one closely related to Yates’ (1982) slope,
which he defined in conjunction with his covariance decomposition of the quadratic scoring rule.
Yates’ slope is the difference between the means of the estimated probabilities conditional on true and
false events, respectively, and serves as an index of the degree to which subjective probabilities near 1
are assigned to true events and near 0 are assigned to false events. In addition, Yates (1982)
emphasized, and Yates and Curley (1985) demonstrated, that the most useful estimates are those that
maximize the slope while minimizing the conditional variances of the judgments. We propose
combining these two desiderata into one index of diagnosticity, DI’. Recall that for this index, we are
combining observations not into equivalence classes of exchangeable events but into two classes
according to whether they are true or false (occur or do not occur). Let f; and fr be the mean
probabilities assigned to true and false events, respectively, and let s)% be the pooled variance of the two
conditional distributions. Then,

fo—Fr
Sf-

DI = ()

Note that DI’ is similar in structure to d' from signal detection theory, in that it indexes the difference
between two means relative to a common standard deviation. Moreover, it does not have the problems
that Yaniv, Yates and Smith (1991) attribute to DI, the discrimination index from Murphy’s (1973)
partition of the quadratic rule.’

Finally, we need a quality index for situations in which the decision maker believes the events are not
truly unique, but is unsure of the best equivalence classes to use. The most widely used index is the
quadratic loss function, often called the Brier probability score (PS), to which we have already referred.
PS is calculated on the individual estimates without regard to an a priori equivalence classification.
Letting N be the number of observations for which probabilities are estimated, f, the estimate assigned
to the nth observation and d,, an outcome index (equal to 1 if event n occurs and 0 if it does not), for
n=1,...,N,

1
Pszﬁzfn n (3)

Thus, PS is the mean squared deviation between the estimates and the indicator variables.

Murphy (1973) has decomposed equation (3) into components that reflect overall forecasting
difficulty, calibration, and discrimination by classifying events according to their assigned probability
estimates. It has become common practice in judgment research to classify events in this way, and that
is a reasonable strategy when one has no other basis for classifying them. But the approach may lead to

5 The problems are that DI is limited by the proportion of true events in the sample being judged and biased as a function of the
number of judgment categories used. Equation (2) is nevertheless not a perfect index. For one thing, it could prove problematic
if the variances of the estimates conditional on true and false events, respectively, are substantially different from each other, in
which case, 5% might be misleading. Second, DI’ can be deceiving in cases where there is no overlap in the subjective
probabilities accorded true and false events. The lack of any overlap means that the estimates are perfectly diagnostic of whether
events are true or false. Yet two sets of estimates may share this characteristic but have distinct DI’ values. An index that
provides a measure of overlap might handle both problems and in the end be more useful than equation (2), but we defer that
line of development here.
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different conclusions than when one determines the equivalence classes on other grounds. This point
was emphasized by Erev, Wallsten and Budescu (1994), further developed by Wallsten (1996), and
further illustrated by Budescu, Erev and Wallsten (1997). It is also apparent in the work of Yates (1982)
and Murphy and Winkler (1992). Murphy’s decomposition is widely used (see Yates, 1982, 1994), and
we present it here to compare its components with CI’ and DI'.

Using Yates’ (1994) notation, equation (3) can be rewritten as

PS =d(1 —d)+ CI — DI “4)

where d is the fraction of events that are true or occurred and, therefore, d_(l — a_f), the variance of the
outcome index, is a measure of forecasting difficulty. CI and DI are the calibration index and
discrimination index, respectively, which assuming the use of discrete probability judgment categories,
are:

1< -
=5 2 Nilf; — &) (5)
j=1
and
1 < - -,
= NZNJ(df —d) (6)
j=1

In these equations, J is the number of probability estimation categories, f; now is the category value, N;
is the number of events the judge places in category j, and d; is the proportion of those events that were
true or occurred.

Note that, in general, CI # CI’, the former being conditioned on probability estimation categories
and the latter on independently defined event equivalence classes. However, when CI’ is calculated by
setting f(a;) equal to the mean of the estimates of a; (see equation (1)), then CI = CI' under certain
conditions. These conditions are that the number of estimation categories equals the number of
equivalence classes, the category labels match the equivalence class long-run relative frequencies, and
the association matrix denoting the number of times each label is assigned to each class is symmetric
about the diagonal.® The closer this matrix is to symmetric, the closer will be the two indices. We
conjecture, but have not proved, that, in general, when pooling multiple sets of probability estimates,
procedures that minimize CI” also will minimize CI, and conversely.

It is also true that, in general, DI # DI’. In fact, the relation between DI’ and DI is indeterminate
because the former is based on the particular subjective probability categories that are used (the ;) and
the latter is based on the proportion true in each category (the d;). Again, we suspect, but have not
proved, that rules for combining probability estimates will have equlvalent effects on DI’ and DI.

To summarize, we suggest that the appropriate quality measure for individual or aggregated
subjective probability estimates depends on the decision maker’s model of the events being estimated.
CI’ is a suitable index when the decision maker is comfortable with a particular partitioning of the
event space into equivalence classes. DI’ will do when the decision maker treats the events as unique.
And PS is suitable when the decision maker neither considers the events unique nor has a strong

® To see that CI = CI' under the stated conditions, consider a square F x P data matrix with rows, F = (f|,f5,..., s
denoting subjective estimates and columns, P = (py, p,, ..., p;), denoting equivalence class long-run relative frequencies, such
thatf| = pi,fr = py, ..., S = p;- Let n; index the number of times estimate f; is associated with the equivalence class p;. Now
write equations (1) and (5) for CI and CI, respectively, in terms of this data matrix. Note that CI — CI' = 0 when n; = n;;.
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opinion about a particular partitioning of the universe of events. Rules for combining multiple judges’
probability estimates should be evaluated according to whether they systematically improve the desired
index as the number of judges increase.

We must make a few additional related points before turning to a brief literature review. One is that
we are not the first to suggest that criteria other than a global probability score (the Brier or any other
proper scoring rule) may be of primary importance. For example, Winkler and Murphy (1968)
distinguished normative from substantive goodness of probability assessments, the former being
satisfied by estimates that conform to the rules of probability theory and the latter by estimates that
predict events in the world. They implicitly gave greater weight to substantive (indexed here by DI
or DI') than normative (CI or CI') goodness by pointing out that substantively good assessments
can be made normatively good via rescaling, but the opposite cannot be done. Yaniv et al. (1991)
wrote, ‘It can be argued that, given two probability judges who are equally well calibrated [in the sense
of equation (5)], the better judge is the one who demonstrates greater discrimination skill’ (p. 614).
Similarly, Winkler and Poses (1993) wrote ‘From a practical standpoint, . . ., the level of discrimination
exhibited by probabilities seems more important than their calibration’ (p. 1526). What may be new
here is the attempt to tie the desired quality index to the decision maker’s model of the events rather
than to rely more generally on a global probability score. But as Winkler and Murphy (1968) pointed
out, alternative equally defensible probability scores do not always lead to the same ranking of
probability assessors.

In this regard, as the authors just quoted make clear, there is no need for a decision maker to commit
to a particular quality index and ignore the others. For example, a decision maker who desires
estimates that minimize CI’ may also want to keep track of DI'. If DI’ is substantially greater for
forecaster A than B, A may be employing a more useful event partitioning, and the decision maker may
prefer his or her probability estimates (and equivalence class definitions). Of course, a combination of
A’s and B’s estimates is likely to be better than either one alone. It is to this topic that we now turn.

Mathematical literature on

combining judgments

The literature in management science, operations research, and related disciplines considers forecasts
much more broadly than the single topic of subjective probability judgments for categorical events, on
which we are focusing here. Examples of other types of quantities with which authors are concerned
include point estimates of economic indices, future time series, or subjective probability distributions
over continuous variables. We limit our brief review only to those aspects of the literature that bear on
our problem.

Clemen (1989) and Genest and Zidek (1986) have provided excellent reviews with annotated
bibliographies that cover virtually all but the most recent contributions (see also Marley, 1991). Clemen
considered probability distributions as one of many types of variables that might be combined, while
Genest and Zidek focused on them almost exclusively. Perhaps the most comprehensive treatment of
combining probability judgments is by Cooke (1991), who devotes a substantial share of his book to
the topic. Genest and Zidek distinguished combination rules based on axiomatic from those based on
Bayesian considerations. Cooke distinguished what he called classical from Bayesian approaches to
combining expert judgment.

We will consider the axiomatic perspective only very briefly, and then the classical and Bayesian in a
little more detail. A point we want to emphasize at the outset is that when applied to expert judgments
(as opposed, for example, to the output of statistical models), all the approaches require implicit or
explicit assumptions about the judges’ knowledge and abilities as well as about the structure of the
underlying information base. One such assumption is that judges’ levels of expertise can be assessed in
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terms of the relations between their probability estimates and the actual pattern of event outcomes.
Another is that the dependence among the individual estimates, perhaps due to the judges relying on
common information, can be estimated. Our developments derive directly from assumptions about
judges and the information base, but from much weaker ones than normally are made.

The axiomatic approach to probability pooling stipulates qualitative conditions that a decision
maker may require of any combination rule and then proceeds to derive rules that satisfy these
requirements. Examples of such qualitative conditions include that if all experts agree on the
probability of an event, then the combined judgment should yield that result (the unanimity principle),
and if all experts agree that certain events are independent, then that independence should be preserved
in the combined result. While axiomatic methods have provided some insights, commentators
generally have been critical. In a series of reactions to an influential paper by Morris (1983), Clemen
(1986), French (1986), Lindley (1986), Schervish (1986), and Winkler (1986) raise a variety of concerns
about the overall approach. Chief among them are that it does not provide the decision maker any
freedom to incorporate his or her own assessment of the judges’ abilities or of the level of dependence
among the judges. Genest and Zidek (1986) summarize additional concerns in the form of unreason-
able necessary implications of the axioms (e.g. some aggregation methods imply that individual judges
may become dictatorial). In one way or another, these authors all come down in favor of the Bayesian
approach (which, in fact, Morris, 1977, also proposed).

Turning to the Bayesian approach, Bayes’ Rule specifies how the probability of a discrete (or the
density over a continuous) event, E, should be revised upon the observation of a related event, D.
Although the rule itself is uncontroversial, enormous debate has emerged regarding its application
when E is a unique event in the real world and D is a datum that aids in predicting it. The controversies
concern philosophical and practical issues of defining and measuring probabilities of events for which
relative frequencies are not available either in fact or in principle. Nevertheless, many authors claim
that the correct way for decision makers to combine multiple probability judgments is to treat the
judgments as data regarding the event in question, and then to use Bayes” Rule to revise their own
subjective probabilities of the event. According to this approach, decision makers represent their
personal assessments of the judges’ abilities and interdependencies by means of the conditional
probabilities they accord the data (i.e. the experts’ judgments). The assessments may depend on the
judges’ forecasting histories with similar events or they may be based on other factors. Given a suitable
history of forecasts, Clemen and Winkler (1987) provide a method for combining conditionally
correlated probability estimates based on Lindley’s (1982) Bayesian log-odds model for frequency
calibration of subjective estimates. More recently, Clemen and Winkler (1993) suggested a flexible
modeling approach to Bayesian aggregation of possibly dependent estimates that makes use of
influence diagrams. Theoretical and empirical considerations in modeling dependent estimates and
establishing the decision maker’s conditional likelihoods remain matters of considerable debate (see
e.g. the responses by Morris, 1986, or Shafer, 1986, to the Genest and Zidek review, as well as the
discussion by Cooke, 1991, Chapters 13 and 15). An interesting point is that under suitable assump-
tions (e.g. Bunn and Mustafaoglu, 1978), the Bayesian approach prescribes that the combined
probability be calculated as a weighted average of the experts’ judgments.

Calculating a weighted average of experts’ estimates, using weights based on proper scoring rules is
what Cooke (1991) calls the classical approach. Just as does the Bayesian, this approach requires
subjective input from the decision maker, who must select the scoring rule to use and possibly the
context for calculating experts’ scores. Scoring rules differ in the extent to which they reward good
calibration and high diagnosticity (what Cooke calls low entropy), and different scores may yield
different weights. Cooke proposes and justifies a particular weighting scheme. He goes on to suggest
that if the experts do not have a history of providing probability estimates regarding the variable or
events in question, the decision maker must select the ‘seed variables’ for experts to estimate so that
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prior weights can be established. While this solution may be problematic, it is not any more so than
corresponding solutions are with the Bayesian methods. Little work seems to have been done within the
framework of weighted averaging rules to handle problems arising from conditionally correlated
judgments.

Finally, we mention a new approach for combining judgments based entirely on the principle of
maximum entropy (Levy and Delig, 1994; Myung, Ramamoorti and Bailey, in press). It has emerged
only recently, and it is too soon to judge its empirical success.

The empirical literature on

combining estimates

As a point of departure, we should note that there is a considerable literature on combining subjective
estimates of physical dimensions. Over 70 years ago, Gordon (1924) demonstrated that when subjects
rank ordered very closely spaced weights according to their perceived heaviness, the means of the ranks
correlated more strongly with the objectively correct ranking than did the judgments of the individual
subjects. The means were in fact at least as accurate as the judgments of the best subjects. This basic
result has been replicated many times (see Zajonc, 1962, for a review and reanalysis of a number of
studies on this topic). Lorge et al. (1958) discuss these plus other studies in which individuals gave
numerical estimates, rather than rank orderings, of measurable quantities. The findings have been
consistent: the means of multiple judgments are more accurate than those of individuals, generally even
more accurate than the best of the individual judgments. Similarly, Clemen’s (1989) review showed that
average forecasts of quantities such as economic indicators outperform the individual forecasts.

It is not hard to imagine that when many individuals estimate perceptual, objectively measurable
quantities, they all form the same underlying impression of each stimulus except for an independent
and unbiased random component. If that is so, the law of large numbers implies that the mean
impression will converge on the correct value as the number of judgments increases. The matter is more
complicated if individuals’ errors are correlated, perhaps due to common perceptual or judgmental
deficiencies. Nevertheless, convergence in the direction of the correct result is still expected on
statistical grounds (see Hogarth, 1978). Quite distinct from any model of the error process, McNees
(1992) showed that when estimates or forecasts are assessed by their squared deviation from the actual
value, means and medians must always appear relatively accurate. These results suggest that average
probability estimates will outperform the individual components when the criterion is to minimize CI’
(or CI), but provide no guidance on what to expect when the criterion is DI’ (or DI) or a probability
score such as PS. Nor do they suggest what Bayesian aggregation might do.

With this background, we can turn to the evidence comparing the accuracy and performance of
individuals” probability judgments to those of group means. Some of the research is reviewed by
Clemen (1989) and by Hogarth (1977). We know of no studies that have compared individual and
group mean estimates for exchangeable events, although we present such a study below. Our brief
review of illustrative studies, therefore, is confined to situations in which judges estimated the
probabilities of unique events.

Winkler (1971) had subjects give probability judgments regarding the outcomes of football games.
By a variety of probability scores, the means of the judgments outperformed all the individuals. In
another study, Clemen and Winkler (1987) compared various averaging and Bayesian pooling
procedures for precipitation probability forecasts issued by National Weather Service forecasters.
Averages (of simple probabilities, as well as of log-odds) outperformed both the Bayesian methods and
the individual estimates.

Goldberg (1970) analyzed data collected by Meehl (1959), in which clinical psychologists rated the
likelihood on an 11-point scale that psychiatric patients were psychotic rather than neurotic on the
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basis of their MMPI (Minnesota Multiphasic Personality Inventory) profiles. Because the actual
diagnoses of the patients were known, the ratings could be validated. Goldberg’s main point was that
the ratings of individual experts were represented well by linear multiple regression equations. A side
point in his article, but of special relevance here, was that the simple arithmetic mean of the ratings
correlated better with the outcome variable (i.e. better discriminated psychotic from neurotic patients)
than did the individual ratings.

More recently, Curtis, Ferrell, and Hillman (1988) had four radiologists indicate whether they
thought an abnormality was or was not present in each of 45 excretory urograms, and assess confidence
in their diagnosis on a 3-point scale. Effectively, then, experts provided confidence ratings on a 6-point
scale. The authors looked at proportions of correct diagnoses as a function of the number of ratings
combined, K, and the method of combination. For all methods, including simple averaging, propor-
tion correct increased with K.

Winkler and Poses (1993) provided a very detailed analysis of the effects of combining expert
judgments. They had physicians in an intensive care unit of a teaching hospital estimate patients’
probability of survival as soon after each patient’s admission as was feasible. For each patient, an
intern, a critical care fellow, a critical care attending physician, and the primary attending physician
independently provided a survival probability. The authors considered the individual physician
estimates (K = 1), as well as the mean estimates for all possible combinations of K = 2, 3, and
4 physicians. Translating their analyses into our notation, on average, PS, CI, and DI all improved as
K increased from 1 to 4, as did DI’, which we calculated from the data they provided.

The Winkler and Poses study also speaks to the issue of conditionally correlated judgments. Their
four physician groups probably differed in levels and types of expertise, as well as in the information on
which they focused. The interns and critical care fellows were much less experienced overall than the
critical care and primary attending physicians, who themselves had very different backgrounds and
perspectives. The DI’ values for the four groups were 1.60, 1.42, 1.62, and 1.87 for the interns, fellows,
critical care attendings, and primary care attendings, respectively. While the mean probability
estimates improved on average as K increased from 1 to 4, not all combinations of physicians
performed equally well at K = 2 or 3. Specifically, although the interns individually were almost as
good as the critical care attendings, they contributed the least to any combination of estimates. For
K = 2, the mean estimates for the two groups of attendings outperformed all other sets of means,
while the means for all pairs of groups that included the interns performed the most poorly. Similarly,
at K = 3, the best groups were those that included the two attendings and the worst were those that
included the interns. We can speculate that this pattern occurred because (1) experienced individuals
from two different specialty areas are most likely to have different perspectives and focus on distinct
indicators, and (2) the interns are most likely to have learned from their mentors and therefore have the
greatest overlap in knowledge bases with them.

In an impressive paper, Graham (1996) analyzed the effects of combining up to nine economists’
probability estimates of negative economic growth (as measured by the real GNP — gross national
product) for the current quarter year, as well as one and two quarters ahead.” He combined the
estimates by taking simple means, using Clemen and Winkler’s (1987) generalization of Lindley’s
(1982) Bayesian log-odds pooling procedure for conditionally correlated probabilities, and by a third
procedure that he developed. For this BINARY 50 method, he dichotomized each expert’s probabilities
according to whether they were above or below 0.50, assigned a single fitted probability to all the low
values and another to all the high ones per forecaster, and then used a version of Bayes’ Rule for

7 Many more economists participated in the Survey of Professional Economic Forecasters. Graham limited his data set to the
nine who provided forecasts for at least 50 of the 91 possible quarters, and not all nine made forecasts on all occasions.
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correlated binary conditional probabilities. Using the global PS index as well as three other global
indices, all the pooled estimates tended to outperform the median forecaster for the current quarter,
one period ahead and two periods ahead, but for some indices and some periods this was not true. In
terms of CI, the BINARYS50 and the average values consistently outperformed the median forecaster,
whereas the Bayesian log-odds value did not. With regard to DI, the BINARY 50 and average values
exceeded the median forecaster for two of the three periods and the log-odds result did for one.
Graham provided data that allowed us to calculate DI’ for the current quarter and two quarters ahead.
This index yielded the same conclusions as did DI.

To summarize, studies of experts in their domains of expertise and of ordinary subjects in laboratory
experiments have shown that mean probability estimates (or, where tested, mean log-odds) of unique
events outperform individuals’ estimates in terms of various criteria. Bayesian methods, despite their
possibly stronger philosophical foundation, have not proved notably better than simple averaging.
Mean estimates of unique events are more diagnostic (DI and DI’ are greater) and calibration tends to
be, but is not uniformly, better (C/ smaller). McNees’s (1992) arguments regarding the necessary
improvement in squared error functions resulting from taking central tendencies might apply to the CI
index (depending on how one defines the equivalence classes), but they do not apply to DI or DI'. Nor
can one argue that improvement in the latter indices is due simply to averaging out random errors in
quantities that are otherwise held in common by all the judges. Underlying judgments vary in such
cases, depending on how individuals evaluate the information, what they know of the domain, their
theoretical perspective, and on a host of other factors. We propose that the positive effects of averaging
probability estimates can be understood, taken further, and built upon for practical applications only
by incorporating suitable models of the human judgment process itself.

Individual judgment processes

A thorough summary of this literature would take us too far afield. Instead, we will concentrate only on
laying the foundtion for our approach to the issue of combining estimates. Readers desiring a more
substantial background are referred to a recent thoughtful review by McClelland and Bolger (1994) or
a slightly older one by Keren (1991).

To a large extent, current research on individual estimation processes has been guided by the implicit
assumption that the diagnosticity of a set of estimates is limited by the judge’s level of knowledge, while
calibration depends on how he or she translates that knowledge into overt responses. Consequently, the
research has focused more strongly on issues of calibration and directions of miscalibration than on
issues of diagnosticity. The single finding that has driven most modern research on individual judgment
processes is that when relative frequencies true conditional on probability estimates of unique events (d;)
are compared to the estimates themselves (), the functions generally increase monotonically, intersect
the diagonal in the neighborhood of the midpoint, and have slope less than 1, i.e., the d; are insufficiently
extreme. The interpretation is that people tend to be overconfident in their judgments. Much of the
earlier research establishing this result has been reviewed by Lichtenstein, Fischhoff, and Phillips (1982)
and by Wallsten and Budescu (1983). More recent research has been reviewed by Erev, Wallsten, and
Budescu (1994), Keren (1991), McClelland and Bolger (1994), and to a lesser extent by Wallsten (1996).

Overconfidence is not a universal finding, and some of the conditions that moderate it have been
established (see the prior references). Thus, well-practiced experts, such as US National Weather
Service forecasters issuing precipitation probabilities, tend to be well calibrated (although they slightly
overpredict rain). Overconfidence decreases, even verges to underconfidence, as problem difficulty
decreases. Theories of the judgment process (e.g. Smith and Ferrell, 1983; Gigerenzer, Hoffrage, and
Kleinbolting, 1991; Griffin and Tversky, 1992; Juslin, Olsson, and Bjérkman, 1997; Tversky and
Koehler, 1994) attempt to account for the established patterns of over- and underconfidence.
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We will focus here on our model of individual estimation processes, because it underlies our research
on combining estimates. The primary foundation comes from Erev, Wallsten, and Budescu (1994). That
work summarized a number of empirical trends in the subjective probability literature, and noted that
they can be interpreted jointly as suggesting that individuals’ probability estimates reflect their personal
underlying judgment perturbed by a random error component. Erev et al. showed that this simple and
weak assumption in conjunction with two others predict all the trends they summarized. Specifically,
Erev et al. assumed that (1) regardless of how people form their judgments, they ultimately assign each
event an internal categorical level of confidence; (2) they map confidence categories monotonically to
overt discrete responses in a fashion that depends on the nature and parameters of the particular task;
and (3) random error is involved at either the confidence or the response level, or at both.

Individual differences in knowledge and opinions are easily accommodated in this approach.
Note that Erev et al. did not assume that all individuals assign each statement or forecast to the same
category. They assumed only that category labels are monotonic with levels of confidence, and that
regardless of how opinions are formed and expressed, the process contains random components. They
expressed their model in one mathematical form for the purpose of demonstrating how it handles the
empirical effects, while Budescu et al. (1997) demonstrated the same phenomena with alternative
forms. The specific models, however, are not crucial to our main points, which rest only on the
underlying qualitative points.

Pfeiffer (1994) provided a somewhat different demonstration that apparent overconfidence can be
understood as a possible byproduct of a random component in the system, and Bjorkman (1994)
discussed the necessity of including an error mechanism in one’s theory. The point seems already well
accepted and models of the judgment process are being reformulated to include error components
(Juslin et al., 1977; Soll, 1995). Recent research demonstrates that even when analyzing judgment data
in a manner that accounts for this problem, probability estimates tend to be too extreme (Brenner et al.,
1996; Budescu et al., 1996; Dawes and Mulford, 1996).

To summarize this section, we believe that the weak, qualitative assumptions specified by Erev ez al.
provide the proper framework for considering how to combine judgments. Under these assumptions,
individuals may have different opinions about unique events. Each person accords each event a level of
confidence, assigns responses monotonically to confidence categories, and the whole process is subject
to random error. Given this model of the individual, our task is to explain why mean estimates tend to
decrease CI or CI' for exchangeable and increase DI or DI’ for unique events. More generally, we seek to
understand the conditions under which taking central tendencies such as simple averages is an optimal
or near-optimal combination rule, as well as the conditions under which alternative rules are superior.

THEORY

Relying on the approach of Wallsten and Diederich (1996), we begin by expressing the Erev et al.
assumptions in very general formal terms and then take up the issue of interjudge correlations. Our
model assumes that individuals assign events to categorical levels of confidence, but allows the number

of categories to vary over judges. Let N; + 1 denote that number® for judge k (k =1, ..., K) and
denote the individual categories by judge k’s targeted proportion of true events in each,
Uko, Ug1, - - -, Uy, , where without loss of generality we assume 0 < w0 < up < ... < gy, < 1. Thus

8 We use N, + 1 instead of Ny to denote the number of categories used by judge k only to keep this presentation identical
to Wallsten and Diederich’s, where categories are indexed by / = 0, 1, ..., Nx. To do otherwise would be to invite confusion on
the part of readers who consult both papers.
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individual k assigns event j (j = 1,...,J), by whatever cognitive process, to a category and we denote
the result by u,((’), with u,((’) € {uro, k1, - .., ugn, }- Now we can let Uy be the discrete random variable

that takes on values uy; with a distribution depending on the particular J events that judge k assesses.
Further, let E; be a random variable with mean 0 and variance ¢°, assuming values e, representing
judge k’s error on trial i for i = 1,...,1. As the notation implies, we assume the error term is
independent of the event being evaluated. Finally, with / being a real-valued function, let R; be a
random variable taking on values ry in (0,1), representing judge k’s overt estimate of event j,
j=1,...,J, on trial i, such that

ik = hag! ey). (Ta)
or more generally,
Ry = h(Uy, E) (7b)

with / increasing in both its arguments.

Equation (7) is a very weak model stating that a judge’s probability estimate for an event depends on
the confidence category to which he or she assigns it as well as on an independent error factor. Note
that the model does not assume the judge is ‘reading out’ a covert confidence level with additive error.
Rather, it only assumes increasing categorical confidence levels, which can be identified by the
proportion of events targeted to each level that are true, and that error is somehow involved in the
process of overtly estimating the event probability given its assigned category.” Moreover, judges may
differ in their numbers of covert confidence categories. Equation (7) subsumes all the models used by
Erev et al. (1994) and Budescu et al. (1996) as well as the stochastic judgment model of Wallsten and
Gonzalez-Vallejo (1994).

In addition to modeling the individual, we also must classify contexts, or problem types, according
to expected levels of dependencies among the estimates provided by different judges. Exhibit 1
illustrates such a classification within a framework provided by equation (7b). Each of the numbered
cells represents a different set of assumptions about Uj and Ej, and therefore implies different relations
among the R;. The first row in the table denotes contexts in which all judges have precisely the same
underlying opinion about each event, j, in the domain. The other rows denote all remaining contexts,
for which there is some level of independence or dependence among the Uy. It is useful in these cases to
consider these levels conditional on the state of the event being judged. To facilitate doing so, we
introduce an indicator variable, S;, with S; = 1 when event j is true or occurs and S; = 0 otherwise.
The simplest case of non-identical Uy, shown in the next complete row of the table, assumes that
judges’ confidence categories of true events are conditionally independently distributed and that the
same holds for false events. The two remaining rows show two other levels of conditional dependence,
although more levels could be specified. Finally, we assume the E; are unconditionally independent
and identically distributed over trials within judges. We distinguish, however, whether they are (Yes) or
are not (No) identically distributed over judges.

Cells 1 and 2 represent cases in which judges always assign events to the same confidence categories.
The cells differ according to whether (cell 1) or not (cell 2) the associated error processes are assumed to

° Note one obvious and one subtle distinction between the present representation and that used by Erev et al. (1994) and by
Budescu et al. (1977). The obvious difference is that we must index individual judges, while the other representations have no
need to. The subtle one is that we do not need the notion of frue judgment and instead index categories only by the targeted
proportion of events that are true in each one.
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Exhibit 1. A framework for considering patterns of interjudge correlations

E}. identically distributed for all K judges

Uy identically distributed for all K judges Yes No
Yes 1 2
No
Conditional on S; = 1 or §; = 0, the Uy are:
Independent 3 4
Pairwise independent 5 6
Dependent 7 8

be identical. These cells apply, and conceivably are restricted to, situations in which individuals
estimate probabilities of mutually defined exchangeable events on the basis of common information.
Perhaps there are some special contexts involving probability estimation of unique events to which the
cells also apply, but such situations are rare, at best. Wallsten and Diederich added to the model of
equation (7) the assumption that the R; have finite means and finite variances and then used a form of
the law of large numbers (Etemadi, 1983) to obtain a natural result for cell 2, and therefore by
implication also for cell 1. That is, referring back to equation (7) and defining the mean of K judges’
estimates of event j as M(’) [Sch(D, EY]/K, with 4 =) =) = ... = ul?, Wallsten and
Diederich showed that M approaches a limit that depends on u(” as K increases. What that limit is
depends on additional assumptions that might be invoked to specify a particular model. For example,
under the simple (and generally wrong) special case of equation (7b), Ry = Uy + Ej with E; unbiased,
MY — 4 as K increases. In terms of the indices presented above, if u) equals the long-run relative
frequency foreventj,j = 1,...,J, then CI and CI' approach 0 as K increases. Other special cases may
yield other limits for M %) and therefore for CI and CI'.

Cells 3-8 allow judges to place a given event in different confidence categories and therefore are
appropriate for situations in which probability estimates depend on individual knowledge bases and
strategies. We assume these cells apply to contexts in which people are estimating the probabilities of
unique events. Cells 7 and 8 are probably most representative of real-world situations, in that they
assume that judges have correlated but generally different underlying opinions. In contrast, cells 3—6
are somewhat idealized, in that they assume full or pairwise independence among the Uy. Under-
standing the combination problem in these latter cases is a first step to understanding it in the more
complex ones.

In fact, Wallsten and Diederich (1996), making somewhat stronger assumptions than they used in
considering cells 1 and 2, achieved a very powerful result for cell 6 (and by implication for cells 3-5, as
well), which we now describe. We present their assumptions and theorem informally here and repro-
duce them formally in the appendix below. We also provide the intuition behind the proof here, as it is
rather instructive. The assumptions for all k are:

(1) Equation (7) holds, with the restriction that Ny is even.

(2) Ry are pairwise independent random variables, conditional on event j being true or false, each
having finite mean and finite variance.

(3) The confidence categories, / = 0, 1, ..., Ni, are symmetric about 0.5 and their probabilities of use
are symmetric about the central category.

(4) The errors, ej, are such that expected responses conditional on uy; regress to 0.5 in a manner that
is symmetric about 0.5.
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In addition to taking equation (7) as the basic model, assumption 1 stipulates that judges have an
odd number of confidence categories. In conjunction with parts of assumptions 3 and 4 (see the
Appendix), the consequence is that judges are assumed to have a central confidence category located at
0.5. Although this requirement may be psychologically reasonable, it was made for mathematical
convenience. It is in fact innocuous because assumption 3 allows a 0 probability of using the central
category. More generally, assumption 3 is that judges set up and use their confidence categories in
symmetric fashions. Assumption 4 is that error is independent of the state of the event being judged,
regressive relative to the confidence category and symmetric about 0.5. Finally, assumption 2 places us
in cell 6 of Exhibit 1 and invokes mild structural conditions. These assumptions, although stronger
than those used for cell 2, in fact do little to restrict the cognitive models of individual judges to which
the resulting theorem applies.

Wallsten and Diederich’s (1996) two-part theorem is: If assumptions 1—-4 hold, then for any event, j:
(a) The mean expected probability estimate of K judges equals a value greater than 0.5 if the statement
is true and a value less than 0.5 if it is false. Expressed differently,

P(EY > 0518 =1) = P(EY <058, =0) =1

where E(,? is the mean expected estimate of K judges. Employing this result in Bayes’ Rule and also
making use of a form of the law of large numbers (Etemadi, 1983) yields the second part of the
theorem: (b) As the number of judges, K, increases, the probability that an event is true approaches 1
for mean actual estimates greater than 0.5 and approaches 0 for mean actual estimates less than 0.5.
That is,

1 if MY >05

as K > oo, P(S;=1|MY)—> .
! K 0 if MY <05

©)

The empirical implication of this result is that if assumptions 1—4 hold, then of all events with mean
estimates greater (less) than 0.5, the proportion that are true (false) should approach 1 as K increases.
In terms of the indices presented above, DI increases to a limit and DI’ increases without bound as K
increases.

Upon first consideration, this is a remarkable result. The ideal is achievable! Merely by averaging
together a sufficient number of pairwise independent estimates that are possibly perturbed by error and
are monotonically related to outcome relative frequency (which roughly describes the judgments of
most people operating in domains for which they have some knowledge), one can determine the truth
or falsity of any statement with certainty. Of course, we cannot expect to observe that result generally.
But a careful inspection of the proof is very instructive regarding the conditions under which it might
be approximated empirically and the ways in which the system should be modified to make it more
general and realistic.

The structure of Wallsten and Diederich’s proof is as follows. First, they prove that if assumption
3 holds, then the proportions of true and false events in the universe under consideration each equal
0.5. In other words, if it is not the case that half the events are true and half false, then assumption 3
must be violated. This result is not as strong as it seems because any reasonably structured domain will
be closed with respect to complementation.'” Next, assumptions 1-3, and 4 imply that although a
given judge may place a given event in any confidence category, on average true events will fall in

10 For example, any set of statements for which judges are estimating probabilities (e.g. statements of the sort ‘A is true’)
implicitly or explicitly also contains their complements (‘A is false’).
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categories above, and false events will fall in categories below, the central one. This is the key point. As
a consequence of it, the mean expected estimate over all judges is greater than 0.5 for true events and
less than 0.5 for false ones. Bayes” Rule then provides the expression for the probability that an event is
true given its expected mean estimate. Finally, to complete the proof, assumption 2 provides the
condition for a law of large numbers to apply (Etemadi, 1983), which guarantees that as K increases the
observed mean estimate approaches the expected value. Therefore, the probability an event is true
approaches 1 or 0 according to whether the mean is above or below 0.5.

Thus, the law of large numbers applies here, just as it does in cells 1 and 2, where underlying
judgments are equal except for an error term (or as it might when observers are estimating physical
dimensions). But the convergence is not to a particular underlying confidence value. Rather, it is to a
population mean estimate that varies according to the state of the event being judged. Our assumptions
guarantee that these mean estimates are greater for true than for false events.

If this result does not apply in general, what is wrong with the assumptions? For one thing,
assumptions 3 and 4 cannot in the end be correct. In addition to the result just described, these
assumptions also imply that the distribution of estimates over judges is the same for all true and for all
false events, respectively, and moreover that these two distributions are mirror images of each other. In
other words, assumptions 3 and 4 imply that all events are equally easy or difficult to judge. Thus, for
example, with regard to latitudes of cities of the world, the distributions of judges’ probability estimates
are predicted to be identical for the true statements: ‘New York is south of Rome’, ‘Paris is north of
Rio de Janeiro’, and ‘Tokyo is north of Los Angeles’. Of course, that result will not obtain with most
groups of judges. On the other hand, assumptions 3 and 4 may be correct, or nearly so, for many
populations of judges with respect to many domains of interest.

A second problem is that assumption 2, conditional pairwise independence, will not generally hold.
As Yates pointed out in reviewing an earlier draft of this article, °. . . it is hard to imagine how averaging
can give rise to any improvement in . . . ““diagnosticity’’ unless it somehow leads to a better exploitation
of the actual diagnosticity that exists in the environment’.!' It is precisely the assumption of
conditional pairwise independence that allows this exploitation to occur. Judges differ in their
knowledge as well as in the cues and strategies that they use, and therefore in the features they treat as
diagnostic, when forming probability estimates. Averaging improves the diagnostic value of the results
only to the degree that judges behave in a conditionally uncorrelated fashion. In fact we do not
generally know to what extent judges’ probability estimates are conditionally related, nor do we know
the population or domain characteristics that affect such relationships. There may be knowledge
domains and populations of judges for which assumption 2 is reasonable. Finally, at a theoretical level
we do not know how robust the result is to violations of this assumption.

To summarize this section, when K judges’ probability estimates are based on identical underlying
opinions, such as when they use common information to estimate the probabilities of well-defined
exchangeable events, very weak assumptions imply that the mean of the estimates of event j con-
verges to a value unique for that event as K increases. Otherwise, we distinguish whether events are true
or false, as well as levels of independence among judges’ estimates conditional on the event state.
Relatively weak conditions on the variables in equation (7) in conjunction with an assumption of
conditional pairwise independence among the probability estimates leads to the remarkable result that
the mean of K estimates of a true (or false) event converges to a value greater (or less) than 0.5 as K
increases. Consequently, the probability that the event is true (or false) approaches 1 (or 0) as K
increases. While this result will not hold universally, its empirical and theoretical limits remain to be
explored. We now turn to empirical tests of the developments outlined here.

11 Personal correspondence from J. F. Yates dated 26 April 1996.
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DATA

We reanalyzed data from two studies that bear, respectively, on cells 2 and 6 of Exhibit 1. We take
up the former first.

Cell 2
One of Erev and Wallsten’s (1993) experimental conditions appears to meet the cell 2 (maybe even

the stronger cell 1) requirement that the judgments underlying the individual subjects’ probability
estimates be identical except for an error component. Sixty subjects observed computer displays from
which they could infer relative frequency information about 36 distinct events (which among them had
26 different objective probabilities), and provided subjective probability estimates of those events. Erev
et al. (1994) had shown that one could use these data to conclude that respondents were either over- or
underconfident, depending on the method of analysis. Individuals appeared overconfident when, as is
commonly done in calibration research, the expected relative frequencies of occurrence, d;, were
analyzed as a function of subjective probability categories, f;. They appeared underconfident when the
contingencies were reversed, as is commonly done in research comparing subjective estimates to
objective values based on expected relative frequency or Bayesian calculations.

Erev (1990/1991) reported the mean correlation between individual sets of estimates and the
objective probabilities as 0.72 for these data. We now have analyzed the data further and, not
surprisingly, found the pairwise correlations between individuals’ subjective estimates to be high
(median correlation = 0.60 with the central 50% of the correlations ranging from 0.45 to 0.72).
Assuming this situation falls in Cell 2, then, as indicated earlier, on the basis of law of large number
considerations, the means of the 60 judgments for event, a;, j = 1, ..., 36, should converge to a limit,
L;. If, in addition, we assume (1) that each event is assigned an underlying confidence category equal to
its objective probability, i.e. uﬁ(’) = P(aj) for all k and j, and (2) an error function regressive towards
0.5,'> then L; should be close to P(a;), but somewhat anti-regressive. That is, when plotted as a
calibration curve, the points should lie close to the diagonal but slightly below it for f; < 0.5 and
slightly above it for f; > 0.5. Moreover, both CI and CI’ should decrease with averaging.

Exhibit 2 illustrates the results of averaging the 60 estimates per event. The abscissa shows subjects’
probability estimates divided into 11 categories centered at 0.025, 0.10, 0.20, ..., 0.90, 0.975. The
actual values plotted are the means of the estimates in each category, f;. The ordinate shows the relative
frequencies of the events conditional on the estimates, d;. The K = 1 function is the average of the
individual calibration curves (it is identical to the S-curve of Erev et al.’s Fig. 2) and the K = 60
function is the calibration curve of the averaged judgments. As expected, the relative frequencies
conditional on the mean judgments are much closer to the diagonal than are those conditional on the
individual estimates. Moreover, the points have moved from extreme overconfidence to slight under-
confidence with averaging.

Exhibit 3 shows various comparative indices for K = 1 and K = 60. The first set are calculated on
the data conditioned on the estimates and correspond to the graphs in Exhibit 2. First is the accuracy
criterion, CI, which we expect to and which does improve substantially with averaging. Next, we show
DI, which also evidences some improvement. Thus in this case, averaging improves the probability
score, PS, from 0.232 to 0.212 (see equation (2)) by reducing both CI and DI.

The following two columns of Exhibit 3 show the square roots of CI and DI, which are more easily
interpreted than the indices themselves, because they revert back to the original metric of the estimates.
The next column provides the measure of over- or underconfidence that Erev et al. (1994) defined for

12' Any reasonable error function for estimates in the closed [0,1] interval will have this property.
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Exhibit 2. Event relative frequency as a function of subjective probability category for the data from Erev and
Wallsten (1993) for individual subjects (K = 1) and for probability estimates averaged for each event over the
whole group (K = 60)

Relative frequenc

Exhibit 3. Accuracy and overconfidence indices for the Erev and Wallsten (1994) data

Conditioned on the

Conditioned on the estimates objective probabilities

K CcI DI cr’s DI% CONFy cr (cry’s
1 0.016 0.033 0.126 0.181 0.139 0.059 0.244
60 0.006 0.043 0.075 0.208 —0.042 0.011 0.102

data analyzed conditional on the estimates, CONFs. It, too, is in the metric of the estimates, and is
defined as the weighted mean directional deviation of the calibration points from the diagonal,
constructed so that positive values indicate over- and negative values underconfidence. Specifically, in
the notation of this paper,

1 - -
CONFs = YOONidi—f)+ D NS —dy
/,<05 7505
CONFs provides a measure of the change from considerable overconfidence to mild under-

confidence.!?

13 Erev et al. defined a corresponding index, CONF, for analyses conditioned on the objective values. It consistently shows
underconfidence for these data.
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Finally, because it is more natural to analyze estimates of exchangeable events by conditioning on
the events than on the estimates, Exhibit 3 also gives CI’ and its root. CI’ based on K = 60 is
considerably smaller than the mean CI’ based on K = 1. DI’ is not defined for this paradigm.

Cell 6

In Wallsten, Budescu, and Zwick’s (1993) study, 21 subjects (primarily undergraduates) gave verbal
and numerical probability estimates that general knowledge statements were true. We restrict attention
here to the numerical estimates. Assuming that subjects brought different backgrounds to the state-
ments they were judging, this study may approximate the condition of cell 5 or 6, which requires that
the judgments underlying the probability estimates are conditionally pairwise independent. If the
condition is met exactly, the conditional pairwise correlations among the subjective probability
estimates will be 0.

In the numerical condition, subjects judged 75 true and 75 false statements in one session and on a
separate occasion they judged the, respectively, false and true complements. The sums of the probability
estimates of the complementary statements were very close to and did not deviate significantly from 1.
Therefore, the estimates of the true statements plus one minus the estimates of the false ones can be
considered replicates. The within-subject reliability correlations on these replicated estimates are similar
in value to the pairwise between-subject correlations of the Erev and Wallsten (1993) data (median of
0.63 with the central 50% range from 0.53 to 0.71). In contrast, the median of the conditional pairwise
between-subject correlations is 0.26 and the central 50% ranges from 0.16 to 0.39. Thus, the assumption
required for cell 6 is approximated, but clearly not met, and we have an opportunity to test the
robustness of the predicted result to violations of conditional pairwise independence.

Consistent with the calibration literature, Wallsten er al. (1993) found that relative frequencies of
true statements given the probability judgments were insufficiently extreme, leading to the conclusion
that the subjects were overconfident. Under the theorem outlined above, we expect that in the limit the
mean estimates for all false statements converge to a value less than 0.5 and those for all true statements
to a value greater than 0.5. Consequently, the probability that a statement is true approaches 0 given a
mean estimate less than 0.5 and approaches 1 given a mean estimate greater than 0.5 as the number of
judges increases.

Exhibit 4 shows the mean calibration curve for individual subjects (K = 1 — combining the
numerical curves from Wallsten et al.’s Figures 3 and 4) as well as the calibration curve based on
averaging the 21 estimates per statement (K = 21). Consistent with expectations, the curve becomes
more extreme and approximates a step function as K increases. Over all items, the probability that a
statement is true given mean estimates less than 0.5 is 0.12 and given mean estimates greater than 0.5 is
0.84.

Exhibit 5 summarizes the various indices. As expected, CI does not improve with averaging. Rather,
it increases as the data points depart from the diagonal. DI, however, does improve to a substantial
degree. Consequently, the overall probability score, PS, improves from 0.213 to 0.153 with averaging.
Conditioning on the state of the events rather than on the estimates, DI’ almost doubles. CI’ is not
defined in this paradigm.

Given the considerable increase in diagnosticity of the estimates with averaging even in the presence
of less than perfect pairwise independence, it is of interest to ask how the indices improve with K. For
simplicity, we restrict attention to DI’. To answer the question, we randomly eliminated one subject in
order to have a number of subjects (20) that could easily be broken into subsets of different sizes. Then
we took all subsets of size 5 and 10, averaged the probability estimates per statement within the subsets,
calculated DI, and took the mean value within each subset size. In addition, we calculated mean DI’
at K = 1 and DI’ at K = 20 for those 20 subjects. The results are 1.01, 1.54, 1.68, and 1.76, respectively
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Exhibit 4. Relative frequency correct as a function of subjective probability category for the data from Wallsten,
Budescu, and Zwick (1993) for individual subjects (K = 1) and for probability estimates averaged for each
statement over the whole group (K = 21)

for, K = 1, 5, 10, and 20. Thus, substantial improvement was obtained by averaging over as few as five
subjects.

DISCUSSION

We first will discuss the theoretical and the empirical results in turn, and then some of the remaining
issues. Finally, we will draw some broad conclusions.

Theoretical results
Our strategy for considering how to combine probability estimates relies on (1) developing a weak and

therefore very broadly applicable model of the individual judge and (2) classifying probability
estimation contexts. We believe our results prove that the approach is successful. Our model of the

Exhibit 5. Accuracy and overconfidence indices for the Wallsten ez al. (1993) data

Conditioned on the

Conditioned on the estimates objective probabilities
K CI DI cr’? DI CONFy DI
1 0.010 0.047 0.098 0.181 0.088 0.99
21 0.024 0.117 0.154 0.342 —0.161 1.81
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judge is embodied in equation (7), in conjunction with the associated constraints on the variables. This
equation provides the basis for classifying contexts in Exhibit 1. For all practical purposes, cells 1 and 2
of Exhibit 1 apply to subjective probability estimates of well-defined exchangeable events, which we
assume judges form on the basis of common information, generally perceived relative frequencies. Cells
3-8 apply to estimates of unique events, which we assume judges base on their individual stores of
knowledge and personal understanding. It is useful in these latter cells to consider the estimates
conditional on event state (true or false) and to distinguish various levels of conditional dependence.
Within this framework, we have achieved a good understanding of the consequences of averaging
subjective probability estimates in cells 1 -6 and are in a position to draw some useful generalizations.

First, it is useful to treat the exchangeable and unique cases separately when possible, because the
effects and consequences of averaging probability estimates are not the same in the two cases. Although
some may consider the point obvious, to our knowledge it has not been made explicitly before.

When dealing with exchangeable events (cells 1 and 2), it is useful to consider the estimates
conditional on the event probabilities or long-run relative frequencies. According to Wallsten and
Diederich (1996), as K increases, the mean estimate of an event should approach a limit that depends
on the event probability. Assuming that limit is not too far from the probability, then CI’ will decrease
as the number of judges, K, increases. Similarly, if the data are treated conditional on the estimates
(perhaps because there is not agreement on the definition of the exchangeable events), CI also will
decrease with K. Our reanalysis of the Erev and Wallsten data confirms these expectations.

Quite a different result is predicted when K judges estimate the probabilities of unique events
(cells 3—6), there is reason to believe their underlying confidence categories are pairwise independent,
and certain symmetry conditions hold. In these cases, according to Wallsten and Diederich the
probability accorded an event ought to approach 0 or 1 as K increases, depending on whether its mean
estimate is below or above 0.5. Consequently, DI’ and DI will both improve with K, but (in the limit)
CI will worsen. Our reanalysis of the Wallsten et al. data yielded precisely these results. Note that some
authors (e.g. Winkler and Poses, 1993) have found CI to improve with averaging.

At this point we do not know the implications of averaging multiple estimates for the more realistic
conditions covered by cells 7 and 8. At the extreme, cells 7 and 8 wrap back to cells 1 and 2 (identical
underlying confidence categories per event over judges), but we would guess that such an extreme
condition rarely if ever exists. From the opposite perspective, our empirical results, which we will
discuss in more detail below, suggest that the diagnostic impact of averaging estimates is robust with
respect to departures from pairwise independence.

The framework proposed here can help resolve controversies in the probability judgment literature.
Consider the unanimity principle (Morris, 1983) mentioned earlier, which has been much discussed by
decision theorists (i.e. Lindley, 1986; Morris, 1986; Winkler, 1986). Lindley provided an example in
which a decision maker properly violates this principle when she uses Bayes’ Rule to update her own
probability about an event given multiple identical estimates by others. Morris responded that if the
unanimous probability estimates are of a Bernoulli process, then according to a Bayesian analysis, the
unanimity principle holds. And Winkler said that one cannot apply a single principle to all cases, but
must model each situation appropriately. Wallsten and Diederich’s (1996) results suggest that all three
theorists are correct. The principle does hold for the case of exchangeable events of the sort used by
Morris in his illustration, but not for those of unique events covered by cells 3—6, which is where
Lindley’s example falls. That is, if for some reason, multiple judges give the same estimate for a
particular exchangeable event, then that value is likely a very good estimate of the event’s true
probability. In contrast, if multiple judges give the same estimate for a particular unique event and
there is reason to believe their underlying confidence categories are approximately conditionally
pairwise independent, then the probability accorded that event ought to approach 0 or 1 depending on
whether the mean estimate is below or above 0.5.
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Note, finally, that the Wallsten and Diederich theorem does provide a Bayesian pooling procedure,
but one that is different from the other Bayesian methods mentioned above. In the spirit of Lindley’s
(1982) frequency calibration model, the theorem provides (when the assumptions are met) a
probability that an event is true given a pool of estimates, but only in the limit. For any finite sample of
estimates, this probability approaches 0 or 1, depending on whether the mean of the probability
judgments, MY, is less than or greater than 0.5 (see equation (9)). At this time, we have no way to
estimate that conditional probability except empirically.

Empirical results

The data strongly substantiate Wallsten and Diederich’s (1996) analysis and therefore the cognitive
model on which it is based. Perhaps of greatest importance the empirical results confirm that the
consequences of averaging estimates are different for exchangeable and unique events. In the one case,
the estimates become more accurate and in the other they become more diagnostic.

In the exchangeable case, the mean estimates are closer to the event probabilities for K = 60 than for
K = 1. Moreover, as expected, the mean estimates are slightly regressive relative to those probabilities.
Although we did not use various sized subsets of the data to check convergence, it is apparent that on
average the accuracy indices will improve as K increases.

Perhaps the more surprising result is the one that occurred with the estimates of unique events.
Subjects’ estimates of true and false statements, respectively, were weakly correlated. Nevertheless,
the means of the 21 estimates per statement were considerably more diagnostic than were the individual
estimates. On theoretical grounds, we predicted averaging to improve the diagnosticity of the estimates
when they are conditionally pairwise independent, but we did not know what to expect if this
assumption does not strictly hold. It is clear, and of potential practical import, that the outcome
appears to be robust with respect to violations. Also of practical interest is the fact that we gained
substantial improvement in diagnosticity by averaging as few as 5 sets of estimates.

Remaining issues

Taken together, the present results provide considerable support for the approach and the underlying
theory. But much remains to be done. With regard to estimates of exchangeable events, in view of the
fact that the mean estimates appear to converge on slightly regressive values as K increases, it is of
interest to find particular transformations, / in equation (7), that describe how individuals convert
underlying judgments to overt estimates. Given the correct transformation, one can employ its inverse,
h~!, prior to taking averages over judges. In that sense, arithmetic means of subjective estimates may
not be the most efficient.

Interestingly, the particular response transformation may be less important when considering
probability estimates of unique events under conditions that approach conditional pairwise independ-
ence. This is because averaging increases diagnosticity rather than accuracy in such cases. The point
remains to be explored theoretically and with suitable computer simulations. In a similar fashion,
simulations will be helpful in assessing exactly how robust Wallsten and Diederich’s (1996) theorem is
to violations of conditional pairwise independence, as well as in assessing the rate of convergence as K
increases.

The major open problem concerns cells 7 and 8, for which we currently have no results. It may turn
out the violations of Wallsten and Diederich’s assumptions 3 and 4 are more problematic than are
violations of their assumption 2. We expect to move into cells 7 and 8 while simultaneously overcoming
this problem by adopting a restrictive special case of equation (7). One candidate is the Stochastic
Judgment Model (Wallsten and Gonzalez-Vallejo, 1994), which makes specific assumptions about
distributions of true and false events (or statements) and about the individual judgment process.
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SUMMARY AND CONCLUSIONS

Our goal is to develop and evaluate principled procedures for combining subjective probability
judgments of categorical events for the purpose of increasing their diagnostic value. We claim that the
principles from which the combination rule is derived must come from suitable models of the judges’
cognitive processes, as well as the structure of the information base. The research presented here
demonstrates that very weak assumptions about the judge, which are consistent with considerable data
at the individual level, are sufficient to yield strong, even counter-intuitive predictions, and to explain
the available results on the averaging of probability estimates. The model, as we have developed it thus
far, seems valid in some contexts but may not apply to others, in that it fails to allow differences among
properties of events and judges. We believe that we can overcome these limitations by building on a
more structured model of individual judgment processes.

APPENDIX

To aid the reader, this appendix reproduces the formal statement of Wallsten and Diederich’s (1996)
assumptions and theorem for cell 6 of Exhibit 1. Consult the original source for the formal proof.
Assume fork =1,...,K:

(1) Equation (7) holds, with the restriction that Ny is even.
(2) Ry are pairwise independent random variables, conditional on S; = 1 or §; = 0, each having
finite mean and finite variance.
(3) The values uy; of Uy have the following properties:
(a) They are symmetric about 0.5, i.e. ug; + ugn,—; = L for [ =0,..., N/2 — 1, up n, 2 = 0.5;
(b) The probabilities are equal for symmetric pairs, i.e. P(Ux = uy) = P(Ur = uy n,—1) for
[ =0,...,Ni/2 — 1, with, of course

Ny
0<P(Ur=ug)<1 and Y P(Up=ug) = 1.
=0

(4) The expected responses conditional on a given confidence category over trials, E(R; | Uy =
u, S; = 1) and E(Ry | Ux = uyy, S; = 0), have the following properties:
(a) They are regressive with respect to uyy, i.e.

ER | Uy = upy, S = 1) = ERe | U = wiy, S = 0) = 0.5wiy + (1 — wiugg, 0 < wyy < 1
(b) They are symmetric about 0.5, i.e.

ERi | Uk = wt, Sj = 1) + E(Ri | U = ugn, -1, S = 1)
= ERi | Uy = wy, S; = 0) + E(R | U = wge v, -1, S5 =0) =1
N,
for / = 0,...,7k— 1; and

E(Ri | Uk = gy 2, Sj = 1) = E(Ri | Ug = ug n, 2, S; = 0) = 0.5.
We require one additional piece of notation to present the theorem. Recall the definition of the mean

of K judges’ probability estimates of event j, M (Ié . Analogously, define the mean expected estimate as,
E%) = [ZkE(Réj))] /K, where E(Rz;’)) is the expected estimate of judge k to event j.
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Theorem: If assumptions 1-4 hold, then for a given event j for K judges

@ EY>05 if S;=1 and EY <05 if §;=0
1t MY > 05

(b) as K —>o0, P(S;=1MP)— , 0
0 if MY <0.5
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