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ABSTRACT

Erev, Wallsten, and Budescu (1994) demonstrated that over- and underconfidence
can be observed simultaneously in judgment studies, as a function of the method
used to analyze the data. They proposed a general model to account for this
apparent paradox, which assumes that overt responses represent true judgments
perturbed by random error. To illustrate that the model reproduces the pattern of
results, they assumed perfectly calibrated true opinions and a particular form
(log-odds plus normally distributed error) of the model to simulate data from the
full-range paradigm. In this paper we generalize these results by showing that they
can be obtained with other instantiations of the same general model (using the
binomial error distribution), and that they apply to the half-range paradigm
as well. These results illustrate the robustness and generality of the model. They
emphasize the need for new methodological approaches to determine whether
observed patterns of over- or underconfidence represent real effects or are
primarily statistical artifacts. © 1997 by John Wiley & Sons, Ltd.
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In an earlier paper, we (Erev, Wallsten, and Budescu, 1994) analyzed an apparent paradox in the
empirical judgment literature. Numerous studies of revision of opinion (reviewed, for example, by
Edwards 1968; Fischhoff and Beyth-Marom, 1983; Rapoport and Wallsten, 1972; Slovic and
Lichtenstein, 1971) concluded that subjects’ estimates of probability following the observation of data
are not sufficiently extreme relative to the predictions of Bayes’ theorem. We refer to this pattern, which
was called conservatism in the earlier literature, as underconfidence. In a different paradigm, when
subjects are asked to estimate the probabilities that statements, answers to questions, or forecasts are
correct, their assessments generally are more extreme than the corresponding relative frequencies
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correct. This pattern suggests that subjects are overconfident in their judgments. (For reviews of this
literature on calibration, see Keren, 1991; Lichtenstein, Fischhoff, and Phillips, 1977, 1982; McClelland
and Bolger, 1994; Wallsten and Budescu, 1983; Yates, 1990.)

To determine whether the conflicting pattern of results are due to fundamental differences in how
subjects handle internal and external sources of uncertainty (Budescu and Wallsten, 1987; Howell,
1972; Howell and Burnett 1978; Kahneman and Tversky, 1982; Teigen, 1994) or to the methods of
analysis (i.e. analyzing objective probabilities (OP) as a function of subjective probabilities (SP), or vice
versa), Erev et al. (1994) applied both types of analyses to three sets of judgments involving internal
and/or external uncertainty in paradigms in which the two definitions of OP can, in principle, coincide.
In all cases they found simultaneous over- and underconfidence as a function of the analysis used
(also see Wagenaar and Keren, 1985). These results suggest that the dual patterns do not necessarily
reflect different information processing modes. They are, however, consistent with a general pattern
of reversion to the mean (Samuels, 1991), which generalizes the better-known (linear) regression to the
mean. Thus, it is possible that the phenomena of over- and underconfidence are, at least to
some degree, statistical consequences of how the data have been analyzed. To further illuminate this
possibility, Erev et al. (1994) proposed and illustrated a class of stochastic models that explicitly
incorporate a random error component and reproduce the empirical regularities observed in these
data sets.

These judgment models assume four constructs, each represented by a random variable: true
judgment, T, error, E, covert confidence, X, and response, R. The values of T, t;, denote the subject’s
true judgment of the likelihood of event i. Thus the distribution of 7" depends on the items in the set
being judged. We assume only that 0 < #; < 1. The values of E, ¢;, denote a random error component
on trial j. When considering the likelihood of event i at time j, the subject experiences a degree of
confidence, x;; € X, which depends on #; and e;. That is,

X =f(T,E) (1)

A response rule translates the covert feeling x;;, into an overt response, r; € R in the [0,1] interval.
That is,

R = g(X) 2)

First, we need to elaborate on the appropriate interpretation of true judgment and error in this
context. Our discussion relies heavily on the views articulated by Lord and Novick (1968) in the context
of the theory of mental tests, and applied to analysis of probability judgments by Wallsten and
Budescu (1983). It would be unnatural, and totally unrealistic, to think of the true subjective probability
of an event (e.g. ‘the Dow Jones industrial average will increase by more than 50 points next week’ or
‘rain tomorrow’) in the same Platonic sense as one thinks of zrue physical measures, such as the true
distance between two points or the true mass of an object. Rather, the concept of a true subjective
probability is based on the idealized assumption that a given respondent can repeatedly and independ-
ently form judgments regarding a class of equivalent events /. The true value is the judgment, ¢;, the
subject would have if he or she could operate in a fully repeatable and error-free manner on all these
occasions. For example, a weather forecaster operating during a certain season in a given location
forms numerous probability judgments regarding the likelihood of precipitation under a set of atmos-
pheric and meteorological conditions which, for all practical purposes, can be considered equivalent.
However, the forecasts provided on these various occasions will not necessarily be identical. The
variation may be due to subtle differences in how the forecaster perceives, codes, interprets, or
aggregates the information; to random fluctuations in his or her mood or physical state; or to all the
above factors. We refer to the combined effect of all these momentary and unpredictable factors as
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error. We assume, quite naturally, that these errors cancel out at the judgment level (i.e. have a mean of
zero) and refer to the judgment variability induced by these factors as error variance. Under mild
technical assumptions, it is possible to show that the average judgment will converge to a constant
value. It is this hypothetical constant that we refer to as the frue judgment. This description is fully
consistent with Thurstone’s classical model for the laws of comparative and categorical judgments
(Thurstone, 1927a,b). Similar models of true score + random error were invoked in many other
instances in the judgment and behavioral decision literature (e.g. Schoemaker and Hershey, 1992, for
the measurement of utility; Ravinder, Kleinmuntz, and Dyer, 1988, in the analysis of decomposed
subjective probabilities; and Ravinder and Kleinmuntz, 1991 for a variety of measurement problems in
additive multiattribute utility models).

This formulation applies quite naturally to repeatable events in which the uncertainty stems
primarily from external factors. Typical examples are meteorological or financial forecasts provided
under highly similar circumstances. The same formulation can, however, be applied to almanac or
general-knowledge items in which uncertainty is primarily associated with internal sources. It is well
established that when respondents are not fully certain with regard to the answer of a specific item their
estimates may vary across replications. This explains why test—retest reliabilities of objective aptitude
and intelligence tests are less than perfect, and also the high attractiveness of probabilistic test forms as
a means of expressing partial knowledge (e.g. Ben Simon, Budescu, and Nevo, in press). In a more
general sense, for each respondent, one can consider items of equal difficulty from a well-defined domain
to be repeatable events for our purposes (e.g. Was the 1995 population of [Nashville, Cincinnati, New
Orleans, Columbus] greater than one million? Did [Frankfurt, Bremen, Bielefeld, Regensburg] have
soccer teams in the Bundesliga in the 1995-6 season of play?).

Equations (1) and (2) constitute a very broad class of models. Various special cases can be derived by
making assumptions about the nature of f, g, and the error distribution. We (Erev et al., 1994) used one
instantiation of this class of models to demonstrate the hypothesized pattern of results. For purposes of
the illustration, we assumed a fifth random variable, P, with p; € P representing the objective
probability of event 7, and, furthermore, that true judgment is accurate, i.e. T = P. To simulate a wide
range of subject differences and experimental conditions, we derived predictions from the particular
instantiation for various joint probability distributions over the true probabilities, #;, and response
categories, ¢, (i, k = 0, ..., 10), which we then summarized in either of two ways depending on which
analysis we were mimicking (see Murphy and Winkler, 1992). We examined all combinations of three
distributions of true probabilities and four levels of error variability, o, across eleven response
intervals. The three distributions were uniform, U-shaped, and W-shaped. The four values of
o employed were 0.5, 1.0, 1.5, and 2.0. The paradoxical double effect was obtained in all cases. Its
magnitude depended on the error variance and, to a lesser extent, on the shape of the distribution of
true probabilities. We concluded in Erev et al. (1994) that there is good evidence that observed over-
and underconfidence in judgment tasks is due, at least in part but not necessarily entirely, to the
statistical methodology employed in the depiction and analysis of the results.

The voluminous literature on the inaccuracy and miscalibration of human judgments has, relatively,
little to say about the actual psychological processes used by the judges, and no universally accepted
model dominates this literature (see McClelland and Bolger’s review from 1994). Given this state of
affairs, general theoretical claims regarding the relevance, or importance, of certain factors must be
shown to hold under a wide variety of models and circumstances. In this paper we seek to establish the
generality and robustness of the Erev et al. (1994) results by showing that they are replicated under
alternative assumptions about the nature and magnitude of the error components, and using other
response scales. These illustrations re-emphasize the importance of considering and explicitly
modelling the relation between judgment and response and the concomitant effects of random error in
judgment studies. In the companion paper (Budescu, Wallsten, and Au, 1997) we propose and illustrate
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an alternative method of analysis that allows one to determine whether there is evidence of systematic
over- or underconfidence beyond the level expected given the random error in the data.

ALTERNATIVE MODELS OF ERROR

The most general form of the Erev et al. (1994) model relies on very weak and reasonable assumptions.
However, more specific and, possibly, restrictive assumptions are required to implement the model and
derive of quantitative predictions. Erev et al. (1994) assumed a log-odds relationship between a ‘full
range’ (0—1.0) response scale and the underlying confidence. Moreover, we assumed for purposes of
illustration that judges are perfectly calibrated in their true judgments (see details below). In this
section we will present three variations on this theme. The first model uses a binomial distribution of
error and a different response rule. Our second and third models apply to judgment tasks using the
‘half range’ (0.5—1.0) scale, and invoke the log-odds and the binomial models respectively.

The full-range log-odds model

Erev et al. (1994) assumed that the degree of confidence experienced by an individual when considering
the likelihood of event i is not limited to a bounded closed interval, rather —oo < x; < 0o. More
specifically, the degree of confidence was represented as an additive combination of error plus a
log-odds transformation of ¢;. That is,

t;
Xij = 1H<1 — t,) +¢ 3)

0 <t; < 1. Errors were assumed to be independently, identically, and normally distributed with
EV(E) = 0, and Var(E) = ¢°. To specify the response rule, Erev ef al. postulated that X is mapped via
a continuous strictly increasing response function into the [0,1] interval:

evi
Yi/ = 1 + e

(4)

Finally, to obtain a discrete response scale consistent with the common observation that subjects tend
to respond in units that are multiples of 0.05 or 0.10 (e.g. Wallsten, Budescu, and Zwick, 1993), Erev
et al. assumed that y; is mapped into response categories ro, 71, . . . , I, by means of response cut-offs,
e,k =1,...,n,such that 0 < 7 < ... < m, < 1. The response rule is to respond:

o iff Y@/ < II;
I iff Hi<Ylj<Hi+l l=1,,l’l—1 (5)
mo iff I, < Yy

A full range binomial model ) .
Our first model applies to the same response format, i.e. full-scale using the [0,1] range, but assumes a

different internal judgment process that is captured by another model. Whereas Erev et al. (1994)
assumed that one’s internal degree of confidence is mapped onto a continuous and unbounded scale
(which is translated to a bounded probability scale only at the response stage), the current version
constrains the internal representation of confidence to be in the [0,1] range as well. The model implicitly
assumes that one constructs confidence in the truth of an event by successively sampling and
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accumulating evidence. The degree of confidence is quantified as the proportion of confirming items.
The level of random error is modelled by the number of items considered. Specifically, the smaller this
number, the higher the error variance. The level of error can be affected by external factors (e.g. time
pressure that prevents one from considering all relevant information), or internal ones (e.g. one’s
inability to come up with more pieces of relevant information regarding ‘hard items’). The model to
this point is essentially identical to the one developed and used by Soll (1996), as well as by Juslin,
Olsson, and Bjorkman (1997) and can be thought of as a sampling version of Bjérkman’s (1994)
internal cue model. Juslin er al. (1997) have argued, convincingly, that in a process of judging
probabilities, random error can play an important role at the judgment and/or response stage.
Therefore, unlike our log-odds or Soll’s (1996) model that invoke deterministic response rules, we
propose a probabilistic response mechanism, so random error is present at the response stage as well.
To present these ideas formally, we assume that the subject’s judgment,
m

arises according to a binomial distribution with parameters #; and m (a positive integer inversely related
to degree of error in judgment). b; is an integer from 0 to m reflecting momentary strength of
confidence on trial j given underlying probability #;. To interpret b;, one might assume that in a
calibration context the respondent considers each item m times, or comes up with m pieces of
information about that item, of which b; suggest the statement is true and the remaining suggest it is
false. When the environmental probabilities correspond to relative frequencies, the subject might
imagine m trials, on b; of which the event occurs.

As with the log-odds model, we assume that the subject partitions the [0,1] response interval into
n + 1 categories by thresholds denoted 7;,0 <7 < ... <7, < 1, and selects the centers of those
categories, rg, ..., I, as the response set. We also assume that the values of the response set are
equivalent to the set of environmental probabilities, p;,i = 1,...,n + 1, and that the subject’s true
judgment is accurate, i.e. t; = p;.

A response rule analogous to equation (5) will not work now, because some values of b/m may span
two categories and values of m < 10 will exclude some categories altogether. Instead, we adopt a
probabilistic ‘matching’ model. Realizing that b can be generated by several of the possible ¢; categories,
we assume the respondent selects one of them by a random process in which the probability of selecting
each response category is proportional to the posterior probability (conditional on » and m) of the
corresponding judgment category:

Pr(ry | b, m) o< Pr(t | b, m)
But because the constant of proportionality Z;?;rll Pr(¢; | b, m) sums to 1, this reduces to:
Pr(ri | b, m) = Pr(t; | b, m) @)

We applied the model to 12 cases using 11 response categories with rg,7; = 0.025,0.10,
0.20,...,0.90,0.975 and the same three prior distributions (uniform, W, and U-shaped) over p;,
and therefore over ¢;. The four levels of error variance were obtained by usingm = 5, 10, 15, and 20.
Exhibits 1 and 2 summarize the results. Calculation of S(p;) = EV(R|p;) for all i corresponds to
analyses when OP is defined. In words, S(p;) is the mean judgment associated with events that have true
probability p; when OP is defined, as in revision of opinion tasks. Calculation of O(ry) = EV(P|ry) for
all k corresponds to analyses when OP is not defined. O(ry) is the mean objective probability associated
with all items within each response class (actually, expected relative frequency correct for that response
class), as typically calculated in calibration experiments.
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Exhibit 1. Mean relative confidence measures, CONF, and CONF, for twelve illustrative examples of the
Binomial model with eleven response categories

Prior distribution m —CONF, = CONF; o/U
U-shaped 20 0.008 0.008
15 0.010 0.010

10 0.015 0.014

5 0.029 0.028

Uniform 20 0.022 0.020
15 0.028 0.025

10 0.040 0.036

5 0.071 0.065

W-shaped 20 0.027 0.019
15 0.034 0.024

10 0.047 0.033

5 0.080 0.056

To obtain the entries in Exhibit 1, we calculated for each case the average signed deviation, defined
such that for both measures, positive values indicate overconfidence and negative values imply
underconfidence. The indices, CONFs and CONF,, are the average (over/under)confidence when the
analysis is conditional upon SP and OP, respectively. Formally, the measures are given by:

1
CONF, = NL Z Ni(pi — S(p) + Z Ni(S(pi) — Pi)J (8a)
pi<0.5 pi>0.5
and
CONF; = 11,\‘ Z Ni(O(r) — 1) + Z Ni(re — O(Vk))J (8b)
e <0.5 re>0.5

where N;/N is the proportion of observations in the corresponding probability or response category,
respectively.!

Unlike other measures of over-or underconfidence (e.g. Juslin, 1994; Ronis and Yates, 1987), ours
excludes the central category. We do so because the concepts of over- and underconfidence are not well
defined for SP or OP = 0.5 in a full-scale response paradigm, and our model implies perfect accuracy
(i.e. S(P;) = p; and O(ry) = r¢) in this interval. Others have handled this problem by treating the
contribution of SP = 0.5 responses to the over/underconfidence score (O/U in their terms) as 0.> In
fact, because the binomial and log-odds models guarantee that the calibration curves (Exhibit 2) go
through (0.5, 0.5), our index relates to O/U according to O/U = (1 — q)CONF;, where ¢ is the
proportion of responses in 0.5 category. The O/U values are given in the last columns of Exhibit 1.

I Erev et al. failed to include the N; or Ny in their formulae. That was an error in writing the equations. All calculations with
those equations were done correctly.

2 In fact, other authors first convert full-scale to half-scale responses by assuming that any event eliciting a response greater than
0.5 would be called true and assigned the stated probability, SP, of being correct; an event eliciting a response less than 0.5 would
be called false and assigned the probability of 1-SP of being correct; events eliciting SP = 0.5 would be called true or false each
half the time and be assigned 0.5 of being correct. The effect of this rule is to guarantee that full-scale responses of 0.5 contribute
0 to the O/U score.
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1.0

0.8

0.6

0.4

0.2

| Uniform

Exhibit 2. Mean objective probability (OP) as a function of subjective probability (SP) (The S-curve, denoted
by A) and mean SP as a function of OP (the O-curve, denoted by M) for twelve instances of the binomial model
defined by three prior distributions (U-shaped, Uniform, W-shaped) and four sample sizes (m = 20, 15, 10, 5).
The abscissa increments in units of 0.1 beginning at 0, as indicated for each pair of curves.

The results, shown in Exhibits 1 and 2, are very similar to those from the log-odds model. The plots
in Exhibit 2 show that the double effect is obtained. This plot (and some of the others in the sequel) is
oriented in a manner which is common in studies where OP is defined and manipulated (i.e. OP on the
abscissa and SP on the ordinate). Indeed, the O-curve shows the typical pattern of underconfidence,
i.e. SP > OP when OP < 0.5, SP < OP when OP > 0.5, and SP = OP at 0.5. The orientation of
the S-curve is opposite to the one usually used in the calibration research but after making the
appropriate adjustment (e.g. by rotating the exhibit so that SP is on the abscissa), the standard pattern
of overconfidence for the S-curve emerges (i.e. OP > SP when SP < 0.5, OP < SP when SP > 0.5, and
SP = OP at 0.5). The numerical values in Exhibit 1 illustrate that the magnitude of the effects depends
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on the amount of response error. The effect is weakest in the U-shaped distribution.? (In fact, it does
not appear in the case where m = 15 or 20 for p; = 0.1 and 0.9.) Because of the matching nature of the
response rule used in this model, CONF; = —CONF, by definition.

Half-range models

So far we have assumed that the subject responds in the [0,1] range. In fact, many experiments employ a
half-range procedure in which the subject first identifies the most likely of two alternatives and then
states its probability in the [0.5, 1] range. This format is especially popular in calibration experiments
(e.g. Lichtenstein et al., 1982), where subjects first select the more likely of two possible answers (e.g. ‘Is
absinthe a precious stone or a liqueur?” or “Will the Chicago Bulls win the next NBA championship?’)
and then judge the probability of being correct. In some revision of opinion experiments (e.g. Phillips
and Edwards, 1996), subjects first identify which of two data generators (e.g. urns) is most likely and
then give a half-scale probability estimate of their confidence in this determination.

This seemingly minor change in the procedure has several important implications. First, Sniezek,
Pease, and Switzer (1990) have shown that the act of choosing prior to the expression of confidence
affects the subsequent judgments. Their results suggest that the choice followed by half-scale judgments
leads to deeper processing of the information and to superior judgments. In other words, the change in
the procedure may affect the psychological process invoked by the judge. Second, the change in the
procedure imposes certain restrictions on the interpretation of the results. Note that the judge always
starts with a binary classification reflecting his subjective beliefs about the ‘true’ state (e.g. absinthe is
a liqueur, the sample is from urn A), and then provides a probability judgment that the decision
is correct conditional upon this classification. Thus the probabilistic judgments made by the subjects
(and analyzed by the experimenter) do not refer to the truth or falsechood of objective events with
observable counterparts in the external world. Rather these are estimates of the probability that a
certain subjective decision is correct. Clearly, in the half-scale format the analysis must, by definition,
be conditional on the subjects’ responses. Therefore, in this section we no longer examine the two
possible types of analysis (and the paradoxical pattern of simultaneous over- and underconfidence).
Instead, we focus on the case where the analysis of probability judgments is conditional upon the
responses of the judges.

Finally, the half-scale procedure induces a slightly different pattern of results. Most empirical
calibration studies using general-knowledge items document a consistent pattern of overconfidence
under the half-range procedure (e.g. Lichtenstein et al., 1982). Within this result, however, the relative
frequency of correct judgments at 0.5 exceeds 50% (e.g. Figure 2 in Lichtenstein et al., 1982, summar-
izing four experiments; Ronis and Yates, 1987). It is of interest to determine whether ‘True + Error’
models of the sort developed here can capture this overall pattern.

A natural extension of our models to the two-alternative procedure assumes that the subject
considers one of the alternatives and, as in the regular full-scale task, experiences a degree of confidence
x;. If x;; > £(0.5, 0) (cf.equation (1)), the subject chooses it as the answer, and assesses the probability
of being correct as y;; (the full-scale response given x;). If x;; < £(0.5, 0), the subject chooses the other
alternative as the answer and assesses the probability of being correct as 1—y;;.

We used this approach in applying the log-odds model to the two-alternative case with responses
restricted to 0.5, 0.6, ..., 0.9, 0.975. Exhibit 4 shows the results under a subset of the conditions
examined in the full-range case (omitting the U-shaped distribution). Two comments are in order.

3 Juslin et al. (1997) showed that this result is not universal. They examined a different version of the Binomial model in which
the matching response mechanism is replaced by a deterministic one and found, invariably, overconfident judgments.
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Exhibit 3. Mean relative confidence measures, CONF; and, O/U; for eight illustrative examples of the log-odds
model with six response categories (half-range procedure)

Prior distribution m CONF; O/Ug; Bias at p = 0.5
Uniform 0.5 0.020 0.013 —0.003

1.0 0.070 0.058 —0.010

1.5 0.111 0.096 —-0.015

2.0 0.156 0.138 —-0.016
W-shaped 0.5 0.037 0.025 —-0.017

1.0 0.077 0.063 -0.017

1.5 0.116 0.100 -0.017

2.0 0.154 0.136 —0.018

Unlike Exhibit 2 where we were looking at the dual pattern, these results are plotted in the usual
fashion for calibration studies, i.e. OP = f(SP). Also note that although we continue to use the labels
SP and OP for the two axes, their interpretation is slightly different: SP denotes the subjective
probability that the event was classified/predicted correctly by the judge and OP is the objective
proportion of correct decisions. The calibration curves show agreement between the full- and half-
range results at all responses except that of 0.5. Whereas in the full-range procedure the judgments were
perfectly calibrated with OP(0.5) = 0.5, now they are slightly underconfident with OP(0.5) > 0.5 as
observed in some empirical studies. The effects are summarized quantitatively in Exhibit 3 in terms of
the mean CONF, the corresponding O/U and bias at p = 0.5. As in the full-scale case, the level of
overconfidence (measured by CONF, and O/Uy) increases monotonically with the level of error.

We applied the binomial model to the half-range case in a slightly different fashion using other
assumptions regarding the subject’s judgments. Assume that for a given item whose alternatives have
complementary probabilities correct of (0.5, 0.5), (0.6, 0.4) (0.7, 0.3), (0.8, 0.2) (0.9, 0.1) and (0.975,
0.025), the judge can always identify the most probable alternative (or pick one at random in the
equiprobable case). On the basis of m independent pieces of information, » of which support the truth
of the first alternative, the respondent needs to select a response. The same probability matching rule
used in the full-range case is applied here, but the matching is performed across the six pairs.

We used the same values of m to model levels of error as in the full-range case in conjunction with a
uniform distribution and a U-shaped distribution over the six pairs of probabilities, obtained by
folding the W-shaped distribution considered earlier. The results are summarized in Exhibits 5 and 6.
On average, all cases display greater overconfidence at higher levels of error variance (lower m).
Whereas in the full-scale case the judgments were perfectly calibrated at p = 0.5, here they are biased in
a direction that matches empirical data. This pattern is more pronounced and evident than in the
log-odds model for the half-scale task. The S-curves obtained for high-variability cases resemble
empirical results reported by Lichtenstein et al. (1977) for ‘easy items’ and by Gigerenzer, Hoffrage,
and Kleinbolting (1991) for a ‘representative set’ of items in calibration studies.

FINAL REMARKS

This paper continues the line of work originally presented in Erev et al. (1994). We showed that a
variety of prevalent empirical patterns of over- and underconfidence can be obtained from a single data
set due simply to the presence of random error. Our illustrative models assumed that overt responses
depend on the subject’s true (well-calibrated) judgment as well as an error component. The results were
that, unless the error variance is very small, the dual over- and underconfidence patterns appear. The
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1. c=0.5
!Uniform o=1
0.9 c=1.5
c=2
0.8
OoP
0.7
0.6
0.5
0.5 0.5 0.5 0.5
sSpP
1 =
c=0.5 __;
W shaped o=1.5
0.9
c=2
0.8
OP
0.7
0.6
0.5
0.5 0.5 0.5 0.5

SP

Exhibit 4. Mean objective probability of being correct (OP) as a function of subjective probability of being
correct (SP) (the S-curve, denoted by A) for eight instances of the half-range log-odds model defined by two prior
distributions (uniform and U-shaped) and four levels of error variance (¢ = 0.5, 1, 1.5, 2). The abscissa
increments in units of 0.1 beginning at 0.5 as indicated for each curve.

models we used had little to say about the psychological processes that may give rise to these
judgments, nor are they wedded to a particular error distribution or a specific rule for combining true
judgment and error. For demonstration purposes we assumed two very different formulations
(log-odds and binomial) and applied them to both full- and half-range responses.
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Exhibit 5. Mean relative confidence measure, CONF; and O/Uj, for eight illustrative examples of the Binomial
model with six response categories (half-range procedure)

Prior distribution m CONF; O/Us Bias at p = 0.5
Uniform 20 0.014 0.000 —0.070
15 0.016 0.000 —0.082
10 0.020 0.000 —0.101
5 0.027 0.000 —0.137
U-shaped 20 0.072 0.037 —0.044
15 0.083 0.042 —0.053
10 0.100 0.050 —0.068
5 0.130 0.060 —0.103

It is possible, of course, to explore many alternative error models and experimental paradigms.
Several recent papers have done precisely this and, without exception, have reached similar con-
clusions. Kleiter (1995) and Pfeifer (1994) have obtained spurious overconfidence with a model
assuming beta distributions of error (which, of course, are closely related to the binomial); Gigerenzer,
Hoffrage, and Kleinbélting’s (1991) Probabilistic Mental Model assumes subjects have accurate
knowledge of cue validities over an entire knowledge domain (corresponding to the assumption that
t; = p,; in our system). Bjorkman (1994) extended this work by suggesting that cue validity is neither
internally stable nor translated precisely into overt responses. As it happens, our binomial model is an
ideal representation of Bjoérkman’s Internal Cue Theory. It handles all of his results, simply as a
consequence of yielding overlapping response distributions conditional on #;, and, as already shown,
mimics the standard empirical findings. Soll (1996) simulated judgments generated according to
another variation of the PMM (one with multiple and interrelated cues) combined with a binomial
distribution of random errors and concluded that measures of (apparent) overconfidence vary directly
and depend to a good degree on the amount of noise in the responses. Most recently, Juslin, Olsson,
and Bjorkman (1997) considered effects of adding an error component at either the judgment or the
response stage of a PMM-like model.

We are not making special claims regarding the log-odds and binomial models, although they are
both reasonable. In fact, we believe that most models that (1) distinguish overt response from covert
judgment and (2) explicitly disentangle true judgments and random error will lead to quite similar
results. Recent work by Bjorkman (1994), Juslin ez al. (1996), Kleiter (1995), Pfeifer (1994) and Soll
(1996), as well as the four models described in this paper, strongly support this conjecture. We hope
that these results will convince judgment researchers and applied decision analysts that any inference
regarding the nature and magnitude of biases in probability judgment must take into account the type
and amount of error involved in the process. In other words, to establish the existence of true over- and
underconfidence, one must first be able to discount the possibility that the observed patterns are
artifactual and due to the effects of random error.

We are not arguing that under- and overconfidence are necessarily entirely, or even primarily,
statistical artifacts. The results presented by Erev ez al. (1994), Pfeifer (1994), and in the previous
sections indicate how error can induce the apparent over- and underconfidence. All these simulations
show is that, if random error is sufficiently large, it can create the appearance of over- or under-
confidence in cases where, in fact, the judge is well calibrated. In light of these results, our main thesis is
that the relation between SP and OP in a particular context, and all inferences about the existence of
biases in judgment, can be established only after controlling for random factors in judgment or
response. [t is possible that in the absence of error, real under- or overconfidence will emerge. But other
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Exhibit 6. Mean objective probability of being correct (OP) as a function of subjective probability of being correct
(SP) (the S-curve, denoted by A) for eight instances of the half-range binomial model defined by two prior
distributions (uniform and W-shaped) and four sample sizes (n = 5, 10, 15, 20). The abscissa increments in units
of 0.1 beginning at 0.5 as indicated for each curve.

patterns may obtain as well. A pleasant outcome under such circumstances would be that no bias is
observed, but that true judgments are accurate.

One potential weakness of the previous results is that they are based on a set of assumptions about
the magnitude of the error and of the prior distribution of opinions. Thus, their relevance to the
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empirical study of probability judgment depends on the appropriateness of the assumptions regarding
the magnitude of the error. We consider the assumptions to be reasonable, and feel reassured by the
robust pattern observed over a variety of models. Others, however, may feel differently.

In the companion paper, (Budescu et al., 1997) we propose and illustrate a methodology designed to
assess and characterize the degree of true over- or underconfidence with empirical data, i.e. in
situations where the assumptions invoked in the various simulations are replaced with parameters
estimated from the subjects’ empirical judgments. More specifically, we show how this methodology
can be applied to calibration studies to determine whether there is sufficient evidence to reject the
hypothesis that judgments are perfectly calibrated.
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