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§ % Applications

Combinatorial Optimization, like TSP, Maximal Cut,
Scheduling and Production Lines.

Machine Learning
Pattern Recognition, Clustering and Image Analysis
DNA Sequence Alignment

Simulation-based (noisy) Optimization, like Optimal Bauff
Allocation and Optimization in Finance Engineering

Multi-extremal Continuous Optimization

NP- hard Counting problems: Hamiltonian Cycles, SAW'’Ss,
calculation the Permanent, Satisfiability Problem, etc.
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¥ % #P-Complete Counting Problems

The Hamiltonian cycleproblem: How many Hamiltonian
cycles has a graph?

Thepermanenproblem: What is the permanent of a
matrix?

Theconnectivityproblem: Given two vertices in a graph,
how many distinct paths are there between them?

Theself-avoiding random walproblem: How many
self-avoiding random walks exist of siz&
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% More Examples

The k-coloring problem. Givenk distinct colors, in how
many different ways can we color the nodes/edges, so that
each two adjacent nodes/edges has a different color?

The satisfiability problem. How many sets of Boolean
variables satisfy a given set of Boolean clauses?
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% Self-Avoiding Walk (SAW)

This is an example of a SAW of lengliy0?
18 . . . . T T T T T T

16 N e
14 <?_7L?——<?__
o [T T
of

|~ S Ee

-8 -7 6 -5 4 -3 -2 -1 0 1 2 3 4

How many SAW’s are there of length n?
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% Counting Hamiltonian Cycles

How many Hamiltonian cycles does this graph have?
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My intention is to give a simple intoduction to the Minimum
Cross-Entropy (MinxEnt) methods for counting and
optimization. But as Eintsain said:

Every thing should be made as
simple as possible but not simpler.
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g % Counting via Monte Carlo

We start with the following basic

Example.

Assume we want to calculate an area of same “irregular" regio
X*. The Monte-Carlo method suggests inserting the "irredular
regionX’* into a nice “regular" onet’ as per figure below

2 . Set of objects (paths in a graph,
colorings of a graph, etc.)

2 * . Subset ofspecialobjects (cy-
cles in a graph, colorings of a cer-

& tain type, etc).
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§ % Counting via Monte Carlo

To calculatd X*| we apply the following sampling procedure:
() Generate a random sampke,, ..., Xy, uniformly
distributed over the “regular” regiof’.

(ii) Estimate the desired are&’™| as

|| = €],
where
ZZ — ] *
NX N; {XkEX }7

It x, cx+y denotes the indicator of the evejX, ¢ A*} and

{X} is a sample frony(x) over X', wheref(x) = EiE
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§ % Counting via Monte Carlo

The above formula

AN

| = ] X]

IS also valid forcounting problems, that is whereX™
presents a discrete rather a continuous set of points. For
example, in HC problem

1. 2 isthe entire set of tours in the graph. Note that
2= (n—1)!

2. Z*Is the subset of tours of length
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g % Counting via Rare-Events

Note that for counting problems

NS
2]

4

= Eu[l{xcx+]

IS typically very small, so the naiverude Monte Carl@stimator
of / Is useless. It is easy to show that using importance sampling

we obtain
1

g(X)]'

The IS estimate ofY*| is therefore
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§ % Chosing the IS pdfg(x)

The best choice fof is, clearly,g*(x) = 1/|X*|, € X*, which
IS theuniform distribution on X*. Underg* the estimator has
zero variance, since the random variab@?\ = const, SO that
only one sample is requiredHowever, sampling from sucji is
iImpractical, since it requires availability of our targetlwe|X™*|.
To overcome this difficulty we shall show in the following
sections how to construct "good" (law variance) IS sampliéspd
g(x) (parametric and nonparametric) for different #P-complete
counting problems.
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Combinatorial Optimization: TSP

ITERATION 1

ITERATION 0

Probability

Probability

Probability
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% Counting Hamiltonian Cycles

How many Hamiltonian cycles does this graph have?
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Calculating the Number of HC's
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i

Hamiltonian Cycles: Performance of
our Algorithm

Performance of Algorithm fon = 30, n = 0.15 and

N = 100, 000
t 0 1 2 3 4 5 6

Average || 8.1E+04 | 7.2E+04 | 6.1E+04 | 7.7E+04 | 6.6E+04 | 6.5E+04 | 6.5E+04
|76—\\ Min 1.2E+04 | 4.8E+04 | 3.9E+04 | 5.1E+04 | 5.4E+04 | 4.5E+04 | 4.4E+04
Max 1.9E+05| 1.5E+05| 7.8E+04 | 3.5E+05| 1.0E+05| 8.8E+04 | 8.8E+04

g 0.535 0.237 0.132 0.571 0.122 0.144 0.210

€ € 0.007 0.010 0.006 0.053 0.009 0.028 0.029

e* 1.324 1.106 0.354 1.630 0.567 0.356 0.355

K 0.677 0.405 0.383 0.251 0.211 0.188 0.124
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Satisfiability Problem: Numerical
§ % Results

Table 1: Performance of the MinxEnt algorithm for the random
2-SAT with the clause matrixd = (100 x 110) and N = 150000

| ]
Mean Max Min \ PV | RE
0.00 0 0 |0.0000] NaN

5.1e+012 2.9e+013 0 | 0.0000| 1.8781
8.9e+013 2.4e+014 5.3e+008.0062| 0.9833
5.3e+013 1.6e+014 6.0e+01D.1256| 0.9699
10| 8.3e+013 1.4e+014 3.4e+013.1344| 0.3398
12 | 8.5e+013 1.1e+014 6.0e+013.1019| 0.1748
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Satisfiability Problem: Numerical
% Results

Figure 2: Typical dynamics of the MinxEnt algorithm

O e | O o —{ O e | O] p—m | O j—
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o
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§ % Rare-Events and MinxEnt (MCE)

Assume we want to estimate a rare events probability

b= Eulisx)<uy-

The flow chart of the connection between rare events prababll
{ = E.lsx)<pr» MCE and counting with a single constraint
looks like

{ZIZ ; S(QL‘) < b} — EuI{S(X)gb} — MCE — Count.

Consider next counting on the set
In this case the flow chart can be extended as

m

{ﬂ(SZ(:v) S bz)} — EUHI{Si(X)Sbi} — MCE — Count ’X*‘
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Background on MinxEnt Program

& (McE)

ming{ (glh) = flng() da:—IElngEX;}
(Po) st. [Sj(x)g(x)dx =E,S;(X)=0b;, j=1,...,k,

[g(x)dx =1, [h(x)de = 1.
(1)
Hereg andh arejoint n-dimensional pdf's on-dimensional
pmf's, S;(x), 7 =1,...,k, are known functions of an
n-dimensional vecto& andh is a known pdf, called thprior

pdf.
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§ % The MaxEnt Program

Whenh is unknown it is taken as ainiform pdf. In this case

. _ g(x) _ g(x)
Er(lir)l {D(g[h) = /1n h(w)g(w)dm =1E, In h(w)} (2)

reduces to

max {H(g) — / g(z) Ing(z)dz = —IE, lng(w)} )

g(x)

The original prograntP,) is called theKullback MinxEnt
program, while the one with uniform is called thelanes
MaxEntprogram.
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In this case the solution of the progrdir, ) is

_ h(w) exp{—S(a:)A} (5)
IE;, exp{—S5(X)\}

g()

and
IE;,S(X)exp{—AS(X)}
IE, exp {—AS(X)}

respectively. Note that should be obtained numerically.

=, (6)
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The Program:

minp D(p|u) = ming 2?21 piln

s. t. Z?:l) sz — b7 Zlepi — 17 Pi = 0.

The solution:

wiexpi—iA}y  Balixoy exp{=XA") i =1
2221 Uy eXp{—f,")\*} IEueXp{—X)\*} ’ g oo

*

p; —

and similarly .

Fast Minimum Cross- Entropy Algorithms for Solving NP-hard Counting and Optimization Problems: Presented Melbourne 2(



% Die Tossing Example

A, p and H(p) as function of b for a

fair die.

b A p1 p2 P3 P4 P5 P5 H(p)
1.0 00 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.00000
1.5 1.0870 0.6637 0.2238 0.0755 0.0255 0.0086 0.0029 0.95356
2.0 0.6296 0.4781 0.2548 0.1357 0.0723 0.0385 0.0205 1.36724
2.5 0.3710 0.3475 0.2398 0.1654 0.1142 0.0788 0.9544 1.61373
3.0 0.1746 0.2468 0.2072 0.1740 0.1461 0.1227 0.1031 1.74843
3.5 0.0000 0.1666 0.1666 0.1666 0.1666 0.1666 0.1666 1.79176
4.0 -0.1746 0.1031 0.1227 0.1461 0.1740 0.2072 0.2468 1.74843
4.5 -0.3710 0.0544 0.0788 0.1142 0.1654 0.2398 0.3475 1.61373
5.0 -0.6296 0.0205 0.0385 0.0723 0.1357 0.2548 0.4781 1.36724
5.5 -1.0870 0.0029 0.0086 0.0255 0.0755 0.2238 0.6637 0.95356
6.0 —00 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000 0.00000
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Statement: While estimating’ = T, { I;5x)=s) } we
shall use the IS estimator

N
_ h(X,)
— N 3 e,
l N — { {S(Xz)Zb}g(Xi) } )

where the pdf; is obtained from the solution of the MinxEnt
program

ming E,D(g, h) = min, [ In E ;g(az)da: = min, E, [ln %}
s.t. E,[S(X)] >0,

[g(x)dx = 1.
(7)
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§ % Rare-Events and MCE

We shall often use the parametric IS fothat is

~ 1 X u
gzmﬂ [[{“W”}JJZE k ; | o

whereh(x) = f(x,u) and the components @fin f(x,p) are

IE, X, exp {—5(X ))\}
E,exp{—S(X)\} ’ L

Pj = 5 T (9)

This is acheaved as follows: by summinge) over allxy, k # j,
we obtain the marginal pdf for theth component and then we
calculatep; = E, | X}]
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g % Multiple Rare-Events and MCE

Consider next counting on the set

X :{SZ(QZ') 2 bi, ]: 1,...,m},

where all components af are integers, say are binary variables.
In this case we associated with the above set the following
extended version of = IP,, {S(X) > b}

(=1, {ﬂ[s,,;(X) > bz-]} = Eu ||| lisi0200 | -

1=1

=1
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We write ¢ = 1P, {(,_,[5:(X) > b;]} as

(=T, { (Z (JZ-(X)> - m} —E, [[{Z%Ci(x):m} |

where
1=1 1=1

andC;(X) = Ig,x)>p,- Thus,l is the probability of the sum of
random variableg’;( X') being equal ton, wherem is the
number of constraints.
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g % Multiple Rare-Events and MCE

To estimate’ via IS we use the followingingle-constrained
MCE program

min, E,D(g, h) = min, fln e g g(x)dx = min, E, [ln hg‘;g}
st B, [0, CH(X)] = m

[g(x)dx = 1.
(10)
Note that in order for the above program to satisfyrall
indicator random variables each(X ) must be equal 1.
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Eg[i Ci(X)] =m
s
o(z) = S i;;gi’fif} Y
where
K, [Z?il Cz‘(X)eXP{_Z?:l ACJJ'(X)H —m. (12)

B, oxp { = Y7 ACH(X)
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¥ % Multiple Rare-Events and MCE

Lemma 1 The optimal\ is
A= —00.

Lemma 2 The optimal pdfg(x) in SME corresponds to a
uniform

pdf overthe sefx : S;(x) > b;, i =1,...,m}.

Lemma 3 For \ = —oo the optimal SME pdf;(x) coincides
with the classic IS

zero variance pdyf.
Sampling fromg(x) is typically difficult. The only way is
MCMC.
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ﬁ% Pincus Theorem

Let S(x) be a real-valued continuous function over closed
bounded domait’. Further assume that there is as a unique
minimum pointz* over X at whichmin, S(x) attains. Then the

coordinates of;, £k =1,...,n of x* are given by
—\S(x)d
T, = lim fxmkeajp (@) w, =1,...,n
A—oo [ exp—AS(x)dx

and the optimal pdf is

(z) = 1 exp—AS(x)dx
— 11111 .
J A—oo [ exp—AS(x)dx
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% Pincus Theorem

The proof of the theorem is based on Laplace formula, which fo
sufficiently large\ can be written as

/ rrerp—AS(x)dx ~ xiexp—AS(x™).
X
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§ % Multiple Rare-Events and MCE

The parametric versions is

By [X;exp{— 31", ACi(X)}]
Eo [exp{—2 2, ACi(X)}]

Since here only a sequence the vedtay} is updated (as in
contrast to the standard CE, where a sequence of tuples

{(v, p;)} i1s updated) we call the above new method, $éF (
semi-iterative CE).

p; = i=1,...,n.  (13)
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§ % Integer Programming: Counting

Our goal is to count the number of solutiods*| on the sett’*
of constraints of integer programs defined as

ZZ:l CLika :bi, 1 = 1,...,m1,
ZZzl CL]ka Z b]7 ] — 17 ey Mo, (14)
x >0, r,integer VE =1,....n.

Arguing as before we associate with the abovelsethe
following rare event probability

/= ]Ph{X c X*} = [, H ](ZZ:1 aikaqu;) H I(Z}Ezl aijkij)
| i=1 j=1 -
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§ % An Example: The SAT Problem

As a simple example consider the following SAT assignment

Ci ANCy = (21 VZ2) N(T1 VTV x3).
This can be written either as
(21 + T2) - (1 + T2 + 3)
or (in the form of constraints) as
r1+ (1 —x9) > 1

(1—$1)—|—(1—ZL‘2)—|—ZC321.
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§ % An Example: The SAT Problem

In terms of¢ we havel = IP,,(C + Cy = 2), where
Ci = Iix,—x,>00 andCy = Irx 1 x,—x4<1}, and each
X1,xo,X3 - {O, 1}
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Recall that the MCE program is
ming E,D(g, h) = min, [ In 7 Z; a:)da: = min, E, {1 M}

st. EgD_in, Gi(X)] =m, > g(x)dx =
(15)
The solution Is

E., {Z;’il Ci(X) exp {— 2 i1 ACJ‘(X)H ~
Ko {exp {— Z;n | A (X)H

oy BulXiexp {— 31, AC(X)}]
C Eyfexp{— 0 AGH(X)}]
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Associate with the set

ZZ:I CLZ'ka — bi, 1 = 1,...,m1,
ZZ:l aijk Z bj, ] — 1, ..oy Mo,
x>0, r,integerVk=1,....n

a single-constrained MinXEnt program

(17)

min, E,D(g, h) = min fln 9(@ ;g(w)da} = min, E, [ln M}

h(zx
st B[S0, C(X)] = m
[g(x)dx = 1.
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Recall that

N
Z ij exp{—)\t C(Xk)} W(Xk; uaﬁt—l)

b= kle , (19)

Z exp{— M\ C(X)} W(Xi;u,p,_4)

k=1

where)\ = —oc¢
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The Simulation-Based Counting
§ % Algorithm

Algorithm 0.1 (SME Algorithm for Counting)
1. Definep, = u. Sett =0, A = M, sayM = —100.

2. t+— t+ 1. Generate asamplX, ..., X y from the
densityf(x; p, ) and computég, as above.

3. Smooth out the vect@; according to
p,=ap,+(1—a)p,_, 0<a<l.

4. IfC(X) < m, reiterate from step 2. Else proceed with 5.

5. Estimate the counting quantity?™| as

A

1 < 1
2 = = .
’ N kZ CET (X ipy)
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% A Knapsack Problem

Performance of the CE Algorithm for the knapsack problennhwit
the instance matrixl = (20 x 11) and N = 10, 000. This

problem was taken from the website http://elib.zib.de.ndgull
enumuration we found that the total number of multiple exaem
IS 612.

Mean  Max Min PV RE S m | RD¢.
639.6 943.7 419.4f 0.00 | 0.225| 6.93 | 10 | 55.73
619.2 697.6 564.8 0.03 | 0.072 | 5.78 | 11 | 0.02
630.8 706.5 557.0 0.07 | 0.059 | 5.18 | 11 | 0.03
628.1 698.1 533.21 0.08 | 0.083 | 495 | 11 | 0.03
573.7 671.2 504.9 0.09| 0.083| 4.88 | 11 | 0.06
599.3 719.6 525.7, 0.09 | 0.100 | 4.72 | 11 | 0.03
576.9 646.4 508.0 0.09 | 0.071| 4.76 | 11 | 0.06

O 0o A WO N PP O
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% A Knapsack Problem

A typical dynamics of the CE Algorithm for the knapsack
problem with the instance matrit = (20 x 11) and

N = 10, 000.

:

_

T T T
: L L
2 4 6 8 10 12 14 16 18 20
1 T T T T T T T T T
05 I I I I I I I
0 ] I_I I I
2 4 6 8 10 12 14 16 18 20
1 T T T T T T T T T
- 05 I I I I I
0 ™ - |
2 4 6 8 10 12 14 16 18 20
1 T T T T T T T T T
42 0.5
oL m I [ I L1 1 . | I_I 1
1 2 4 6 8 10 12 14 16 18 20
T T ] T T T T \ T
05
X I [ L 11 . 1 1
2 4 6 8 10 12 14 16 18 20
1 T T T T T T T T T
~ 05
Y I I [ [ L1 1 “ 0 I [ I
1 2 4 6 8 10 12 14 16 18 20
T T \ T T T T T T
=
P [ L 0 . - I
1 2 4 6 8 10 12 14 16 18 20
T T T T T T T T T
205 I I I I I
0 | I I_I » I I
1 2 4 6 8 10 12 14 16 18 20
T T T T T T T T T
805 I I I
I . 11 1 . 0 I [ 0
2 4 6 8 10 12 14 16 18 20
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SUMMARY

Lemma 1: we have to learn to live with uncertainty
Theorem 1: We can model the uncertainty

Corollary 1: We can make a living out of uncertainty
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THANK YOU
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