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Department of Information Systems, Eötvös Loránd University, Budapest H-1117, Hungary
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Most neural optimization algorithms use either gradient tuning methods or complicated recurrent
dynamics that may lead to suboptimal solutions or require huge number of iterations. Here we propose
a framework based on the cross-entropy method (CEM). CEM is an efﬁcient global optimization
technique, but it requires batch access to many samples. We transcribed CEM to an online form and
embedded it into a reconstruction network that ﬁnds optimal representations in a robust way as
demonstrated by computer simulations. We argue that this framework allows for neural implementation and suggests a novel computational role for spikes in real neuronal systems.
& 2008 Elsevier B.V. All rights reserved.

Keywords:
Cross-entropy method
Spike-based reconstruction
Reconstruction networks

1. Introduction
Due to the stochastic nature of both the sensory information
and real neuronal system itself, it is common to view neural
information processing as a probabilistic inference problem [2].
While this twofold uncertainty as a fundamental framework is
usually accepted, the functioning itself is generally modeled as a
dynamical system in that the system has to reach a given state
while performing a task. Learning can then be seen as tuning
the parameters for the best performance. On the other hand,
functioning is usually deﬁned through forming internal representations that allow the system to reconstruct the inputs.
Particularly, ‘sparse coding’ (see e.g. [5,12]) using overcomplete
bases (that is when the number of basis vectors or features is
larger than the dimensionality of the input) has been suggested as
an ideal candidate for such representations. Olshausen and Field
[5] proposed a system that learns an overcomplete ‘dictionary’
from images and can reconstruct images using the learnt
dictionary. Their method resulted in bases similar to the receptive
ﬁelds of the simple cells in V1 suggesting biological signiﬁcance.
This system, however, is functionally weak: both the reconstruction and the learning of the basis dictionary follow an approximate gradient rule and an arbitrary distribution is imposed on
the bases. Interestingly, sparse coding can be related [6] to a very
efﬁcient learning paradigm, the so-called support vector machine
(SVM [16]) theory, but SVM lacks any real biological motivation so
far. The reconstruction idea and sparse coding is also motivated by
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recent advances on compressed sensing [4] and L1 Magic [1]. We
address the issue how the sparse coding reconstruction scheme
can be improved from a computational point of view subject to
the constraints of biological relevance.
Here we propose a sparse coding scheme based on an efﬁcient
global optimization technique, the so-called cross-entropy method (CEM [14]). The resulting representations are sparse by
construction. We tackle the task how to ﬁnd the optimal sparse
code in a network. In Section 2, we deﬁne the problem, outline
CEM for combinatorial optimization and present its online version
that suits neural implementation. In Section 3, we demonstrate
some properties of the algorithm on different benchmark
problems. In Section 4, we suggest a potential interpretation of
the coexistence of spike-based and rate coding in biological
systems. Links to generative and reconstruction networks are also
brieﬂy discussed.

2. Algorithm
The problem is the following: let h 2 Rn denote the input we
want to reconstruct with a sparse representation (x 2 Rm ) using
an overcomplete basis set A 2 Rnm , where mbn. The corresponding optimization problem is
x :¼ arg min   kxkl0 þ kh  Axkl2 ,
x

(1)

where k:kln denotes the ln norm,  is a trade-off parameter. The ﬁrst
term enforces low number of nonzero components, the second
term minimizes the l2 norm of the reconstruction error
eðtÞ ¼ h  AxðtÞ. We are solving the above problem using CEM as
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Fig. 1. (a) Left-hand side: pseudocode for CEM for binary reconstruction problem with Bernoulli distribution. Right hand side: online embedded CEM for reconstructing
analog valued input. (b) Flow chart of the embedded online CEM algorithm for reconstruction. (c)–(f) Simulation results on the reconstruction task. For details, see the main
text: (c) probability parameters pi ðtÞ 2 ½0; 1 at every 30th step; (d) components of the corresponding internal representation xi ðtÞ 2 0; 1; (e) the evolution of the
reconstruction error term (keðtÞkl2 ) in Eq. (1). Light gray line: average error, dark gray line: temporally smoothed average error, black line: empirical elite sample ratio, fðtÞ.
The scale is logarithmic; (f) evolution of the overall cost function. Light gray line: average value, dark gray line: temporally smoothed average value, black line: the current
elite threshold, g^ ðtÞ. Inset: 500 steps from step no. 25001 to step no. 25500. The scale is logarithmic. (g) Iteration number as a function of complexity (# of nonzero pixels) at
three different stopping criterion threshold y values. Check board images of size 5  5 with 1–13 nonzero components were used. A sample image with seven nonzero
components is depicted in the inset.
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it exploits sparsity. CEM (for more details, see [3]) aims to ﬁnd the
(approximate) solution for global optimization tasks of the
following form:
x :¼ arg min f ðxÞ,
x

where f is a general objective function. Instead of having a single
candidate solution at each time step, CEM maintains a distribution
gðtÞ of xðtÞ for guessing solution candidates. The efﬁciency of this
random guess is then improved by selecting the best samples—the so-called ‘elite’—and iteratively modifying gðtÞ to be
more peaked around the elite. It is known that, under mild
regularity conditions, CEM converges with probability 1 and that,
for a sufﬁciently large population, the global optimum is found
with high probability [14,11]. It is also known that CEM is
strikingly efﬁcient in combinatorial optimization problems. Formally, CEM works as follows. Let g belong to a family of
parameterized distributions, G. Let xð1Þ ; . . . ; xðNÞ be independent
samples (N is ﬁxed beforehand) from g. For each g 2 R, the set of
‘elite’ samples,
E^ g :¼fxðiÞ j f ðxðiÞ Þpg; 1pipNg,
provides an approximation to the level set Eg :¼fx j f ðxÞpgg.
^ g be the distribution over the level set Eg and E^ g ,
Let U g and U
respectively. For small g, U g is peaked around x . CEM chooses gðtÞ
that is closest in the cross-entropy (or KL divergence) metric to the
^ g . The algorithm iteratively modiﬁes g and
empirical distribution U
g to reach the optimal performance value g ¼ f ðx Þ. CEM uses
some technical tricks. It prohibits depletion of E^ g by maintaining
the best r  N samples (1  r quantile), where r 2 ½0; 1 is a ﬁxed
ratio. Also, it deals with parameterized distribution families
where parameters can easily be approximated from simple
statistics of the elite samples. Note also that updating the
distribution parameters can be too coarse, so a smoothing factor
a is applied (see step no. (7) of the CEM pseudocode in Fig. 1(a)).
Informally, CEM is a maximum likelihood method, without
immature decisions. Its success stems from its innovative idea
about the maintenance of an elite and the step-by-step sharpening
of the elite’s distribution. Our contribution is the recognition that
this gradual sharpening may be achieved without samples to be
stored.
We use the Bernoulli distribution for our reconstruction
problem: let the domain of optimization be D ¼ f0; 1gm , and each
component be drawn from independent Bernoulli distributions,
i.e. G:¼BERm . Each distribution g 2 G is parameterized with
p ¼ ðp1 ; . . . ; pm Þ. For each component xj of x 2 D, xj equals 1 or xj
equals 0 with probability pj and (1  pj ), respectively. In turn, the
optimal distribution g  has the following parameters:
P
pj :¼

xðiÞ 2E

P

wðxðiÞ
¼ 1Þ
j

xðiÞ 2E

1

P
¼

xðiÞ 2E

wðxðiÞ
¼ 1Þ
j

rN
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eðtÞ in Eq. (1) to yield the cost of the index vector. To this end, we
embed CEM into a reconstruction network, which is a particular
type of generative networks (see e.g. [7,8,10] and references
therein).
In short, a simple reconstruction network has three layers of
neurons with ﬁring rate-based encoding (that is neurons here are
analog valued computational units). These layers maintain
the target (input, h), the internal representation (xðtÞ) and the
reconstruction error (eðtÞ), respectively. The code words of the
dictionary (feature vectors or base vectors, rows of A# ) may
correspond to the synaptic weights between the internal
representation and the target. Particularly, embedding CEM into
this framework means that probabilities of the components
converge either to 1 or to 0. The amplitude of the nonzero
components is always determined by a separate procedure, the
pseudoinverse method, which is feasible because of the l0 norm
that we use.
However, from a neuronal network perspective, there is a
serious drawback of CEM: it requires batch access to many
samples. To overcome this obstacle, we make the algorithm online.
The idea is the following: instead of calculating the threshold level
using the order statistics of the best r ratio of the samples, a
moving average approximate level (^gðtÞ) is updated according to
the currently calculated cost function. Let us denote the current
value of the cost function by f ðxðtÞÞ ¼   kxðtÞkl0 þ kh  AxðtÞkl2 .
Then the update is as follows. If f ðxðtÞÞp^gðt  1Þ, i.e. it is small
enough to consider xðtÞ as elite, then g^ ðtÞ
g^ ðt  1Þ  b and the
level for the elite gets decreased. If, however, f ðxðtÞÞ4^gðt  1Þ, then
the level becomes less restrictive: g^ ðtÞ
g^ ðt  1Þ þ r^  b, where
bX0 is a step size parameter that scales with the range of f ðxðtÞÞ.
For simplicity, in the simulations we took b as an arbitrary
constant, but it can also be updated online while the algorithm
remains convergent [15]. This modiﬁcation eliminates the arbitrariness in scaling and speeds up the algorithm. If fðtÞ denotes
the ratio of the elite in the last n samples, then the role of the
sliding parameter r^ is that it ensures that EðfðtÞÞ  r^ ratio of the
samples has a score less than or equal to the threshold preserving
the concept of elite selection and elite driven sharpening of the
sample generation procedure. The update of the distribution
parameters pðtÞ corresponds to the smoothing stage in the
batch version (see step no. (5) of r.h.s. of Fig. 1(a)). The relation
between the update parameter, a^ and the smoothing factor in
batch CEM is a^  a=rN (that is it describes the contribution of a
single sample to the distribution update, [15]). The online CEM
algorithm is summarized in the r.h.s. of Fig. 1(a) and in the ﬂow
chart of Fig. 1(b).

3. Simulations
,

(2)

where j ¼ 1 . . . m and wðÞ is an indicator function. (For
the derivations of Eq. (2), see [3].) Thus, the parameters of g 
are simply the componentwise empirical probabilities of 1’s in
the elite set. Details of the algorithm are provided in the l.h.s. of
Fig. 1(a).
This algorithm can easily be applied to Eq. (1), provided that
overcomplete memory is approximately independent as in [5].
The assumed independence greatly reduces the difﬁculty of the
optimization: instead of approximating high-dimensional distributions it is sufﬁcient to estimate one-dimensional distributions
of the features. For this reason, reconstruction can be seen as a
two-step task: ﬁrst, we have to ﬁnd the right features and second,
for each choice we have to ﬁnd the corresponding weights. CEM
randomly draws an index vector, n 2 f0; 1gm from the distribution
gðtÞ and we need to calculate the norm of the reconstruction error

As the single modiﬁcation in our algorithm is how the elite is
maintained, all convergence results of CEM still hold (for proofs,
see [15]). The efﬁciency of the online CEM is demonstrated on a
benchmark clustering problem, while the overall functioning is
presented on a toy problem.
3.1. Banana clustering
In this benchmark random points are scattered around a
segment of a circle. In data generation we followed [9] where the
batch CEM was compared to other standard methods, such as
K-means clustering or linear vector quantization. It was shown
that batch CEM can outperform the others regarding the accuracy.
Here we only compare the online CEM to the batch version. The
task was to cluster 200 points into 5, 10 or 20 Gaussian clusters
(for details, see [9]). The algorithms learned the mean and the
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Table 1
Simulation results on the banana clustering problem
Required number of clusters
Mean required sample number
Batch
Online
Mean relative error
Batch
Online

5

10

20

30 700 71140
196 000 728 000

49 700 72750
349 000 726 000

76 900 72450
704 000 795 000

0.0031 70.0045
0.0019 70.0047

0.0064 70.0029
0.0050 70.0036

0.015 70.0053
0.012 70.0048

The online and batch versions are compared using two statistics: the ﬁrst is the number of required samples (std.) averaged over 10 runs and 10 data sets for each cluster
set. The second one is the average relative error (std.) compared to the best solution (lowest cost).

deviation of the Gaussians. For statistical comparison, we
randomly regenerated the datapoints 10 times for each cluster
number and for each data set there were 10 runs. Overall, there
were 300 runs (3 cluster number 10 data sets 10 runs) for both
the batch and the online CEM. The stopping criterion was always
either that (i) the difference between the cost belonging to the 10
last elite samples should be less than 0.01 or (ii) the deviation of
the cluster centers would be less than 0.01. The parameters were
the following: for the batch CEM, sample size N ¼ 800, elite ratio
r ¼ 0:025 and the smoothing factor a ¼ 0:7. For the online CEM,
a^ ¼ 0:01, r^ ¼ 0:025 and b ¼ 1. Table 1 summarizes the results.
While the online CEM requires more samples (longer iterations),
its accuracy is comparable with the batch results. Note also that
we did not optimize the parameters to gain speed.

3.2. Toy problem
Figs. 1(c)–(f) show the simulation results on a reconstruction
task deﬁned by Eq. (1). The ‘car’ input shown on the inset of Fig.
1(e) is an image vector of size 5  5 to be reconstructed using an
overcomplete feature set of 65 vectors with one or two nonzero
elements (pixels) only. There are 20 vertical and 20 horizontal
base vectors with two nonzero pixels set either vertically or
horizontally, respectively. Further, there are 25 base vectors with
exactly one nonzero pixel. The problem is ill-posed, so regularization (for example, sparsity requirement) is needed. The sample
image can be reconstructed with different combinations
of at most eight active features. The results are averaged over
100 trials, each trial was 30 000 step long. The following
parameters were used: a^ ¼ 0:01; b ¼ 0:01;  ¼ 0:005; r^ ¼ 0:05.
Figs. 1(c) and (d) show the probability parameters pi ðtÞ and the
components of the corresponding internal representation xi ðtÞ,
respectively. Ambiguity in sparse representation results in more
than eight active components in both vectors and due to the
averaging the ﬁnal component values are not 0’s (white) or 1’s
(black), but are spread over ½0; 1. Fig. 1(e) plots the reconstruction
error and the corresponding empirical elite ratio, fðtÞ as a function
of time. It can be seen that fðtÞ is more or less constant thus
maintaining the correspondence to the batch CEM. The evolution
of the overall cost function (f ðxðtÞÞ) and the elite threshold g^ ðtÞ is
depicted in Fig. 1(f). Comparing Figs. 1(e) and (f) reveals that 0
reconstruction error can early be reached, but ﬁnding the sparsest
solution takes longer. The inset in Fig. 1(f) is a magniﬁcation of
500 steps. It shows that, when all solutions are already optimal,
the oscillation of g^ ðtÞ is caused by the asymmetric update. At about
^
every ð1=rÞth
step there is a drop of size b, otherwise g^ ðtÞ gets
increased by r^  b. To demonstrate the scaling properties of the
algorithm, we reconstructed a series of check board images of
increasing complexity (that is, with increasing number of nonzero
pixels). In Fig. 1(g) the required iteration number as a function of
complexity is depicted at three different y values (iteration stops

when f ðxðtÞÞpy). The required time does not increase as fast as the
number of possible combinations increases; scaling is approximately linear in the range studied.

4. Discussion
In this paper we proposed a network architecture for sparse
input reconstruction using an overcomplete basis set. Sparse
overcompleteness has some interesting consequences. Components or features are either present or absent and thus their
presence can be detected independently.
Independence and sparseness may recast the reconstruction
task as a combinatorial optimization problem for which we
suggested a modiﬁcation of the very efﬁcient and simple CEM.
CEM is robust, fast and essentially parallel, but requires batch
access to samples. Our modiﬁcation resulted in an online version
that may enable one to ﬁnd mapping onto real neuronal networks.
Another extension is that for analog valued inputs and/or
representations, we embedded the online CEM into a reconstruction network architecture that can directly calculate the reconstruction error term of the cost function through feedforward and
feedback connections. (See, e.g. [10] about the potential role of
such networks in real neuronal systems.) The advantage of such
generative networks is that if both the upstream and downstream
connections are well tuned then the system can provide an almost
optimal initial distribution parameter guess that speeds up CE
convergence considerably. In this case, the loop operates almost
like a pure feedforward system and may serve many seemingly
feedforward computational tasks.
Another important aspect of the online CEM is that it is
essentially built on the concurrent use of digital (spike-based
feature selection) and analog valued coding (like the input and its
representation). This particular feature may contribute to the
long standing debate (see e.g. [13] and references therein) about
the different neuronal coding schemes by suggesting a new
computational role for spikes and maintaining rate code as well.
The novel interpretation is that spikes are used to improve the
probability of the compositional representation, whereas rate
code is about the magnitude of the selected components. Thus,
beyond the advantages of the algorithm featuring global optimization and parallel sampling in distributed networks, it might
have biological signiﬁcance and resolve some of the puzzles of
neuronal networks.
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