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Abstract—This paper presents a novel multiobjective
optimization strategy based on the cross entropy method
(MOCE). The cross-entropy method (CE) is a stochastic
learning algorithm inspired from rare event simulations and
proved to be successful in the solution of difficult single
objective real-valued optimization problems. The presented
work extends the use of cross-entropy method to real-valued
multiobjective optimization. For this purpose, parameters of CE
search are adapted using the information collected from
clustered nondominated solutions on the Pareto front.

Comparison with well known multiobjective optimization
algorithms on the solution of provably difficult benchmark
problem instances demonstrated that CEMO performs at least
as good as its competitors.

L INTRODUCTION

ULTIOBJECTIVE optimization (MOO) framework

provides more realistic formulation of many real-life
problems since a set solutions, rather than a single solution,
exhibiting different forms of concession among multiple and
often conflicting objectives is provided as result of the
optimization process [1]-[11]. Such a set of solutions is
commonly known as a Pareto-optimal set in which Pareto-
optimality is defined in terms of a dominance relation
between two solutions as follows: given two solutions u and
v, u#v, u is said to dominate v if u is not worse than v in all
objectives and u is strictly better than v for at least one
objective. For example, for a maximization problem,

max f{x)=(fi(x), fo(x),....fx(x)) M

X=(XpX2...,%,) € R"

solution vector u is better than solution vector v with respect
to objective i, if fi(u) > f(v), and u is said to dominate v,
denoted as u v, if and only if

fiu) = fi(v) fori=12,...j-1,j+1,..K 2)
fi(u) > fi(v) for at least one 1<=j <=K.

A common difficulty with multi-objective optimization
problems is the presence of a number of conflicting
objectives and, in general, none of the feasible solutions
allow simultaneous optimality for all objectives. Hence, any
favorable Pareto-optimum provides a solution exhibiting a
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subjective compromise between the problem objectives. In
order to find such a solution, classical methods transform a
multiobjective optimization problem into a single-objective
one through different scalarization and objective
combination methods that include serious drawbacks in
terms of appropriate representation of the real-world
problem and quality of resulting solutions [13].

In order to have better mathematical models for real-world
problems and increase the efficiency of search within
arbitrarily complex solution spaces through providing a set
of solutions rather than a single solution, some advanced
MOO techniques have been proposed in the last few years
[1]-[17]. These techniques are generally based on some
metaheuristics such as Simulated Annealing, Evolutionary
Algorithms, Tabu Search, Particle Swarm Optimization,
Artificial Immune Systems, Cultural Algorithms and Ant
Colony Optimization.

In this study, the use of the CE method in multiobjective
optimization (MOO) is presented. The CE method is a
stochastic learning algorithm inspired from the concept of
rare event simulations which involve the estimation of
parameters for a number of probability distributions
associated with some rare events. Application of the CE
method is carried out in two phases. First, a sample of
random data is generated using a family of probability
distribution  functions. Secondly, parameters of the
probability distribution functions are updated on the basis of
a performance metric on the generated sample, so as to
produce a better sample at the next iteration.

In applications of the CE method for single objective
optimization problems, a subset of best performing samples
is extracted from a large set of samples and parameters of the
underlying probability distributions are adapted based on the
mean and standard deviation of this subset of elite samples.
Since, it is not objectively easy to define elite individuals in
MOO, we introduced the notion of clustered nondominated
solutions on the Pareto front to adapt the probability
distribution parameters in applying CE method for MOO.

In principle, the set of all nondominated solutions is
divided into clusters, using the fuzzy c-means (FCM)
algorithm, and the statistical features of each cluster are used
to adapt the parameters of an associated CE method. That is,
associated with each cluster, there is a dedicated CE method
which adapts itself using statistical features of its cluster and
explores the solution space as directed by these features.
Hence, each CE method is expected to find nondominated
solution within a particular region of the Pareto boundary
because clusters are determined based on the Euclidean
distance measure by the FCM algorithm. The details of
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implementation for the proposed MOCE strategy are given
in Section 3.

This paper is organized as follows. Basic principles of the
CE method as applied for single objective numerical
optimization problems are introduced in Section 2. The
proposed multiobjective CE strategy is described with its
implementation details in Section 3. Section 4 covers the
experimental setup, results, and related discussions. Finally,
conclusions and future research directions are given in
Section 5.

1I. THE CROSS ENTROPY METHOD FOR FUNCTION
OPTIMIZATION

The CE method, pioneered by Rubinstein in 1997 as a
stochastic learning algorithm for estimating probabilities of
rare events, has been broadened as a generic and efficient
tool for solving difficult numerical and NP-hard
combinatorial optimization problems [18].

Regardless of the application at hand, the implementation
mechanisms of the CE method remain the same. In principle,
the CE method is iteratively running in two phases; random
sampling of the object parameters space and adapting
algorithm’s parameter based on good hits during the first
phase. The main idea is to take more and more samples
around the good hits where the goodness is measured using a
predefined objective function [16]-[19].

Mathematical preliminaries of the CE method, as it is used
for single-objective function optimization, can be stated as
follows: Consider a solution space X and a performance
metric S(x) defined over X such that S(x)e R, for all xe X. We
are interested in finding those elements of X for which §()
reaches its global minimum/maximum value. If we define the
extreme value of interest for S(.) as y*, then there is a set of
samples X'cX such that

S(x")=y, forall x’e X". 3)

Using the inspirations taken from rare-event simulations, the
CE method considers the above described search (and
optimization) problem as an estimation problem in which
parameters of a family of probability density functions are to
be estimated based on features extracted from random
samples of X.

For the purpose of iteratively estimating samples of X", a
collection of indicator functions I;g)>, that indicates if S(x)
is above the level y for sample x, are defined. If {f(,.v),
veR"} is a family of probability density functions on X, then
for a vector u, Iml, of probability density function parameters,
the optimization problem will be transformed into the
problem of estimating the probability P,(S(X) =}). Using the
indicator functions as described above this probability is
equal to,

)= PASX)2 ) =D Lig o [ 1) = E gy @

Where P, is the probability distribution associated with the
probability density function f{.,u), and E, denotes the
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corresponding expectation operator. When =%, I(3) can be
estimated using the likelihood ratio estimator with reference
tov'eR" as [15],

. 1 &
v =argmaxNZI{S(X[)2” In f(X,,v) (5)
i=1

v

where X;’s are generated using pdf f{.,v). Hence, if y becomes
closer to ', f{.,v") takes most of its samples close to x", and
can be used generate an approximate solution to the
underlying search/optimization problem with respect to the
performance metric S(x). It is important to note that, instead
of finding the optimal solutions x* to a particular problem
directly, the CE method aims to find the most favorable
sampling density f{.,v") such optimal (or near optimal)
solutions can be sampled from it.

The single objective numerical function optimization with
CE method entiles the following general iterative procedure,
where Gaussian type probability density functions are
assumed to be used:

Algorithm I. CE Algorithm for Function Optimization
1. Initialize algorithm parameters, like means (mu) and
standard deviations (sigma) of pdf’s, sample size N,
and tolerance variable eps that is used for termination

check.
2. Generate N sample vectors X;, i=1,...,N as:
X, ; =mu+ sigma * randn (),i =1,..., N; j=1,..., m.

where randn() produces Gaussian distributed random
numbers and m defines the number of object
parameter variables.

3. Compute sample performances S(X;), i=1,..., N.

4. Determine a subset of best performing samples and
update pdf parameters using features, such as mean
and standard devation.

5. Check if stopping criterion is met, for example: if
maximum iteration count is exceeded or  pdf
parameters are below the tolerance value eps. If yes,
then output the best-so-far sample and terminate,
otherwise go to step 2.

111 THE PROPOSED MULTIOBJECTIVE CROSS ENTROPY
OPTIMIZATION APPROACH

The most important step in applying the CE method for
function optimization is to update the algorithm’s current
parameters in a way that the next data samples will improve
the performance metric. In multiobjective function
optimization, the set of nondominated solutions on the
Pareto front is clearly the set or best performing samples
because goodness of solutions is defined in terms of
dominance relations. Since, in MOO, one looks for the set of
globally nondominated solutions, it is natural to consider the
set of nondominated solutions at each iteration to extract
features required to update pdf’s parameters. However, since
nondominated solutions are distributed along the Pareto
front, guiding the CE method with features extracted from

2007 IEEE Congress on Evolutionary Computation (CEC 2007)



the overall set misleads the algorithm and causes exploration
of nondominated solutions in the middle of the Pareto front
much more frequently than compared to tails towards the
axis. This is an expected phenomena because taking means
of samples over iterations causes pdf to take more and more
samples towards the middle of Pareto front. In order to
overcome this problem, the presented CE strategy partitions
the set of nondominated solutions into clusters using the
fuzzy c-means (FCM) clustering algorithm [20]. FCM
clusters data samples based on the Euclidean distance among
samples, samples within the vicinity of cluster centers are
grouped together. This way, each cluster combines locally
closer samples and carries characteristic information on a
particular region of the Pareto front. This way, depending on
the number of clusters used, the CE method will be guided to
explore the Pareto boundary more uniformly, as

demonstrated by the experimental evaluations below. Fig. 1
exhibits a Pareto boundary generated by the MO CE method
using 3 clusters of nondominated solutions, the arrows point
improvement

possible directions for a maximization

problem.

Fig. 1. Nondominated set with 3 clusters.

Based on the above explanations, the presented
multiobjective CE (MOCE) strategy can be algorithmically
described as follows;

Algorithm 1. CE Algorithm for Multiobjective Function
Optimization
1. Initialize algorithm parameters, like means (mu) and
standard deviations (sigma) of pdf’s, sample size N,
and tolerance variable eps for each cluster.
2. Generate CxN sample vectors X;, i=1,...,N as:

xi”_j = mu + sigma * randn(),i =1,...,N; j=1,....m.

c=1,..,C.
where randn() produces Gaussian distributed random
numbers and m defines the number of object
parameter variables. C stands for the number of
clusters.

3. Compute sample performances S(X;), i=1,..., N, within
each cluster.
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4. For each cluster, determine a subset of best
performing samples and update pdf parameters using
features, such as mean and standard devation.

5. Check if stopping criterion is met, for example: if
maximum iteration count is exceeded or pdf
parameters are below the tolerance value eps. If yes,
then output the best-so-far sample and terminate,
otherwise go to step 2.

At the end of each iteration, nondominated solutions
explored within each cluster are combined together and
reclustered before the next iteration starts. This way,
distribution of nondominated solutions along the Pareto front
become more uniform because solutions found starting from
a particular cluster may cross border and belong to neighbor
cluster.

IV. EXPERIMENTAL EVALUATIONS

In all experiments the presented method is tested on seven
well-known multiobjective benchmark functions listed in
Table I. These problems are selected from publications [1]-
[12], [21]. Comparisons with the widely known existing
methods and related conclusions are discussed below. The
labels used for different multiobjective methods within the
following illustrations are:

e MOPSO [8]:
Optimization.
e NPGA [7]: The Niched Pareto Genetic Algorithm.

Multi-objective  Particle ~ Swarm

e HLGA [11]: Hajela and Lin’s weighted-sum based
approach.

e NSGA [4]: The Nondominated Sorting Genetic
Algorithm.

e SOEA [21]:A single-objective evolutionary algorithm
using weighted-sum aggregation.

e SPEA [24]:The  Strength
Algorithm.

e NSGAII[23]: The Nondominated Sorting Genetic
Algorithm.

e SPEATII[22]:
Algorithm.

Pareto  Evolutionary

The Strength Pareto Evolutionary

A key point in the implementation of the CE method is
that the population size, hence the number samples generated
at each iteration, should be set to a large value in order to
effectively explore and extract sufficient number of good
performing samples. Otherwise, the CE method would not be
guided efficiently enough and focused around optimal or
near-optimal solutions. For this purpose, in our tests,
N=population size is set to 5000. Number of clusters is
experimentally set to the number of objectives plus 1. Each
experiment is performed over 1000 iterations. Other methods
used for comparisons have the following parameter settings
[20]:
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Number of Generations :250
Population size : 100
Crossover rate : 0.8

Mutation rate : 0.01

Niching parameter : 0.48862

Domination pressure : 10

For each of the benchmark problems under consideration,
10 consecutive executions were made using MOCE and each
of other MOO approaches. The results listed below
correspond to the best-found solutions related with each
approach throughout the 10 experimental trials.

Even though large population size of MOCE seems to be a
disadvantage due to computational overhead for fitness
evaluations, indeed this is not the case because of the
comparable simplicity of generating individuals. In MOCE,
individuals are generated through random sampling from an
adaptively modified normal distribution, whereas other
MOO methods require dedicated recombination and ordering
operators for offspring generation.

Performance indices used to compare MOCE and other
widely known MOO approaches are Convergence metric
(Cm), Generational Distance (GD) and Diversity metric
(Dm) [27-28]. The definitions of these three performance
measures are as follows:

Cm and GD measure the distance between the obtained
nondominated front (Oypr) and the Pareto-optimal solutions
(Ppos) by using the following equations;

10 ypr |

d,
o = ©)
1O wpr 1
Ownpr ! 52
d;
GD = 271 7
10 r |

where d; is the Euclidean distance between the solution

ie ONDF and the nearest member of Pp,,.

Dm measures the extent of spread achieved among the
nondominated solutions with the following expression

10wpr -1

Dy = dy+d,+Y " ld, +d|

. ®)
d,+d,+(10,, |-1)d

where d; is the Euclidean distance between consecutive

solutions in the Oppr, and d is the average of these
distances. The parameters d, and d, represent the Euclidean
distances between the extreme solutions of the Pp,, and the
boundary solutions of the Oppr.
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TABLE I

MULTIOBJECTIVE BENCHMARK PROBLEMS USED IN

EXPERIMENTAL EVALUATIONS

Problem Objective Functions
FON(I’]:3) ) n 1 2
X; € [-4,4] f](x)ZI—SXp(—;[xi—\/gj j

i=1,...n

(x)=1-exp —i(x. —ljz
.fZ po i ‘\/g

ZDTL [ (x) = x,

(n=30)

i=ln g(x)=1+9[§": xij/(n—l)

i=2

ZDT2 filx) =x,

(n=30) _ _ 2
X, € [0.1] fr(x)=g)1-(x,/g(x)) "]

i=1,...n g(x)=1+9[z x,.j/(n—l)

i=2
h(fl,g)=]—(fl/g)2

ZDT3 f](x)le

(n=30)

1-4/f/ -

X €011 | f(0)= g(x){ fi/8(x) }

izl n (fl / g(x)) sm(lOﬂfl)

g(x)=l+9(ixij/(n—l)
i=2
7ZDT4 fl(_x):xl

(n=30)

XIE[O,l] fz(x)zg(x)[l_\fl/g(x)]

X; €551 | g(x)=1+10(n—1)+ Y x; —10cos(4zx,)
i=2,..,n =2
ZDlTo6 fi(x,)=1-exp( —4x,)sin *(67x,)

(n=10) _ _ 2
X, €011 fr(x) = g(x)[ln (filgx)~]

i=1,...n g(X)=1+9[(Z x,) (n =1 "%

DLZT fl(x) =X,

=) (x) = x

X, €10.1] f0)=x

i=l.n f3(x)=3.5-) 2x;sin( nzx,)

i=1

Fig.s 2-8 illustrate the nondominated Pareto fronts
achieved by the proposed and the other well-known
algorithms used for comparisons. In Fig. 2, non-dominated
solution sets provided by the proposed algorithm MOCE,
MOPSO and NSGA 1I algorithms when applied to Fonseca
and Fleming’s nonconvex test function FON with 3 real-
valued parameters are presented. According to these results
MOCE returned almost equally with MPSO and NSGA II.

In Fig. 3, non-dominated solution sets provided by the
proposed algorithm MOCE and selected MOEA algorithms
when applied to the convex test function ZDT1 with 30 real
parameters are presented. According to Fig. 3, MOCE’s
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Pareto boundary dominates most of those found by MOPSO
and NSGA 1II and clearly outperformed all the other MOEAs.

Non-dominated solution sets provided by the proposed
algorithm MOCE and selected MOEA algorithms when
applied to nonconvex test function ZDT2 with 30 real
parameters are presented in Fig. 4. As can be seen clearly
from this figure, MOCE outperformed all of MOEAs used
for comparison in terms of the density along the Pareto front
and the solution quality.

Fig. 5 visualizes the comparative results for the discrete
test function ZDT3 with 30 real parameters. As seen on the
figure, MOCE returned significantly better results than all
the other MOEAs. It is found that the solutions found by
MOCE dominate all of the solutions found by all the other
algorithms.

In Fig. 6, non-dominated solution sets provided by the
proposed algorithm MOCE, selected MOEA algorithms
when applied to the multimodal test function ZDT4 with 10
real parameters are presented. According to the experimental
results, MOCE is the best performing algorithm for this
problem instance.

In Fig. 7, non-dominated solution sets provided by the
proposed algorithm MOCE and selected MOEA algorithms
when applied to non-uniform test function ZDT6 with 10
real parameters are presented. MOCE beated its competitors
in terms of solution density and the solution quality.

In Fig. 8, a 3-objective function DLZT is considered and
the set of nondominated solutions found by the MOCE
presented [25]. Comparing the Pareto boundaries of [27] and
MOCE, MOCE clearly performed much better in terms of
the density of solutions and solution quality. This example
further validates our cluster-based approach for guiding the
CE method for multiobjective optimization.

1 T T T T T T T T

MOPSO
NSGAII I
MOCE
Pareto Front ||

0.9+

e O+ o*

0.8

0.7 B

0.6 B

f2

0.5r 4

0.4 q

0.3 4

0.2+ 4

0.1+ B

0 0.1 0.2 03 04 05 06 07 08 09 1
fl

Fig. 2. Pareto fronts for test problem 1 (FON).
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Fig. 3. Pareto fronts for test problem 2 (ZDT1).
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Fig. 8. Pareto fronts for test problem 7 (DLZT).

Tables II to VII illustrates the performance indices for the
achieved experimental results in terms of the convergence
metric, generational distance and the diversity metric for
MOCE and its competitors under consideration.

In terms of the convergence metric Cm, MOCE performs
much better than all of its competitors for the difficult
benchmark problems ZDT4 and ZDT6. For the ZDT1, ZDT2
and ZDT3 problem instances, SPEA performs better than
MOCE whereas MOCE achieves better scores than all of the
other MOO methods. Finally, MOCE performs better than
NSGA for FON benchmark; however MOPSO is slightly
better than MOCE in this case.

For the difficult benchmark instance ZDT6, MOCE is still
the best performing algorithm in terms of the generational
distance GD. NPGA is better than MOCE for ZDT3 and
ZDT4 problem instances while the other MOO approaches
exhibiting comparably poor performance scores. In case of
ZDT1 and ZDT?2 problems, SPEA exhibits the best
performance scores whereas MOCE is the third best
performing algorithm. MOCE achieves significantly better
results for the FON benchmark.

MOCE is superior over all the other MOO algorithms for
all benchmark instances, except ZDT6, in terms of the
divergence metric Dm. Its score is far below than those of
other approaches. In case of ZDT6 benchmark, MOCE and
all other MOO algorithms performed almost equivalently.

TABLE I
COMPARISONS USING CONVERGENCE METRIC, GENERATIONAL
DISTANCE AND DIVERSITY METRIC FOR PROBLEM FON

FON
Cm GD Dm
MOPSO | 0.0021 2.7086x10* | 0.5815
NSGAII | 0.0036 4.38x10™ 0.4605
MOCE 0.0026 2.7556x10° | 0.2504
TABLE 11

COMPARISONS USIING CONVERGENCE METRIC, GENERATIONAL
DISTANCE AND DIVERSITY METRIC FOR PROBLEM ZDT1

ZDT1
Cm GD Dm
NPGA 1.084 0.2299 0.8104
SPEA 0.039 0.0047 0.5860
HLGA 0.8588 0.1994 0.9528
NSGA 0.2762 0.0468 0.7740
SOEA 0.0763 0.0116 0.7455
MOPSO | 0.0640 0.0066 0.556
NSGAIL | 0.0563 0.0058 0.4885
MOCE 0.0434 0.0077 0.0921
TABLE IV

COMPARISONS USIING CONVERGENCE METRIC, GENERATIONAL
DISTANCE AND DIVERSITY METRIC FOR PROBLEM ZDT2

ZDT2
Cm GD Dm
NPGA 1.0713 0.3259 0.9778
SPEA 0.0871 | 0.0134 | 0.6332
HLGA 0.7429 | 0.3645 0.8988
NSGA 0.2799 | 0.0690 | 0.7925
SOEA 0.1731 0.0414 | 0.8958
MOPSO | 0.2043 0.0681 0.9983
NSGAII | 0.1093 | 0.0109 1
MOCE 0.1002 | 0.0160 | 0.1777
TABLE V

COMPARISONS USIING CONVERGENCE METRIC, GENERATIONAL
DISTANCE AND DIVERSITY METRIC FOR PROBLEM ZDT3

ZDT3
Cm GD Dm
NPGA 0.9630 | 0.2094 0.8133
SPEA 0.0151 0.0023 0.8031
HLGA 0.7226 0.1750 0.9187
NSGA 0.1449 0.0290 0.8188
SOEA 0.0418 0.0090 0.9649
MOPSO | 0.1837 0.0211 0.7640
NSGAIL | 0.5864 | 0.0613 0.7660
MOCE 0.0245 0.0042 0.1686
TABLE VI

COMPARISONS USIING CONVERGENCE METRIC, GENERATIONAL
DISTANCE AND DIVERSITY METRIC FOR PROBLEM ZDT4

ZDT4
Cm GD Dm
NPGA 5.2562 0.4674 | 0.9480
SPEA 11.4482 8.1384 | 0.9099
HLGA 9.1384 2.5605 0.9936
NSGA 9.4761 3.8618 0.9911
SOEA 13.9416 5.9932 | 0.7832
MOCE 1.2056 0.5985 | 0.5697
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TABLE VII

COMPARISONS USIING CONVERGENCE METRIC, GENERATIONAL

DISTANCE AND DIVERSITY METRIC FOR PROBLEM ZDT6

ZDT6
Cm GD Dm
NPGA 3.5812 1.2688 0.9613
SPEA 1.0339 0.4581 1.0930
HLGA 2.1547 1.0191 1.0017
NSGA 1.5558 0.6054 0.9897
SOEA 1.0998 0.4719 1.1751
MOPSO | 0.5274 0.1860 0.9735
NSGAIl | 2.8047 0.2805 0.9376
MOCE 0.0029 0.0015 1.0459
IV. CONCLUSIONS
This work presents a novel CE strategy for

multiobjective optimization. Due to the nature of the CE
method, this strategy can be applied for numerical and
combinatorial optimization equally well.

The presented strategy clusters the set of
nondominated solutions on the Pareto boundary to better
guide the CE method and lead uniform distribution of
nondominated solutions.

Experimental evaluations using well known
benchmark instances and comparisons with well known
MOEA’s demonstrate that MOCE performs better than
its competitors for most of the test cases and it achieved
equal success for a few of the others.

Feature research is planed to use this approach for
difficult multiobjective combinatorial optimization
problems.
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