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SUMMARY

For the approximate solution of ill-posed inverse problems, the formulation of a regularization functional
involves two separate decisions: the choice of the residual minimizer and the choice of the regularizor.
In this paper, the Kullback–Leibler functional is used for both. The resulting regularization method can
solve problems for which the operator and the observational data are positive along with the solution, as
occur in many inverse problem applications. Here, existence, uniqueness, convergence and stability for
the regularization approximations are established under quite natural regularity conditions. Convergence
rates are obtained by using an a priori strategy. Copyright q 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

We consider the following subclass of inverse problems:

Ax = y (1)

where A : X → Y is a compact integral operator with a non-negative kernel a, with X and Y
denoting Banach spaces. Such problems are ill posed in the sense of Hadamard [1], that is, the
degree of the improper posedness increases with the smoothness of the kernel a. For their numerical
solution, some form of regularization must be applied. In the classical approach, dating back to
Tikhonov [2] and Twomey [3], the regularization functional F(x) is formulated as a weighted
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1528 E. RESMERITA AND R. S. ANDERSSEN

sum of a residual minimizer and a regularizor

F(x)= E[(Ax − y�)2] + � f (T x), 0<�<∞ (2)

where (a) E denotes a statistical expectation operator with E[(Ax − y�)]= 0, y� the noisy data,
� the regularization (weight) parameter, and (b) the penalty function f and the differential operator
T : X → X are chosen to mollify the inherent improper posedness encapsulated in the smoothness
of the kernel a. Because the corresponding Euler–Lagrange equations are linear, a popular choice
is to take both the residual minimizer and the regularizor to be quadratic functionals. The usual
choice for T is the second derivative operator. For data smoothing, the corresponding unique
regularization solution is a cubic spline [4].

With the residual minimizer a quadratic functional, non-quadratic choices for the regularizor
such as Sobolev-type norms, semi-norms and entropy constructs (Boltzmann–Wiener–Shannon and
Kullback–Leibler) have been examined extensively and proved successful from both theoretical
and practical perspectives.

However, in many practical situations such as emission tomography [5, 6], where A is a positive
operator, the solution x and the exact data y are probability distributions. This leads naturally to
the idea that such a situation represents an opportunity where it might be appropriate to choose
both the residual minimizer and the regularizor to be the same non-quadratic functional. Except
for [7, 8], little appears to have been published that exploits this point. A natural choice is the
functional proposed by Kullback and Leibler [9] (to be referred to as the KL-functional) which,
for probability densities u and v, takes the form

d(u, v)=
∫ [

u(t) ln
u(t)

v(t)

]
dt (3)

An alternative choice could be the symmetric KL-functional

J (u, v)= d(u, v) + d(v, u) =
∫ [

(u(t) − v(t)) ln
u(t)

v(t)

]
dt (4)

When u and v are not densities, one can generalize the form of d(u, v) by adding additional (linear)
terms as long as they cancel if u and v were densities to recover the structure of (3). Among the
various possibilities, we add, as detailed in Equation (10) of Section 3, the terms that transform
d(u, v) to become a Bregman distance (divergence). The analysis below specifically exploits the
various properties of Bregman distances.

The KL-functional represents an interesting choice for the following reasons:

(i) As a residual minimizer, it corresponds to observed/measured Poisson errors, such as
count errors in emission tomography. A detailed discussion of the statistical interpretation
of d(u, v) with respect to discrete observational data can be found in Section 2.1 of [10].

(ii) As a regularizor, it allows for the incorporation of prior information about the solution or
some transformation of the solution.

It is this latter possibility that will be examined in this paper, where the regularization functional
Fd(x) is chosen to have the form

Fd(x)= d(y�, Ax) + �d(x, x∗) (5)
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with x∗ denoting a prior estimate of the solution and d being the Kullback–Leibler functional
(10) defined for functions which are not necessarily densities. Now, however, the use of the
functional Fd for the regularization of inverse problems imposes its own regularity constraints on
the structure of problems that can be solved and the proofs that the regularization approximations
converge and are stable. On the one hand, the KL-functionals are well defined only for inverse
problems with non-negative solutions. On the other hand, in order to establish convergence and
stability for the regularization approximations, we need to formulate conditions on the operator A
and the solution x of Equation (1) which guarantee that the regularization approximations satisfy
the same conditions as the solution x . This can be viewed as a separate step of proving that the
regularization approximations have appropriate regularity. Consequently, from the perspective of
regularization with non-quadratic functionals for both the residual minimizer and the regularizor,
this is one of the key consideration in the construction of proofs for convergence and stability.
Clearly, this is not an issue for the regularization of general inverse problems when quadratic
functionals are chosen for the residual minimizer and the regularizor.

Though the joint use of non-quadratic residual minimizers and regularizors involves greater
technical challenges in constructing proofs of convergence and stability, they do implicitly perform
a type of regularization by limiting attention to a subset of functions in the (Banach) space on
which the operator A is defined.

Under the assumption that the operators A, the solutions x and the perturbed data y� are
positive and satisfy quite natural boundedness conditions, which hold for a very wide class of
practical and industrial inverse problems, existence, uniqueness and convergence for the regularized
approximations are derived below along with stability results and convergence rates.

The paper has been organized in the following manner. In Section 2, background is presented
about properties of KL-functionals, their relationship to Bregman divergence and their earlier role
as regularizors. In particular, the connection between information, statistical sufficiency and the
Radon–Nikodym theorem is discussed in terms of the motivation behind the original formulation
of the KL-functional as an information measure [9]. Section 3 focuses on the basic assumptions,
notations and topological and algebraic properties of the Boltzmann–Shannon entropy and of
the KL-functional. Existence, uniqueness and regularity properties of the regularized solutions
are derived in Section 4, while stability and convergence results are established in Section 5.
A discussion on the possibility of employing the symmetric KL-functional (4) as a regularizor
completes Section 5. Convergence rates are derived in Section 6 under a suitable sourcewise
representation of the true solution.

2. KULLBACK–LEIBLER FUNCTIONAL

Within the statistical and information theoretic literature, the KL-functional and its symmetric
form (4) are popular because they arise as the consequence of quite independent considerations.
The work reported in [11] appears to have been the first to point out that the symmetric form
(4) had special statistical properties from a Bayesian perspective. In particular, [11] established
that (4) was one of a limited number of ‘non-informative’ (‘invariant’ in the paper’s terminology)
priors in the sense that it contains the same information irrespective of its position on the real
line. It was Kullback and Leibler [9] who proved that the functionals d(u, v), d(v, u) and J (u, v)

were invariant (in their sense) when used to define ‘information’. As explained below, in order
to prove their invariance, the authors of [9] utilized the measure theoretic definition of ‘statistical

Copyright q 2007 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2007; 30:1527–1544
DOI: 10.1002/mma
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sufficiency’ from [12], for which the Radon–Nikodym theorem plays a central role. As noted in
[12], this theorem is ‘essential to the very definition of the basic concept of conditional probability’
for a subset of a sample space given the value of a sufficient statistic.

The ‘self-consistency’ (in an inductive inference sense) of cross-entropy (an alternative name for
the KL-functional) was established in [13], together with Jaynes’ principle of maximum entropy
[14], with respect to accommodating new information given as expected values. The book [15]
examines the properties of cross-entropy in considerable detail by, among other things, exploiting
its expectation interpretation. It is noted there that the cross-entropy is a special case of the
Ali–Silvey ‘distance’ [16] and its importance from a Bayesian perspective [17] is also dis-
cussed. Two recent papers [18, 19] derived estimates for the approximation of the entropy func-
tion x ln x and examined the minimization of the KL-functional for unknown finite distributions,
respectively.

2.1. Motivation: information and sufficiency

As detailed in [9], the concepts of information and statistical sufficiency are intimately inter-
connected. To formalize the mathematical foundations of theoretical statistics, the criterion of
sufficiency was introduced in [20, p. 316], requiring that a chosen statistic ‘should summarize the
whole of the relevant information supplied by the sample’. Subsequently, the concept of a sufficient
statistic was defined in [21] as being ‘equivalent, for all subsequent purposes of estimation, to the
original data from which it was derived’. Thus, formally, a sufficient statistic is a statistic for which
the conditional distribution of the original data, given that statistic, depends only on that data. This
leads naturally to the idea that the values of any definition of information must, with respect to
the set of sufficient statistics transformations that can be applied to the given measurements, be
invariant over the corresponding set of transformed measurements.

As established in [9], the importance of the functional (3) is that it is invariant (not decreased)
if and only if sufficient statistics transformations are applied to the given measurements. In
those deliberations, the earlier results in [12] play a central role. From a regularization per-
spective, the importance of this result is that, by using the KL-functional, one is specifically
examining, with respect to a set of given measurements, the application of all possible choices
of sufficient statistics, rather than a specific choice such as the minimum variance functional.
Scientifically, the success of the KL-functional relates to the fact that it has numerous proper-
ties that can be exploited mathematically. A detailed discussion of such results can be found
in [22].

2.2. The KL-functional as a regularizor

More recently, the role of the KL-functional in the solution of inverse problems has received
considerable attention. As explained in the Introduction, it is this aspect that is the focus of this
paper. A quite theoretical paper [8], which treats regularization more from an optimization rather
than a variational perspective, derived detailed results about a generalized entropic regulariza-
tion framework which includes Fd regularization, as formulated above, as a special case. The
Radon–Nikodym theorem plays a central role there. The issues addressed in that paper are com-
plementary and supplementary to the results derived below. For example, [8, p. 1570] establishes a
link between entropic functions and Bregman divergences [23]. In an examination of an axiomatic
approach to inference for linear inverse problems, [24] compares the roles of least squares and
entropy measures.
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From a practical perspective, because of its minimum information interpretation, entropy regu-
larization has been popularized by various authors. Jaynes [25] proposed it as an appropriate way
for solving indirect measurement problems, while Amato and Hughes [26] and Engl and Landl [27]
showed convergence and Eggermont [28] established convergence rates. In [29], its regularization
performance was analysed in terms of statistical shrinkage concepts. In hindsight, as noted by [30],
its real appeal is related to the fact that it guarantees positivity for the regularized solution when
the KL-functional is used as the regularizor. More recently, it has found applications in machine
learning research [31].

2.3. KL-functional perturbations and convergence

As explained above, the KL-functional allows one to perform regularization from an information
perspective, in the sense that one constrains, for example, the closeness of the data y to its observed
perturbation y� to satisfy an information measure rather than some distance measure associated
with some function space. In this way, a more natural characterization of the relationship between
the data and its observational realization is achieved, and thereby becomes a basis for assessing
the convergence of the regularized solution to the exact.

Furthermore, this does not compromise the analysis as, under similar regularity to that invoked
to prove convergence in the KL-framework, related strong convergence results can be established
(e.g. the Proposition in Section 5.2).

Within a regularization context, the motivation for the condition d(y�, y)��2 used in Section 5
corresponds to the natural asymmetric discrimination interpretation of d(y�, y): when y� and y
correspond to probability density distributions F and G, respectively, the quantity d(y�, y) can be
viewed as a measure of the amount of information in a single data value from the distribution of
F for discrimination between F and G.
The role and appropriateness of KL-divergence as a statistical measure have been investigated

in some detail in [10, 32, 33].

2.4. The Bregman divergence connection

As noted in [34], the key ingredient in [28] for the analysis of entropy regularization for first kind
Fredholm integral equations is the Bregman divergence. Its properties and associated inequalities,
as shown in [28], are essential when analysing convergence of the method and establishing con-
vergence rates. Similar inequalities were derived in [35, 36]. In fact, some of the methodology
developed in [28] plays a role at some of the stages in the analysis below.

Among others, Bregman divergence becomes, for appropriate choices of a generating functional,
the Hilbert space norm and the KL-functional. The generality of this framework for the analysis
of entropy regularization and its extensions has proved successful in establishing error estimates
and convergence rates [34, 37]. A detailed discussion about its background and relationship to
regularization can be found in [34].

2.5. Relationship to penalized maximum likelihood

There are different ways in which penalized maximum likelihood can be motivated and for-
mulated. The paper [38] takes the direct approach by defining it as an additive regulariza-
tion formalism and then reinterpreting it from a statistical perspective using conditional and
prior probability considerations. In [39], the formulation is based on Bayes’ theorem and the

Copyright q 2007 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2007; 30:1527–1544
DOI: 10.1002/mma
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reinterpretation of the conditional probability distribution as its likelihood dual. The classical addi-
tive regularization structure is then derived on taking the logarithm of the Bayesian multiplicative
formula and reinterpreting the logarithm of the prior distribution to be the weighted regularizor.
The type of regularization formulation investigated in [7, 8, 34, 37] is generated on reinterpreting
the conditional probability to be an information measure, such as the KL-functional, instead of
a likelihood.

Historically, Good and Gaskins [40] appear to be the first to appreciate conceptually the need
for regularization in the solution of statistical problems. Their motivation and terminology has a
strong statistical and data smoothing, rather than a mathematical, emphasis, with a natural connec-
tion to non-parametric methods which can be seen as a precursor to spline [4] and kernel method
techniques [41]. The subsequent identification and exploitation by various authors of this duality
between penalized likelihood and regularization has resulted in a synergetic exchange of ideas and
techniques between statistics and (applied) mathematics. In turn, this has allowed the challenge
of constructing stable algorithms for observational data for the recovery of information from indi-
rect measurement problems to be successfully accommodated. A representative illustration is the
work by Eggermont and LaRiccia [42]. The regularization studied there is constructed to have
the KL-functional as the residual minimizer and the Good and Gaskins roughness penalty [40] as
the regularizor

min
x�0

{d(y, Ax) + �‖∇√
x‖22} (6)

Among other things, it was shown that this form of regularization is intimately connected to the
EM (Estimate and Maximize) algorithm [43] for maximum likelihood functional estimation. In
[42], the special structure of the regularization functional is successfully exploited to establish
some quite specific results including

lim
�→0

‖√x� − √
x̄‖H1 = 0

lim
�→0

‖x� − x̄‖C = 0

where x� denotes the exact regularization solution, and x̄ is the solution of the problem

min
x�0

‖∇√
x‖22 subject to Ax = y (7)

Rates of convergence in L1 are also established for a specified source condition.
Given that Dempster et al. [44] formulated the EM methodology for maximizing the likelihood

of incomplete data, it is not surprising that this methodology has an algorithmic connection to
penalized maximum likelihood. However, because of the known poor performance of EM when
applied directly to the recovery of information from indirect measurement problems [39], it seems
natural to turn to the direct solution of an appropriate penalized maximum likelihood counterpart.
This is the approach taken in [45] for the stabilized recovery of information for additive Poisson
regression problems, and in [46] for the construction of two-stage-splitting algorithms for the
maximization of matrix versions of penalized likelihood formulations.
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3. NOTATIONS, ASSUMPTIONS AND PRELIMINARY RESULTS

3.1. The Boltzmann–Shannon entropy is the function g : L1(�) → (−∞,+∞]with�∈ Rn bounded
and measurable, given by‡

g(x)=
⎧⎨
⎩

∫
�
x(t) ln x(t) dt if x�0 a.e. and x ln x ∈ L1(�)

+∞ otherwise
(8)

The Kullback–Leibler functional (denoted below by d) or the Bregman divergence (distance) with
respect to the Bolzmann–Shannon entropy can be defined for functions which are not necessarily
probability densities. More precisely, one defines d : dom g × dom g→ [0,+∞] by

d(v, u) = g(v) − g(u) − g′(u, v − u) (9)

where g′(u, ·) is the directional derivative of g at u. One can also write

d(v, u) =
∫

�

[
v(t) ln

v(t)

u(t)
− v(t) + u(t)

]
dt (10)

when d(v, u) is finite.
3.2. As motivated in the Introduction, we would like to approximate solutions of Equation (1)

via the following auxiliary problem:

min
x�0

d(y�, Ax) + �d(x, x∗) (11)

where x∗ contains a priori information and y� denote the perturbed data.
We assume the following:

(A1) The operator A : L1(�) → L1(�) is linear and compact.
(A2) The operator A satisfies Ax>0, a.e. for any x>0 a.e.
(A3) The maximum entropy solution x̄ of Equation (1) exists, that is, there exists a positive

function x̄ ∈ L1(�) which is the solution of the problem

min d(x, x∗)
subject to Ax = y

(12)

(A4) The function x∗ is bounded and bounded away from zero, i.e. there exist k1, k2>0 such
that k1�x∗�k2, almost everywhere on �.

(A5) For any �>0, the data y� are bounded and bounded away from zero, almost everywhere
on �.

(A6) If x ∈ L1(�) is such that c1�x�c2, a.e. for some positive constants c1, c2, then there exist
c3, c4>0 such that c3�Ax�c4, almost everywhere on �.

‡We use the convention 0 ln 0= 0.
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Remarks
In most practical situations, when a reasonable level of data has been collected, the measured
data will be non-zero over its domain of definition. For example, in emission tomography, after
a suitably long sampling time, all counters will have recorded some photon activity, even if very
small. Consequently, assumption (A5) holds for such situations. Furthermore, assumption (A5)
does not stop y� from having high-frequency components. Assuming that the theoretical structure
of the inverse problem has a uniquely defined solution, it is the sensitivity of the inversion to
high-frequency perturbations in the data that generates the need for regularization.

Assumption (A6) is not significantly restrictive. There are large classes of linear (even severely)
ill-posed integral equations for which such a requirement is achieved. For example, one could
think of integral equations of the first kind that arise in geophysics and potential theory, which
have smooth, bounded and bounded away from zero kernels.

3.3. Recall below a lemma from [34], that will be needed in the sequel.

Lemma
The function defined by (8) has the following properties:

(i) The domain of the function g is strictly included in L1+(�) = {x ∈ L1(�) : x�0 a.e.}.
(ii) The interior of the domain of the function g with respect to the L1(�) norm topology is

empty.
(iii) The set �g(x) is non-empty if and only if x belongs to L∞+ (�) and is bounded away from

zero. Moreover, �g(x)= {1 + ln x}.
(iv) The directional derivative of the function g is given by

g◦(x, v)=
∫

�
v(t)[1 + ln x(t)] dt

whenever it is finite.
(v) For any x, y ∈ dom g, one has

‖y − x‖21�
(
2
3‖y‖1 + 4

3‖x‖1
)
d(y, x) (13)

Corollary
If {u�}�, {v�}� are sequences in L1(�) such that one of them is bounded, then

lim
�

d(v�, u�) = 0 
⇒ lim
�

‖v� − u�‖1 = 0 (14)

Proof
One applies (v) stated above. �

3.4. The next lemma is a collection of basic results about entropy and the Kullback–Leibler
distance, which will be repeatedly used in this paper.

Lemma
The following statements hold:

(i) The function (v, u) �→ d(v, u) is convex and thus, so is the function (v, x) �→ d(v, Ax).
(ii) The function d(·, x∗) is lower semicontinuous with respect to the weak topology of L1(�).
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(iii) For any fixed v ∈ dom g, the function x �→ d(v, Ax) is lower semicontinuous with respect
to the weak topology of L1(�).

(iv) For any C>0 and any non-negative u ∈ L1(�), the following sets are weakly compact in
L1(�):

{x ∈ L1(�) : d(x, u)�C}
Proof
(i) See [47]. (ii) See [28, Corollary 2.2]. (iv) See [28, Lemma 2.1]. (iii) The proof is similar to
the one for (ii). For the sake of completeness, we detail it below. Fix v ∈ dom g. Let {xn}n∈N

be a sequence in the domain of the function z �→ d(v, Az), which converges in the L1(�) norm
to some x ∈ L1+(�). Then, it converges to x almost everywhere on �. Also, continuity of the
operator A yields convergence of {Axn}n∈N to Ax in L1(�), as well as convergence almost
everywhere. Consequently, the sequence v ln(v/Axn) − v + Axn converges almost everywhere to
v ln(v/Ax) − v + Ax . One can apply Fatou’s Lemma and conclude∫

�
[v ln(v/Ax) − v + Ax] d�� lim inf

n→∞

∫
�
[v ln(v/Axn) − v + Axn] d�

which means that the function d(y, A·) is lower semicontinuous. Since it is also convex (cf. (i)),
its weak lower semicontinuity is guaranteed. �

4. EXISTENCE, UNIQUENESS AND REGULARITY OF APPROXIMANTS

4.1. In this section, it is shown that problem (11) has a unique solution which, within the current
theoretical framework, satisfies a specific regularity property. We begin with proving consistency
of the regularized problem.

Proposition
For any �>0 and �>0, there exists a unique solution x�

� of problem (11).

Proof
In order to prove existence of solutions, one shows that the function d(y�, A·)+�d(·, x∗) is weakly
lower semicontinuous on L1(�) and that for any C>0, the sublevel sets

{x ∈ L1(�) : d(y�, Ax) + �d(x, x∗)�C}
are weakly compact in L1(�). The weak lower semicontinuity property is a consequence of Lemma
3.4(ii)–(iii). Since the above sets are weakly closed subsets of the weakly compact sublevel sets
of the function d(·, x∗), as stated in Lemma 3.4(iv), it follows that they are weakly compact, too.
Therefore, there exist solutions x�

� of problem (11). Moreover, the solution is unique, due to the
strict convexity of d(·, x∗) (see, e.g. [48]). �

4.2. Boundedness and boundedness away from zero of the regularized solutions are established
below.

Proposition
For any fixed �>0 and �>0, the solution x�

� of problem (11) has the following property.

Copyright q 2007 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2007; 30:1527–1544
DOI: 10.1002/mma



1536 E. RESMERITA AND R. S. ANDERSSEN

There exist positive constants c1, c2 such that c1�x�
�/x∗�c2, almost everywhere on �. Moreover,

x�
� is bounded and bounded away from zero almost everywhere.

Proof
Claim. There exists a constant c1>0 such that x�

�/x∗�c1, a.e. on �. In order to prove this, we
adapt an idea from [28] to our context. Suppose by contradiction that, for any ε>0, there is a set
Uε with positive Lebesgue measure �(Uε), such that

x�
�(t)

x∗(t)
<ε, ∀t ∈Uε (15)

Denote by �ε the characteristic function of the set Uε and by h the function

h(�) = d(y�, Ax�
� + �A�ε) + �d(x�

� + ��ε, x
∗), ��0

Observe that the convex function h has �= 0 as a minimizer. Consequently, the first order necessary
optimality condition yields

h′(0, �)�0, ∀��0 (16)

In order to establish the formula for h′(0, �), one can use the expression of the directional derivative
of the functional x �→ d(y�, Ax) which has already been determined in [42]:

d(y�, A·)′(x, u) =
∫

�

[
−y�(s)

Au(s)

Ax(s)
+ Au(s)

]
ds (17)

It can be shown, by using the Monotone Convergence Theorem, that the directional derivative of
x �→ d(x, x∗) has the following form:

d(·, x∗)′(x, u) =
∫

�
u(t) ln

x(t)

x∗(t)
dt

Hence, inequality (16) becomes

�
∫

�

[
−y�(s)

A�ε(s)

Ax�
�(s)

+ A�ε(s)

]
ds + ��

∫
�

�ε(t) ln
x�
�(t)

x∗(t)
dt�0

for any ��0. This implies

�
∫
Uε

ln
x�
�(t)

x∗(t)
dt +

∫
�
A�ε(s) ds�

∫
�
y�(s)

A�ε(s)

Ax�
�(s)

ds (18)

By Fubini’s Theorem, it follows that
∫

�
A�ε(s) ds =

∫
�

∫
�
a(s, t)�ε(t) dt ds

=
∫

�

(∫
�
a(s, t) ds

)
�ε(t) dt
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=
∫
Uε

(∫
�
a(s, t) ds

)
dt

=
∫
Uε

A∗1(t) dt

� ‖A∗1‖∞�(Uε)

where A∗1 denotes the adjoint operator from L∞(�) to L∞(�) applied to the function which is
almost everywhere equal to 1. By combining the last inequality with (18) and (15), one gets

�(Uε)(� ln ε + ‖A∗1‖∞)�
∫

�
y�(s)

A�ε(s)

Ax�
�(s)

ds (19)

Then, one can choose ε small enough to obtain � ln ε + ‖A∗1‖∞<0, which yields a contradiction
for (19) because the term on the right-hand side there is non-negative. Thus, the proof of the claim
is completed.

It remains to show that x�
�/x∗ is bounded from above almost everywhere. To this end, suppose

that the contrary holds. That is, for any positive ε there exists a set Vε with positive measure �(Vε)

such that

x�
�(t)

x∗(t)
>ε, ∀t ∈ Vε (20)

Let cVε = � \ Vε. One distinguishes two situations. First, if �(cVε) = 0, it follows that (20) holds
a.e. on �. Since ε was arbitrarily chosen, one obtains a contradiction. Second, if �(cVε)>0, then
inequality (15) holds on cVε. Hence, the reasoning done above for Uε, starting after formula (15)
and ending at (19), applies this time to cVε. As a consequence, one reaches a contradiction.

Since x∗ is also minorized and majorized by two positive constants (cf. (A4)), it follows that
the solution x�

� has the same property. �

Corollary
For any fixed �>0 and �>0, the function Ax�

� is minorized and majorized by two positive constants,
almost everywhere on �.

Proof
The corollary is an immediate consequence of assumption (A6) and of the previous
proposition. �

Remark
The last result, as well as hypotheses (A4)–(A5), guarantees not only that Ax�

� , y
� and x∗ have

finite L∞ norm, but also that ln Ax�
� , ln y

� and ln x∗ belong to L∞. This will be needed in the
subsequent analysis.
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5. STABILITY AND CONVERGENCE OF THE METHOD

5.1. Stability of the regularized problem (11) with respect to a certain kind of data perturbations is
shown below. In many practical situations, it is not necessarily the data y� for which the solution
of problem (11) is constructed, but some discretization of it. Consequently, a stability result is
required that guarantees that the regularized approximations converge to the exact solution as
the discretized data converges to the exact data. For the current regularization framework being
investigated, it is natural to assess the convergence in terms of the KL-functional, as detailed
below in equality (21). Consequently, from a discrimination perspective, the information in yn
must approach that in y� as n goes to infinity.

Proposition
Fix �>0 and �>0. Suppose that yn , n ∈ N, are approximations in L1(�) of y� in the following
sense:

lim
n→∞ d(yn, y

�) = 0 (21)

Then, the sequence of solutions xn for problem (11) corresponding to data yn converges in the
L1-norm to the solution x�

� of the regularized problem corresponding to data y�.

Proof
Fix �>0. For any n ∈ N, the definition of xn implies

d(yn, Axn) + �d(xn, x
∗)�d(yn, Ax

�
�) + �d(x�

� , x∗) (22)

One can show that the sequence {d(yn, Ax�
�)}n∈N is bounded. To this end, observe that the

sequence {yn}n∈N converges strongly to y� in L1 as well as pointwise almost everywhere, because
limn→∞ d(yn, y�) = 0 (see Corollary 3.3). Also, one has (see Remark in subsection 4.2)

|d(yn, Ax
�
�) − d(y�, Ax�

�) − d(yn, y
�)| =

∣∣∣∣
∫

�
(ln Ax�

� − ln y�)(yn − y�) d�

∣∣∣∣
� ‖ ln Ax�

� − ln y�‖∞‖yn − y�‖1

implying

lim
n→∞ d(yn, Ax

�
�) = d(y�, Ax�

�) (23)

Since the sequence {d(yn, Ax�
�)}n∈N is convergent, it is also bounded. By this fact together with

(22), one gets boundedness of the sequence {d(xn, x∗)}n∈N. Then, Lemma 3.4(iv) ensures existence
of a subsequence {xnk }k∈N of {xn}n∈N, which converges weakly to some u ∈ L1(�). Actually, the
element u lies in dom g, because

d(u, x∗)� lim inf
k→∞ d(xnk , x

∗)<∞

Compactness of the operator A implies strong convergence of the sequence {Axnk }k∈N to Au in
L1(�) and hence, pointwise almost everywhere convergence. Then, Fatou’s Lemma can be applied
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to the sequence {ynk ln(ynk/Axnk ) − ynk + Axnk }k∈N and yields

d(y�, Au)� lim inf
k→∞ d(ynk , Axnk ) (24)

Due to the weak lower semicontinuity of the function d(·, x∗) and due to (22) and (24), one
also has

d(y�, Au) + �d(u, x∗) � lim inf
k→∞ d(ynk , Axnk ) + � lim inf

k→∞ d(xnk , x
∗)

� lim inf
k→∞ [d(ynk , Axnk ) + �d(xnk , x

∗)]

� lim sup
k→∞

[d(ynk , Axnk ) + �d(xnk , x
∗)]

� lim sup
k→∞

[d(ynk , Ax
�
�) + �d(x�

� , x∗)]

= d(y�, Ax�
�) + �d(x�

� , x∗)

This means that u is the unique minimizer of problem (11), that is, u = x�
� . Consequently, it also

follows that

d(y�, Ax�
�) + �d(x�

� , x∗) = lim
k→∞[d(ynk , Axnk ) + �d(xnk , x

∗)] (25)

In order to prove strong convergence of {xnk }k∈N to x�
� , it is enough showing convergence with

respect to the entropy g (see [48, Lemma 2.5]), that is, limk→∞ g(xnk ) = g(x�
�) or, equivalently,

limk→∞ d(xnk , x
∗) = d(x�

� , x∗). Suppose, by contradiction, that

l = lim sup
k→∞

d(xnk , x
∗)> lim inf

k→∞ d(xnk , x
∗) (26)

Let {x j } j∈N denote a subsequence of {xnk }k∈N such that l = lim j→∞ d(x j , x∗). By using (25),
one gets

d(y�, Ax�
�) + �d(x�

� , x∗) = lim
j→∞[d(y j , Ax j ) + �d(x j , x

∗)]

Consequently, by combining (25) and (26), one obtains

lim
j→∞ d(y j , Ax j ) = d(y�, Ax�

�) + �d(x�
� , x∗) − �l

< d(y�, Ax�
�) + �d(x�

� , x∗) − � lim inf
j→∞ d(x j , x

∗)

� d(y�, Ax�
�)

The last inequality, which is due to the weak lower semicontinuity of the function d(·, x∗),
is in contradiction with (24) since u = x�

� . Therefore, the sequence {xnk }k∈N converges in the
L1(�) norm to x�

� . Since, in fact, every convergent subsequence of {xn}n∈N converges strongly
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to the unique minimizer x�
� of problem (11), it follows that the whole sequence has the strong

limit x�
� . �

5.2. The following result establishes convergence of the regularization method in the presence
of ‘entropy-perturbed’ data, i.e. when y� satisfies

d(y�, y)��2 (27)

with �>0. Condition (27) is a constraint on the possible perturbations of y to give a y�. It implies
that, with respect to the KL measure of divergence, the admissible perturbations are such that the
information in y� remain close to that in y.

Proposition
If the noisy data y� satisfy inequality (27), then the regularized solutions x�

� converge strongly to
the maximum entropy solution x̄ of Equation (1) as soon as � → 0, � → 0 with �2/� → 0.

Proof
According to the definition of x�

� , one gets

d(y�, Ax�
�) + �d(x�

� , x∗) � d(y�, Ax̄) + �d(x̄, x∗)

� �2 + �d(x̄, x∗) (28)

Consider �n , �n such that �n → 0 and �2n/�n → 0. Let {xn}n∈N denote the sequence with term x�n
�n .

The second inequality in (28) yields

d(xn, x
∗)��2n

�n
+ d(x̄, x∗) (29)

Since the sublevel sets of the function d(·, x∗) are weakly compact (cf. Lemma 3.4(iv)), it follows
that {xn}n∈N is contained in such a set. Then, there is a subsequence of it, denoted {xnk }k∈N, which
converges weakly to some v ∈ dom g. Hence, by the weak lower semicontinuity of the function
d(·, x∗) and by (29), one obtains

d(v, x∗)� lim inf
k→∞ d(xnk , x

∗)� lim sup
k→∞

d(xnk , x
∗)�d(x̄, x∗) (30)

Due to (27) and Corollary 3.3, one has limk→∞ ‖y�nk − y‖1 = 0. On one hand, (28) yields

lim
k→∞ d(y�nk , Axnk ) = 0

By Corollary 3.3, this further implies that limk→∞ ‖y�nk − Axnk‖1 = 0. Consequently, limk→∞
‖Axnk − y‖1 = 0. On the other hand, compactness of the operator A implies that limk→∞ ‖Axnk −
Av‖1 = 0 and then Av = y, i.e. v is a solution of Equation (1). This combined with (30) implies
that v = x̄ and

d(x̄, x∗) = lim
k→∞ d(xnk , x

∗) (31)

As in the proof of the previous proposition, convergence of {xnk }k∈N to x̄ with respect to the
distance d , together with convergence in the weak topology yield strong convergence in L1.
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Consequently, the whole sequence {xn}n∈N converges strongly to x̄ and thus the proof of the
theorem is completed. �

5.3. The symmetric KL-functional J (u, v) as a regularizor. In [7], the other directional entropy
d(x∗, ·) plays the role of the penalty term, motivated by the possibility of employing an EM
algorithm in a discrete manner. The question of whether the symmetric entropic divergence
J (·, x∗) = d(·, x∗)+d(x∗, ·) is a more suitable regularizor arises naturally. Note that all the results
above hold when d(·, x∗) is replaced by J (·, x∗). Thus, one can choose this entropic functional
for regularization. Advantages associated with its use have been discussed in Section 2.

6. CONVERGENCE RATES

Convergence rates can be established under a suitable source condition involving the Banach space
adjoint operator A∗ : L∞(�) → L∞(�).

Proposition
Let the following source condition hold:

A∗w = ln
x̄

x∗ (32)

for some source element w ∈ L∞(�). Then, for the choice � ∼ �, one has the convergence rate

‖x�
� − x̄‖1 = O(

√
�) (33)

Proof
Equality (32) implies that ln x̄ and x̄ belong to L∞(�), because A∗w and ln x∗ have the same
property (see Remark in subsection 4.2). Then, by applying Lemma 3.3(iii), it follows that
�g(x̄) ={1 + ln x̄} and that d(x�

� , x̄) is finite. By (28), one obtains

�2 � d(y�, Ax�
�) + �d(x�

� , x∗) − �d(x̄, x∗)

= d(y�, Ax�
�) + �d(x�

� , x̄) + �〈A∗w, x�
� − x̄〉

= d(y�, Ax�
�) + �d(x�

� , x̄) + �〈w, Ax�
� − Ax̄〉

This implies that

d(y�, Ax�
�) + �d(x�

� , x̄)��2 + �‖w‖∞‖Ax�
� − Ax̄‖1 (34)

By inequality (13), there exists a positive constant a1 such that ‖y� − y‖21�a1d(y�, y), ∀�>0
sufficiently small. Consequently, the triangular norm inequality yields

‖Ax�
� − Ax̄‖21 � 2(‖Ax�

� − y�‖21 + ‖y� − y‖21)�2[‖Ax�
� − y�‖21 + a1d(y�, y)]

� 2(‖Ax�
� − y�‖21 + a1�

2)
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By using the last inequality combined with (34) and (13), one obtains that

1
2‖Ax�

� − Ax̄‖21 � a2d(y�, Ax�
�) + a1�

2

� (a1 + a2)�
2 + �a2‖w‖∞‖Ax�

� − Ax̄‖1 − �a2d(x�
� , x̄)

for some constant a2>0 and for any �>0 sufficiently small. Then, one has

1
2‖Ax�

� − Ax̄‖21�(a1 + a2)�
2 + �a2‖w‖∞‖Ax�

� − Ax̄‖1 (35)

and

�d(x�
� , x̄)�(a1/a2 + 1)�2 + �‖w‖∞‖Ax�

� − Ax̄‖1 (36)

The convergence rate ‖Ax�
� − Ax̄‖1 = O(�) is immediately established from (35) for the choice

� ∼ �. As a consequence of this and of inequality (36), it follows that d(x�
� , x̄) = O(�). In order to

complete the proof, one applies again (13) and gets ‖x�
� − x̄‖21�a3d(x�

� , x̄) for some a3>0, which
implies (33). �
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