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omMay 19, 2006Abstra
tIn this paper, we are interested in optimal de
isions in a partiallyobservable universe. Our approa
h is to dire
tly approximate an opti-mal strategi
 tree depending on the observation. This approximationis made by means of a parameterized probabilisti
 law. A parti
ularfamily of hidden Markov models, with input and output, is 
onsid-ered as a model of poli
y. A method for optimizing the parametersof these HMMs is proposed and applied. This optimization is basedon the 
ross-entropi
 prin
iple for rare events simulation developed byRubinstein.Keywords: Control, MDP/POMDP, Hierar
hi
al HMM, Bayesian Networks, Cross-EntropyNotations. Some spe
i�
 notations are used in this do
ument.� The variables d, y, x and m are used for the de
ision, observation,world state and ma
hine memory,� The time t is starting from stage 1 to the maximal stage T . Variableswith subs
ript outside this s
ope are synonymous to ;. For example,QTt=1 �(xtjxt�1) means �(x1j;)QTt=2 �(xtjxt�1) , ie. a Markov 
hain.A similar prin
iple is used for the level sups
ript � in the de�nition ofhierar
hi
al HMM, 1
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� The generi
 notation for a probability is P . However, the fun
tionsp, � and h denote some spe
i�
 
omponents of the probability. p isthe law of the observation y and state x 
onditionally to the de
isiond. � is a sto
hasti
 poli
y, ie. a law of the de
ision 
onditionally tothe observation. h is an approximation of � by a HMM family. Thehidden state of h is de�ned as the ma
hine memory m.1 Introdu
tionThere are di�erent degrees of diÆ
ulty in planning and 
ontrol problems. Inmost problems, the planner have to start from a given state and terminatein a required �nal state. There are several transition rules, whi
h 
onditionthe sequen
e of de
ision. For example, a robot may be required to movefrom room A, starting state, to room B, �nal state; its de
ision 
ould bego forward, turn right or turn left, and it 
annot 
ross a wall; these are the
onditions over the de
ision. A �rst degree in the diÆ
ulty is to �nd at leastone solution for the planning. When the states are only partially known orthe resulting a
tions are not deterministi
, the diÆ
ulty is quite enhan
ed:the planner has to take into a

ount the various observations. Now, theproblem be
omes mu
h more 
omplex, when this planning is required to beoptimal or near-optimal. For example, �nd the shortest traje
tory whi
hmoves the robot from room A to room B. There are again di�erent degreesin the diÆ
ulty, depending on the problem to be deterministi
 or not, de-pending on the model of the future observations. In the parti
ular 
aseof a Markovian problem with the full observation hypothesis, the dynami
programming prin
iple[2℄ 
ould be eÆ
iently applied (Markov De
ision Pro-
ess theory/MDP). This solution has been extended to the 
ase of partialobservation (Partially Observable Markov De
ision Pro
ess/POMDP), butthis solution is generally not pra
ti
able, owing to the huge dimension of thevariables[10, 4℄.For su
h reason, di�erent methods for approximating this problem has beenintrodu
ed. For example, Reinfor
ement Learning methods [11℄ are ableto learn an evaluation table of the de
ision 
onditionnally to the knownuniverse states and an observation short range. In this 
ase, the range of2



observation is indeed limited in time, be
ause of an exponential grow of thetable to learn. Re
ent works[1℄ are investigating the 
ase of hierar
hi
alRL, in order to go beyond this range limitation. Whatever, these methodsare generally based on an additivity hypothesis about the reward. Anotherviewpoint is based on the dire
t learning of the poli
y[7℄. Our approa
his of this kind. It is parti
ularly based on the Cross-Entropy optimisationalgorithm developed by Rubinstein[9℄. This simulation method relies bothon a probabilisti
 modelling of the poli
ies (in this paper, these models areBayesian Networks) and on an eÆ
ient and robust iterative algorithm for op-timizing the model parameters. More pre
isely, the poli
y will be modelledby 
onditional probabilisti
 law, i.e. de
isions depending on observations,whi
h are involving memories; typi
ally hidden Markov models are used.Also are implemented a hiera
hi
al modelling of the poli
ies by means ofhierar
hi
al hidden Markov models.The next se
tion introdu
es some formalism and gives a qui
k des
ription ofthe optimal planning in partially observable universes. It is proposed a near-optimal planning method, based on the dire
t approximation of the optimalde
ision tree. The third se
tion introdu
es the family of Hierar
hi
al Hid-den Markov Models being in use for approximating the de
ision trees. Thefourth se
tion des
ribes the method for optimizing the parameters of theHHMM, in order to approximate the optimal de
ision tree for the POMDPproblem. The 
ross-entropy method is des
ribed and applied. The �fth se
-tion gives an example of appli
ation. A 
omparison with a Reinfor
ementLearning method, the Q-learning, is made. The paper is then 
on
luded.2 De
ision in a partially observable universeIt is assumed that a subje
t is a
ting in a given world with a given purposeor mission. Thus, the subje
t intera
ts with the world and per
eives partialinformations. The goal is to optimize the a

omplishment of the mission,whi
h is 
hara
terized by its reward. The forth
oming paragraphs are for-malizing what is a
tually a world, what is a mission reward, and how isde�ned an optimal poli
y for su
h a mission.3



The world. The world is des
ribed by an hidden state x, whi
h evolveswith the time t; in this paper, the time is dis
retized and in
reases fromstep 1 to step T . More spe
i�
ally, the variable xt 
ontains an infor-mation whi
h 
hara
terizes entirely the world at time t. In the exampleof se
tion 5, the hidden state is 
hara
terized by the lo
ations of the tar-get and patrols. The evolution of the hidden state is given by the ve
torx = x1:T = x1; : : : ; xt; : : : ; xT . During the mission, the subje
t produ
esde
isions d = d1:T whi
h will impa
t the evolution of the world. In exam-ple 5, d is the move of the patrols. The subje
t per
eives partial observationsfrom the world, denoted y = y1:T , whi
h are noisily derived from the hid-den state. In the example, this observation is an ina

urate estimate of thetarget lo
ation. As a 
on
lusion, the world is 
hara
terized by a law des
rib-ing the hidden states and observations 
onditionnally to the de
isions. Thisprobabilisti
 law is denoted P :The hidden state xt and observation yt are obtained from thelaw P (xt; ytjx1:t�1; y1:t�1; d1:t�1) , whi
h are 
onditionned by thepast hidden states, observations and de
isions. It is assumedthat dt is generated by the subje
t after re
eiving yt .In this paper, the law P is quite general, and for example there is no Marko-vian hypothesis (this hypothesis is required for a dynami
 programmingapproa
h). Nevertheless, it is assumed that P (xt; ytjx1:t�1; d1:t�1) may besampled very qui
kly. The law P (x; yjd) is illustrated by �gure 1 . In this�gure, the out-going arrows are related to the data produ
ed by the world,i.e. observations, while in
oming arrows are for the data 
onsummed bythe world, i.e. the de
isions. The variables are put in 
hronologi
al orderfrom left to right: yt happens before dt sin
e de
ision dt is produ
ed afterobserving yt . From now on, P (x; yjd) denotes the law of the world for the
ompleted mission:P (x; yjd) = TYt=1P (xt; ytjx1:t�1; y1:t�1; d1:t�1) :Reward and optimal planning. The mission is limited in time and is
hara
terized by a reward. This reward, denoted V (d; y; x), is a fun
tion of4



Figure 1: The world
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the traje
tories d; y; x . Typi
ally, the fun
tion V 
ould be used for 
omput-ing the time needed for the mission a

omplishment. The only hypothesisabout V is that it is qui
kly 
omputable. In parti
ular, the additivity of thereward1 with time, a requested hypothesis for many 
lassi
al methods, isnot ne
essary.The purpose is to 
onstru
t an optimal de
ision tree y 7! (dt(y1:t)jTt=1),depending on the past observations, in order to maximize the mean reward :d� 2 argmaxd Xy Xx P �x; y ��(dt(y1:t)jTt=1)�V ((dt(y1:t)jTt=1); y; x) : (1)This optimization pro
ess is illustrated by �gure 2. The double arrows arerelated to the variables to be optimized. These arrows des
ribe the in-formation 
ow between observations and de
isions. The 
ells denoted 1are making de
isions and transmitting all the re
eived and generated infor-mations. This ar
hite
ture illustrates that planning with observation is anon-�nite memory problem : the de
ision depends on the whole past obser-vations. Sin
e the optimum for su
h a problem is generally intra
table, itis ne
essary to sear
h for near-optimal solutions. The alternative methodproposed now relies on the optimal tuning of a probabiliti
 model of thepoli
ies.Approximating the de
ision tree. In a program like (1) , the variableto be optimized, do , is a deterministi
 obje
t. In this pre
ise 
ase, do is atree of de
ision, that is a fun
tion whi
h maps to a de
ision dt from anysequen
e of observation y1:t�1 . But it is more interesting to have a proba-bilisti
 viewpoint, when approximating. Then the problem is equivalent to1Additive rewards are of the form V (d; y; x) =PTt=1 Vt(dt; yt; xt)5



Figure 2: The optimization pro
ess
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�nding �(djy) , a probabilisti
 law of the de
isions 
onditionally to the pastobservations, whi
h maximizes the mean reward:V (�) =Xd Xy Xx TYt=1 �(dtjd1:t�1; y1:t)P (x; yjd) V (d; y; x) :This new problem is still illustrated by �gure 2, but the double arrows arenow des
ribing a Bayesian network stru
ture for the law �. By the way,there is not a great di�eren
e with the deterministi
 
ase for the optimum:when do is unique, the optimal law �o 2 argmax� V (�) is a dira
 on do .However, the probabilisti
 viewpoint is more suitable to an approximation:it is simplier to handle probabilisti
 models than deterministi
 de
ision trees,and the optimization is ensured to be 
ontinuous; moreover, a natural ap-proximation of �o is obtained by repla
ing the non-�nite memories 1 by�nite memories m; 
.f. �gure 3. Restri
ting the memory size of the poli
iesis equivalent to approximate the law � by a hidden Markov Model. Then,the approa
h developped in this paper is quite general and 
an be split upinto two pro
esses:� De�ne a family of parameterized HMMs H ,� Optimize the parameters of the HMM in order to maximize the meanreward: Find hO 2 argmaxh2H V (h) :6



Figure 3: Finite-memory approximation
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__As will be seen later, it is easy to tune a HMM optimally by the Cross-Entropy method of Rubinstein[9℄. But �rst, it is dis
ussed in the next se
tionabout the 
hoi
e of the familly H.3 ModelsGeneral points. The 
hoi
e of the family of poli
y models, H, will pro-foundly impa
t the eÆ
ien
y of the approximation. In parti
ular, the modelswill be 
hara
terized by the memory size and the internal stru
ture of theHMMs (e.g. is it hierar
hi
al or not?). Both 
hara
teristi
s will a
t uponthe 
onvergen
e, as will be seen in the experiments. In the most simple 
ase,the HMMs of H 
ontain no stru
ture and are distinguished by their memorysize only. Example of simple HMM:Let M be indeed a �nite set of states, des
ribing the memory
apa
ity of our models. Then, the memory of the HMM at timet is mt 2M , a variable valued withinM . A HMM h 2 H is thustypi
ally de�ned by:8>>><>>>:h(djy) = Xm2MT h(d;mjy) ;h(d;mjy) = TYt=1(hd(dtjmt)hm(mtjyt;mt�1)) ;where the 
onditionnal law hd and hm are time invariant.7



But subsequently will be 
onsidered the impa
t of both the memory andHMM stu
tures. For this purpose a spe
i�
 family of hierar
hi
al HMM willbe introdu
ed and studied. HHMM are indeed a parti
ular 
ase of HMM,implementing strong intern stru
tures.Hierar
hi
al HMM. Hierar
hi
al models are inspired from biology: tosolve a 
omplex problem, fa
torize it and make de
isions in a hierar
hi-
al fashion. Low hierar
hies manipulate low level informations and a
tions,making short-term de
isions. High hierar
hies manipulate high level in-formations and a
tions (un
ertainty is less), making long-term de
isions.Hierar
hi
al HMM are su
h kind of models. A hierar
hi
al hidden Markovmodel (HHMM) is a HMM whi
h output is either a hierar
hi
al HMM oran a
tual output. A HHMM 
ould also be 
onsidered as a hierar
hy ofsto
hasti
 pro
esses 
alling sub-pro
esses. From this 
ommon de�nition,HHMM are 
omplex stru
tures, whi
h are diÆ
ult to formalize and to 
om-puterize. Nevertheless, these models have been introdu
ed and applied forhandwriting re
ognition [5℄, as well for modelling 
omplex worlds in 
ontrolappli
ations [12℄. A fundamental 
ontribution has been made by Murphyand Paskin [8℄, whi
h have shown how HHMM 
ould be interpreted as a par-ti
ular 2�dimension dynami
 Bayesian Network. Now, Dynami
 BayesianNetworks are easily formalized, manipulated and 
omputerized. DBN 
ouldbe 
onsidered as HMM with 
omplex intern stru
tures. From the work ofMurphy and Paskin, it 
ould be shown that a hierar
hi
al HMM (with inputand output) 
ould be interpreted by a DBN as des
ribed in �gure 4, withdis
rete or semi-
ontinuous states. It appears, that there is a up and down
ow of the information between the hierar
hi
al levels in addition to theusual temporal 
ow (the Markovian property). It is important to note thatboolean informations are ne
essary for implementing the hierar
hy. Theseboolean are needed for 
ontrolling the information 
ows betwenn pro
essesand subpro
esses. The next paragraph introdu
es the 
ustomized model ofHHMM, whi
h has been 
onsidered in this work. It is simpli�
ation of thegeneral HHMM model, and it allows a more simple implementation.Implemented model. The implemented model familly H is 
omposedby HHMM with � hierar
hi
al levels. Ea
h level � 2 [[1;�℄℄ is asso
iated8



Figure 4: Model of a 
ontrolled Hierar
hi
al HMMÆ Æ Æ Æ Æ// // // // ____Æ Æ Æ Æ Æ��
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��Æ = 5 =4 = information+boolean/ ouput / inputto a �nite memory set M� (the memory size may 
hange with the hierar-
hy). The ex
hange of information between the levels is 
hara
terized bythe DBN illustrated in �gure 5. Noti
e that ea
h memory 
ell re
eives an in-formation from the 
urrent upper-level 
ell and the previous lower-level 
ell.As a 
onsequen
e, the hierar
hi
al and temporal information ex
hanges areguaranted. In a more formal way, the HHMM h 2 H are of the form:8>>><>>>:h(djy) = Xm2M�T h(d;mjy) ;h(d;mjy) = TYt=1 h0(dtjm1t )h1(m1t jyt;m2t ) �Y�=2 h�(m�t jm��1t�1 ;m�+1t ) ;where m� 2M� is the variable for the memory at level �. It is noteworthythat this model is equivalent to a simple HMM when � = 2 . And when� = 1 , the law h just maps the immediate observation to de
isions, withoutany memory of the past observations.For any h 2 H, de�ne P [h℄ the 
omplete probabilisti
 law of the systemworld/subje
t: P [h℄(d; y; x;m) = P (y; xjd)h(d;mjy)9



Figure 5: HHMM model for the planningm31 m32 m33 m3t m3t+1m21 m22 m23 m2t m2t+1�� �� �� �� ��
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GG������Then the issue is to �nd the near-optimal strategy ho 2 H su
h that:ho 2 argmaxh2H Xd;y;x;mP [h℄(d; y; x;m)V (d; y; x) :A solution to this problem, by means of the 
ross-entropy method, is pro-posed in the next se
tion.4 Cross-entropi
 optimization of hThe reader interested in CE methods should refer to the tutorial [3℄ and thebook [9℄ on the CE method. CE algorithms were �rst dedi
ated to estimat-ing the probability of rare events. A slight 
hange of the basi
 algorithmmade it also good for optimization. In their new arti
le[6℄, Homem-de-Melloand Rubinstein have given some results about the global 
onvergen
e. Inorder to ensure su
h 
onvergen
e, some re�nements are introdu
ed parti
u-larly about the sele
tive rate.This presentation is restri
ted to the basi
 CE method. The new improve-ments of the CE algorithm proposed in [6℄ have not been implemented, butthe algorithm has been seen to work properly. For this reason, this paperdoes not deal with the 
hoi
e of the sele
tive rate.
10



4.1 General CE algorithm for the optimizationThe Cross Entropy algorithm repeats until 
onvergen
e the three su

essivephases:1. Generate samples of random data a

ording to a parameterized ran-dom me
hanism,2. Sele
t the best samples a

ording to a reward 
riterion,3. Update the parameters of the random me
hanism, on the basis of thesele
ted samples.In the parti
ular 
ase of CE, the update in phase 3 is obtained by minimizingthe Kullba
k-Leibler distan
e, or 
ross entropy, between the updated randomme
hanism and the sele
ted samples. The next paragraphs des
ribe ona theoreti
al example how su
h method 
an be used in an optimizationproblem.Formalism. Let be given a fun
tion x 7! f(x); this fun
tion is easily
omputable. The value f(x) has to be maximized, by optimizing the 
hoi
eof x 2 X. The fun
tion f will be the reward 
riterion.Now let be given a family of probabilisti
 laws, P�j�2� , applying on thevariable x. The family P is the parameterized random me
hanism. Thevariable x is the random data.Let � 2 ℄0; 1[ be a sele
tive rate. The CE algorithm for (x; f; P ) follows thesynopsis :1. Initialize � 2 � ,2. Generate N samples xn a

ording to P� ,3. Sele
t the �N best samples a

ording to the reward 
riterion f ,4. Update � as a minimizer of the 
ross-entropy with the sele
ted samples:� 2 argmax�2� Xn sele
ted lnP�(xn) ;5. Repeat from step 2 until 
onvergen
e.This algorithm requires f to be easily 
omputable and the sampling of P� tobe fast. 11



Interpretation. The CE algorithm tightens the law P� around the max-imizer of f . Then, when the probabilisti
 family P is well suited to themaximization of f , it be
omes equivalent to �nd a maximizer for f or tooptimize the parameter � by means of the CE algorithm. The problem isto �nd a good family. . . Another issue is the 
riterion for de
iding the 
on-vergen
e. Some answers are given in [6℄. Now, it is outside the s
ope ofthis paper to investigate these questions pre
isely. Our 
riterion was to stopafter a given threshold of su

essive unsu

essful tries and this very simplemethod have worked �ne on our problem.4.2 Appli
ationOptimizing h 2 H means tuning the parameter h in order to tighten theprobability P [h℄ around the optimal values for V . This is exa
tly solved bythe Cross-Entropy optimization method. However, it is required that thereward fun
tion V is easily 
omputable. Typi
ally, the de�nition of V maybe re
ursive, e.g. :V (d; y; x) = VT ; Vt = vt(dt; yt; xt; Vt�1) and V0 = 0 :Let the sele
tive rate � be a positive number su
h that � < 1 . The 
ross-entropy method for optimizing h follows the synopsis :1. Initialize h . For example a 
at h,2. Build N samples �n = (dn; yn; xn;mn) a

ording to the law P [h℄,3. Choose the �N best samples �n a

ording to the reward V (dn; yn; xn) .Denote S the set of the sele
ted samples,4. Update h as the minimizer of the 
ross-entropy with the sele
ted sam-ples: h 2 argmaxh2HXn2S lnP [h℄(�n) ; (2)5. Reiterate from step 2 until 
onvergen
e.For our HHMM model, the maximization (2) is solved by:h0(AjB) = 
ardnn 2 S ; t =A = dnt and B = m1;nt o
ardnn 2 S ; t =B = m1;nt o ;12



h1(AjB;C) = 
ardnn 2 S ; t =A = m1;nt ; B = ynt and C = m2;nt o
ardnn 2 S ; t =B = ynt and C = m2;nt o :and for 2 � � � � ,:h�(AjB;C) = 
ardnn 2 S ; t =A = m�;nt ; B = m��1;nt�1 and C = m�+1;nt o
ardnn 2 S ; t =B = m��1;nt�1 and C = m�+1;nt o :The next se
tion presents an example of implementation of the algorithmdes
ribed in se
tion 4.2.5 ImplementationThe algorithm has been applied to a simulated target dete
tion problem.5.1 Problem settingA target R is moving in a latti
e of 20 � 20 
ells, ie. [[ 0; 19 ℄℄2. R is tra
kedby two mobiles, B and C, 
ontrolled by the subje
t. The 
oordinate of R,B and C at time t are denoted (itR; jtR); (itB ; jtB) and (itC ; jtC). B and C havea very limited information about the target position, and are maneuveringmu
h slower:� A move for B (respe
tively C) is either: turn left, turn right, go for-ward, no move. Consequently, there are 4 � 4 = 16 possible a
tionsfor the subje
t. These moves 
annot be 
ombined in a single turn. Nodiagonal forward: a mobile is either dire
ted up, right, down or left,� The mobiles are initially positioned in the down 
orners, ie. i1B = 0;j1B = 19 and i1C = 19; j1C = 19. The mobile are initially dire
teddownward,� B (respe
tively C) observes whether the target relative position isforward or not. More pre
isely:{ when B is dire
ted upward, it knows whether jR < jB or not,{ when B is dire
ted right, it knows whether iR > iB or not,{ when B is dire
ted downward, it knows whether jR > jB or not,13



{ when B is dire
ted left, it knows whether iR < iB or not,� B (respe
tively C) knows whether its distan
e with the target is lessthan 3, ie. d1(B;R) < 3, or not. The distan
e d1 is de�ned by:d1(B;R) = maxfjiB � iRj ; jjB � jRjg :At last, there are 24 = 16 possible observations for the subje
t.Several test 
ases have been 
onsidered. In 
ase 1, the target R does notmove. In any other 
ase, the target R 
hooses sto
hasti
ally its next positionin its neighborhood. Any move is possible (up/down, left/right, diagonals,no move). The probability to 
hoose a new position is proportional to thesum of the squared distan
e from the mobiles:8>><>>:P (Rt+1jRt) = 0 if jit+1R � itRj > 1 or jjt+1R � jtRj > 1 ;P (Rt+1jRt) / (it+1R � itB)2 + (jt+1R � jtB)2+(it+1R � itC)2 + (jt+1R � jtC)2 else :This de�nition was intended to favorize es
ape moves: more great is a dis-tan
e, more probable is the move. But in su
h summation, a short distan
ewill be negle
ted 
ompared to a long distan
e. It is implied that a distantmobile will hide a nearby mobile. This \deluding" property will indu
e a
-tually two di�erent kinds of strategy, whithin the learned ma
hines.The obje
tive of the subje
t is to maintain the target suÆ
iently 
losed toat least one mobile (in this example, the distan
e between the target anda mobile is required to be not more than 3). More pre
isely, the rewardfun
tion, V , is just 
ounting the number of su
h \en
ounter":V0 = 0 ; Vt = Vt�1+1 if d1(Bt; Rt) � 3 or d1(Ct; Rt) � 3 ; Vt = Vt�1 else.The total number of turns is T = 100.5.2 ResultsGenerality. Like many sto
hasti
 algorithms, this algorithm needs sometime for 
onvergen
e. For the 
onsidered example, about two hours wereneeded for 
onvergen
e (on a 2GHz PC); the sele
tive rate was � = 0:5.14



This speed depends on the size of the HHMM model and on the 
onver-gen
e 
riterion. A weak and a strong 
riterion are used for de
iding the
onvergen
e. Within the weak 
riterion, the algorithm is terminated after100 su

essive unsu

essful tries. Within the strong 
riterion, the algorithmis terminated after 500 su

essive unsu

essful tries. Of 
ourse, the strong
riterion 
omputes a (slightly) better optimum than the weak 
riterion, butit needs time. Be
ause of the many tested examples, the weak 
riterion hasbeen the most used in parti
ular for the big models. For the same HHMMmodel, the 
omputed optimal values do not depend on the algorithmi
 in-stan
e (small variations result however from the sto
hasti
 nature of thealgorithm).In the sequel, mean rewards are rounded to the nearest integer, or are ex-pressed as a per
entage of the optimum. Thus, the presentation is made
learer. And owing to the small variations of this sto
hasti
 algorithm,more pre
ision turns out to be irrelevant.Case 1: R does not move. This example has been 
onsidered in orderto test the algorithm. The position of the target is �xed in the 
enter of thesquare spa
e, ie. i1R = j1R = 10. It is re
alled that the mobiles are initiallydire
ted downward. Then, the optimal strategy is known and its value is 85 :the time needed to rea
h the target is 15 , and no further move is needed.The learned ho approximates the reward 84 . The 
onvergen
e is good.Case 2: R is moving but the observation y is hidden. Initially, Ris lo
ated within the 20� 10 upper 
ells of the latti
e (ie. [[ 0; 19 ℄℄� [[ 0; 9 ℄℄),a

ordingly to a uniform probabilisti
 law. The 
omputed optimal meansreward is about 32. In this 
ase, the mobiles tend to move towards the upper
orners.Case 3: R is moving and y is observed. Again, R1 is lo
ated uniformlywithin the 20 � 10 upper 
ells of the latti
e. The 
omputed optimal meansreward is about 69. This reward has been obtained from a large HHMMmodel (� = 2 with 256 states per level, ie. 
ard(M�) = 256) and with thestrong 
riterion. However, somewhat smaller models should work as well.Spe
i�
 
omputations are now presented, depending on the number of levels15



� and the number of states per levels. For ea
h 
ase, the weak 
riterion hasbeen used. The rewards are now expressed as per
entage.Sub
ase � = 1 . For su
h model, the a
tion dt is 
onstru
ted only from theimmediate last observation yt. The model does not keep any memory ofthe past observations. Then, only 16 states are suÆ
ient to des
ribe thehidden variable m1t , ie. 
ard(M1) = 16. The resulting reward is 78% of theoptimum.Sub
ase � = 2 . This model is equivalent to a HMM and it is assumed that
ard(M1) = 
ard(M2). The following table gives the 
omputed reward forseveral 
hoi
es of the memory size:
ard(M�) 16 32 64 256Reward 94% 96% 97% 97%It is noteworthy that the memory of the past observations allows betterstrategies than the only last observation (
ase � = 1) . Indeed, the rewardjumps from 78% up to 97%.Sub
ases � > 2. A 
omparison of graduated hierar
hi
 models, 1 � � � 4,has been made. The �rst level 
ontained 16 possible states, and the higgerlevels were restri
ted to 2 states:hierar
hi
 grade � = 1 � = 2 � = 3 � = 4
ard(M�)j��=1 16 16; 2 16; 2; 2 16; 2; 2; 2The test has been a

omplished a

ording to the weak 
riterion:hierar
hi
 grade � = 1 � = 2 � = 3 � = 4Reward (weak) 78% 85% 81% 94%and the strong 
riterion:hierar
hi
 grade � = 1 � = 2 � = 3 � = 4Reward (strong) 80% 88% 93% 96%It seems that a high hierar
hi
 grade (i.e. more stru
ture) makes the 
on-vergen
e diÆ
ult. This is parti
ularly the 
ase here for the grade � = 3 ,whi
h failed under the weak 
riterion at only 81%. However, the algorithmworks again when improving the 
onvergen
e 
riterion.16



It is interesting to make a 
omparison with the sub
ase � = 2 where
ard(M1) = 
ard(M2) = 16. Under the weak 
riterion, the result for thisHHMM was 94% as for the grade � = 4. However, the dimension of the lawis quite di�erent for the two models:� 15� 16 + 15� 16� 16 + 15� 16 = 4320 for the 2-level HHMM,� 15 � 16 + 15 � 16 � 2 + 1 � 16 � 2 + 1 � 2 � 2 + 1 � 2 = 758 for the4-level HHMM.This dimension is a rough 
hara
terization of the 
omplexity of the model. Itseems 
lear on these examples that the highly hierar
hized models are moreeÆ
ient than the weakly hierar
hized models. And the problem 
onsideredhere is quite simple. On 
omplex problems, hierar
hi
al models may bepre-eminent.Global behavior.The algorithm. The 
onvergen
e speed is low at the beginning. After thisinitial stage, it improves greatly until it rea
hes a new \waiting" stage. Thisalternation of low speed and great speed stages have been noti
ed severaltimes.The near optimal poli
y. It is now dis
ussed about the behaviour of thebest found poli
y. This poli
y has rea
h the mean reward 69. The mobilesstrategy results in a tra
king of the target. The �gure 6 illustrates a shortsequen
e of es
ape/tra
king of the target. It has been noti
ed two quitedistin
t behaviours, among the many runs of the poli
y:� The two mobiles may both 
ooperate on tra
king the target,� When the target is near a border, one mobile may stay along the op-posite border while the other mobile may perform the tra
king. Thisstrategy seems strange at �rst sight. But it is re
alled that the movingrule of the target tends to negle
t a nearby mobile 
ompared to a dis-tant mobile. In this strategy, the �rst mobile is just annihilating theability of the target to es
ape from the tra
king of the se
ond mobile.
17



Figure 6: Near-optimal 
ontrol sequen
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ript5.3 Comparison with the Q-learningThe Q-learning is a reinfor
ement learning method, whi
h is based on the
omputation of a table evaluating the de
ision 
onditionnally to the knowninformation. The known information is typi
ally the state of the world if itis known, or partial states and observations. Sin
e the known informationin
reases exponentially with the observation range, the test will only imple-ment a Q-learning based on the immediate past observation. Now, let usre
all some theoreti
al grounds about the Q-learning.Theory. A founding referen
e about reinfor
ement learning is the wellknown book of Sutton and Barto [11℄, whi
h is available on internet. Thisparagraph will not enter deeply into the subje
t, and is limited to a simpledes
ription of the Q-learning. Moreover, we will make the hypothesis ofin�nite horizon (that is T = 1) with a weak dis
ounting of the reward
 = 0:99, so as to implement the algorithm in its most 
lassi
al form. Testshowever have also been made with a �nite horizon but have not a
hieved a18



good 
onvergen
e for the 
onsidered algorithm.The learning relies on the following hypotheses:� At ea
h step t, the subje
t has a (partial) knowledge s of the state ofthe world, and 
hooses an a
tion a,� Let Vt+1 be the 
umulated reward from step t+1 to step 1. Assumea state st and a
tion at at step t. Then Vt = R(st; at)+ 
Vt+1 , i.e. aninstantaneous reward R is obtained and 
umulated to the dis
ountedfuture reward.The question is: being given a 
urrent state s, what is the best a
tion a tobe done? The answer is simple, if we are able to predi
t the future andevaluate the expe
ted 
umulated reward Q(s; a) for any a: the best a
tionis ao 2 argmaxaQ(s; a) . The following algorithm 
ould be used for learningthe table Q (taken from [11℄) :� Initialize Q(s; a) arbitrary� (Repeat for ea
h episode: [�nite-horizon 
ase℄){ Initialize s{ Repeat for ea
h step (of the episode):� With probability 1�� 
hoose a 2 argmaxaQ(s; a) ; otherwise
hose a randomly� Take a
tion a, re
eive reward R(s; a) and observe the newstate s0� Set Q(s; a) := Q(s; a)+�(R(s; a)+
maxa0 Q(s0; a0)�Q(s; a))� Set s := s0{ (until s is terminal)where � 
ontrols the 
onvergen
e speed and � the innovation.In our implementation, s = (yt; itB ; jtB ; itC ; jtC ;dire
tions), a = dt, � = 0:1,� = 1= ln t and the instantaneous reward R is 
omplient with the experimentde�nition of previous se
tion. Sin
e s 
ontains the last observation plus theknown part of the world state, this experiment should be equivalent to [
ase3/sub
ase � = 1℄ 
onsidered previously. The 
omputer memory needed to19



store the table Q was approximately 2 giga-byte: we are around the limitsof the 
omputer. In parti
ular, it is rather uneasy to involve a greaterobservation range without some approximations.Results. The algorithm has been stoped after 1011 iterations, but 1010seemed suÆ
ient. It took several hours, but the algorithm has not beenoptimized. In order to make the 
omparison possible with our method,the Q-strategies has been evaluated by a non-dis
ounted 
umulation of thereward on 100-step-wide windows. Moreover, these evaluations have beenmade:� from the initial stage of the simulation, so as to 
onform to previousse
tion,� after many 
y
les, so as to simulate an in�nite horizon.The following table makes a 
omparison between the Q-strategies and themodel based strategies with � = 1. worse mean bestQ-poli
y/stage 0 0% 40% 112%Q-poli
y/1-horizon 0% 51% 145%Model based � = 1 44% 78% 105%It is �rst noti
ed that the poli
y obtained by the Q-learning is less regulatedthan the model based poli
y. Moreover, although it may be quite goodto tra
k a target when the en
ounter has been inited (best is 145%), it israther bad at initing the en
ounter (mean for initial stage is 40%) or whenthe tra
king is lost (worst is 0%). At last, the mean evaluation at in�nitehorizon is 51%, whi
h is even smaller than the model-based poli
y workingfrom the initial stage.On this example, and for this simple Q-learning implemention, the 
ompar-ison is favorable to the model-based poli
y. Moreover, model-based poli
iesare able to manage more observation range. Now, this planning example hasbeen 
onstru
ted so as to make diÆ
ult the management of the state vari-ables (the dimension is huge) and observations (the observations are poorand have to be 
ombined). For su
h a problem, a more dedi
ated RL-methodshould be 
hosen. 20



6 Con
lusionIn this paper, we proposed a general method for approximating the optimalplanning in a partially observable world. Hierar
hi
al HMM families havebeen used for approximating the optimal de
ision tree, and the approxima-tion has been optimized by means of the Cross-Entropy method.At this time, the method has been applied to a stri
tly dis
rete-state prob-lem and has been seen to work properly. This algorithm has been 
omparedfavorably with a Q-learning implementation of the 
onsidered problem: itis able to manage more observation range, and the optimized poli
y is moreregulated. An interesting point is that the optimized poli
y has dis
overedtwo quite di�erent global strategies and is able to 
hoose between them:make the mobiles both 
ooperate on tra
king or require one mobile for de-luding the target.The results are promising. However, the observation and a
tion spa
es arelimited to a few number of states. And what happens if the hidden spa
ebe
omes mu
h more intri
ated? There are several possible answers to su
hdiÆ
ulties:First, the 
ross-entropi
 prin
iple 
ould be applied for optimizing 
ontinu-ous laws. It is thus 
ertainly possible to 
onsider semi-
ontinuous models,whi
h will be more realisti
 for a planning poli
y. Se
ondly, many re�ne-ments are foreseeable about the stru
ture of the models. Hierar
hi
 modelsfor observation, de
ision and memory should be improved in order to lo
allyfa
torize intri
ated problems. This resear
h is just preliminary and futureworks should investigate these questions.Referen
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