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Abstract

We consider the problem of blind multiuser detection.
We adopt a Bayesian approach where unknown pa-
rameters are considered random and integrated out.
Computing the mazimum a posteriori estimate of the
input data sequence requires solving a combinato-
rial optimization problem. We propose here to ap-
ply the Cross-Entropy method recently introduced
by Rubinstein. The Cross-Entropy method is an ef-
ficient and principled adaptive importance sampling
method which can be adapted to solve optimization
problems. The performance of cross-entropy is com-
pared to Markov chain Monte Carlo. For similar Bit
Error Rate performance, we demonstrate that Cross-
Entropy outperforms a generic Markov chain Monte
Carlo method in terms of operation time.

Index Terms: multiuser detection, Bayesian infer-
ence, cross-entropy, Markov chain Monte Carlo.

1 Introduction

Blind multiuser detection in CDMA systems has nu-
merous applications. It is relatively easy to come
up formally with the expression of the optimal se-
quence estimates, say Maximum Likelihood (ML) or
Maximum A Posteriori (MAP) estimates, but prac-
tically it is typically necessary to solve combinato-
rial optimization problems to obtain them. Conse-
quently, optimal solutions cannot be implemented in
practice because of their prohibitively high computa-
tional complexity. This has motivated the study of
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a number of low-complexity suboptimal techniques.
Although these suboptimal methods have a reason-
able complexity, their performance can be far below
those achieved by the theoretically optimal ones.

The recently emerged Markov chain Monte Carlo
(MCMC) methods have demonstrated a great poten-
tial for solving complex inference problems arising
in wireless communications [1], [2], [10], [11]. These
methods are iterative stochastic algorithms to gen-
erate random samples from complex probability dis-
tributions. In the Bayesian wireless communications
context, one samples from the posterior distribution
of the unknown symbols. In the CDMA context,
the computational complexity only increases linearly
with the user number K. However, MCMC are it-
erative algorithms and it is difficult to assess their
convergence.

In this paper, we propose to apply the Cross-
Entropy (CE) technique to address the problem
of MAP sequence estimation. CE is a principled
adaptive importance sampling where, at each iter-
ation, the importance distribution is adapted so as
to minimize the Kullback-Leibler distance, i.e. cross-
entropy, with respect to the target distribution. It
turns out that the minimization of the cross-entropy
can be usually done analytically. Moreover, this pro-
cedure can be adapted so as to solve combinato-
rial optimization problems. This efficient method re-
cently introduced by Rubinstein [8] has become very
popular in operation research [5]. To the best of our
knowledge, this paper is the first application of this
methodology to wireless communications.

The rest of this paper is organized as follows. In
Section 2, we detail the Bayesian model and a stan-
dard MCMC algorithm. In Section 3, we present a



generic form of the CE method and show how it can
be adapted to blind multiuser detection. Finally in
Section 4, we demonstrate the performance of this
new approach.

2 Bayesian Model and MCMC

Suppose in a CDMA system multiple users transmit
symbol sequences through the same physical channel
synchronously, each user employs a distinct signature
waveform. Here we use the same model as in [10] yet
with different priors. We then review very briefly a
generic MCMC method.

2.1 Bayesian Model for Multiuser De-
tection

Suppose there are K users in the multiuser CDMA
system. The k*" user employs a spreading waveform
s;. of the form

1
S = ﬁ[sl,k’vslkw'vsP,k}]Tv Sp,k € {+17_1}

where P is the spreading factor. It is assumed that
the receiver knows the spreading waveforms of all
users in the system. The transmitted information
symbols are xy 1, Tk 2, ..., Tpe,1s Thp € {+1,—1}, T is
the number of observations. The received signal in
this system is given by

K
y(t) = Apzpysi +n(t), t=0,...T -1

k=1

where A, is the unknown amplitude of the k' user;
n(t) = [n1(t),na(t),....,np(t)]" is a zero-mean white
Gaussian noise vector with variance ¢2. Our main

goal is to estimate the input information sequence

X = {xkt}f;oli_l, based on the received sig-
nals Y = {y(t)}/5,}; the channel coefficients a =

(Aq1,...,Ax)T and o2 being unknown.

We follow a Bayesian approach where it is assumed
that the parameters a and ¢2 are unknown and follow
the following standard conjugate prior distributions

[7]
g

a~ N(ao,0*%0), 0* ~ T6(5, 5)

where N (resp. ZG) denotes the normal (resp.
inverse-Gamma) distribution. The symbols are as-
sumed statistically independent. Formally each sym-
bol follows a Bernoulli distribution

X ~ Be(Po)
where

Pr(zr: =1) =Py k),
Pr (:L.k},t = _]‘) = 1 - PO,(k‘,t)’

We will consider here the case where P (1,,)=0.5 for
any k,t. It follows that the introduction of the no-
tation Be(Pg) may appear tedious but it will prove
useful when we discuss the CE algorithm in Section 3.
The marginal likelihood for the observation Y given
the input block of data X is given as

p(Y|X) /p(Y\X,a,oQ)p(aMQ)p(aQ) da do?

_TH+a
o[BSV (Var) " (1)

where
T-1
n7= ) BoyRBu + %07
t=0
T-1
m = (Z BuSTyw + 281510) 7
t=0

T-1
Var = B+aj Xy ag+ Z y(Tt)y(t) ~m'Y ' 'm,
t=0
and B(t), S, R are given as

B(t) = diag(mLt, ~-~7-7;K,t>7

S =Isi,...,sx], R=5T8.

We are interested in maximizing the posterior dis-
tribution

p(X]Y) ocp(Y[X) (2)

as all sequences are a priori equiprobable. Clearly,
there are 2%7T potential combinations for the se-
quence of symbols X so maximizing (1) cannot be
performed exactly for realistic scenarios.



2.2 Markov Chain Monte Carlo

Recently MCMC have been introduced in wireless
communications [1], [2], [10], [11]. These methods
allow to sample from complex posterior distributions
only known up to a normalizing constant. In the
CDMA context presented here, we are interested in
sampling from the posterior distribution (2). We turn
to the Gibbs sampler, which iteratively samples from
each of the full conditionals of a joint distribution,
to explore the posterior. The draws from successive
iterations are correlated. However the algorithm gen-
erates asymptotically samples whose distribution is
the posterior distribution of interest. Thus with high
probability the MAP sequence will be drawn. For-
mally, on each iteration n, we need to sample from

(n

")~ p(| X)L Y) o p(Y] XM) p(a)

(n) _ g .(n) (n)

where X—k,t— S SRRRRE i R PRRRRE M W TR,
(n) (n) (n) (n—1) (n=1) _(n-1)

LT 1,171 Tk0 > Lpt—1 Thtr1s T r-1>T }

Note that if one wants to obtain an algorithm con-
verging to a given sequence, then it is sufficient to
replace the previous simulation step by

(n)

(n

xkt) Nﬁvn(.|X(_7;€)7t’Y)
where
P (] X0, Y o (a XU, Y)

and {v,} is a positive increasing sequence such that
v, — oo. In this case, one obtains a special case of
the simulated annealing algorithm.

3 Cross-Entropy Method

3.1 Generic Cross-Entropy Method

Let x be a finite set of states and S be the Score Func-
tion on x. We are interested in finding an element,
say x*, of the set

argmax S (x)

TEX

and we write v* = S(2*). CE is an adap-
tive important sampling which transforms the de-
terministic optimization problem (3) into a family

(3)

k41,00 "

of stochastic sampling problems. At each iteration
j of the algorithm, a collection of random samples
(Xl(j), ... ,X](\?)) is obtained from an importance dis-
tribution f(-;0¥~Y). Then a new value v¥) is ob-
tained, this parameter is selected so as to minimize
the approximate cross entropy between f(-;v) and
the optimal importance distribution. The general
adaptive CE algorithm is described in [8] and [4].
Assume a family of probability distributions { f(:;v)}
has been selected and let p be a parameter that con-
trols the number of samples drawn in each iteration.

The algorithm proceeds as follows.
Algorithm 1 [General Cross-entropy Algorithm]

1. Start with an initial value v(®. Set the iteration
counter j = 1.

2. Generate forn=1,...,N X5 ~ f(50U=D),

3. Calculate the score functions {S (Xr(lj ))}fzvzl and
order them from largest to smallest, S(1) > ... >
S(ny- Set v = S((pN7) Where [pN] be the inte-
ger part of pN.

4. Calculate the updated parameter

N

o) = argmsxxz 1[,Y(j)700) (S (X,(Lj))) log f(X);v)

n=1

5. If convergence not reached then set j «— j + 1
and go back to step 2.

In the algorithm, 14 () is defined as

1if A
1A($):{ nwes

0 otherwise

Step 3 can usually be solved analytically. From the
above algorithm, we see that CE method updates the
parameter v and the threshold + simultaneously until
convergence is reached which can be shown to happen
in a finite number of iterations.



3.2 Cross-Entropy for Multiuser De-
tection

In the multiuser detection case, we are interested in
maximizing the log-posterior (2) over the set of po-
tential sequences so

S(X) = logp(X|Y).

To apply the CE algorithm, we need to define a family
of importance distributions. In this case, one can
clearly adopted Be(P); i.e. a product of independent
Bernoulli distributions such that

Pr(zpe=1)=1-Pr(zp, =—1)=Pgy.

Combined with the algorithm given in Section.1,
the cross entropy algorithm for the multiuser detec-
tion proceeds as follows
Algorithm 2 [Cross-entropy Multiuser Detector]

1. Start with initial P(®) = P,. Set the iteration
counter j = 1.

2. Generate N symbols sequences X,(Lj )~
Be(PU—Y) (n = 1,...,N). mg)kt denotes the

(k,t) element of the sample n at iteration j.

3. Calculate the score functions {S(X,Sj))},];[:l and
order them from largest to smallest, S(;) > ... >

S(N). Set 'y(j) = S([pN]) where [pN] be the inte-
ger part of pN.

4. Calculate the updated parameters
N , :
pu) _ 2in=1 1[0 ) (5<X7(3))) iy (wif,i,t)
kit = , .
25:1 1[7(;'),00) (S(Xr(zj)))

5. If convergence not reached then set j « j + 1
and go back to step 2.

This algorithm is a special instance of the generic
CE procedure described in the previous subsection.
We have explicated the parameter updating step.

According to [4], to prevent the situation that 0’s
or I’s occur in the parameter matrix P (which will

usually remain so forever), we introduce a smoothing
factor A and change the updating equation to

PU) — \PW 1 (1-2X) pU-1

When A = 1, one obviously recovers the previous
formulation.

The main advantage of the CE entropy over stan-
dard MCMC methods such as the Gibbs sampler is
that it does not based on a Markov chain approach
and as such does not rely on iterative local perturba-
tions of the current state. This makes this procedure
much less sensitive to initialization.

4 Simulations

In the implementation of the CE and Gibbs sam-
pling multiuser detectors, we consider a five-user
(K = b5) synchronous CDMA channel with pro-
cessing gain P = 10. The channel coefficient is
a=[5.0176, 0.1073, —0.5685, 2.9487, —3.7755]7.
Other parameters are ag = Ox x1, X9 = 10007, a = 2,
f=02and P = %IKXT. The data size of each user
is T'= 50. For each data block, the Gibbs sampling
is performed for 1000 iterations, with the first 500
iterations as the ‘burn-in’ period. For cross-entropy,
the sample block is N = 500, p = 0.1, the smoothing
factor A = 0.8 and the iteration number is J = 50.
DPSK is employed as necessary to prevent the phase
ambiguity in both algorithms. The computer used
for simulations is a Pentium IV 1.8G.

The performance of cross-entropy is shown in Fig-
ure 1. CE (blind) performs better than the linear
MMSE with known channel coefficients. Figure 2
demonstrates that CE is a robust algorithm with the
number of samples N > 500 (SNR=20dB). From Fig-
ure 3, we find that adding a smoothing factor will
improve the BER performance of cross-entropy. Fig-
ure 4 illustrates that being both optimization meth-
ods, cross-entropy outperforms Gibbs sampler un-
der certain conditions (the iterations used in calcu-
lating Monte Carlo estimates are 500). With the
performance shown in Figure 4, the operation time
for Gibbs sampler (totally 1000 iterations) is around
2.6505e4-003 seconds while it only takes cross-entropy
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The Performance of CE with different number of samples (SNR=20dB)
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Figure 2: The Performance of CE with Different
Number of Samples

336.6800 seconds to converge. As we increase the it-
eration number in Gibbs sampler (500 burn-ins and
1000 iterations for calculating the Monte Carlo esti-
mate), it achieves a similar BER performance with
CE, while its operation time is 3.9456e+003 sec-
onds which is about 11.7 times of the operation time
of cross-entropy method (the performance of Gibbs
sampler does not make any notable improvement
with further increase of iteration number).
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Figure 4: The BER Performance Comparison of CE
and Gibbs Sampler



5 Conclusions and Future

Work

We have presented an overview of the cross-entropy
method and its application in multiuser detection.
The cross-entropy method and Gibbs sampler are
both powerful approaches to overcome the compu-
tational complexity problem encountered by optimal
solutions. Compared with some traditional detec-
tion methods, i.e., linear MMSE, they both achieve a
much better performance. With similar BER perfor-
mance, CE outperforms the Gibbs sampler in terms
of operation time.

Considering its ideal BER performance and rela-
tively fast operation, the cross-entropy method shows
a great potential in solving a variety of optimal sig-
nal processing problems encountered in wireless com-
munications, such as mitigation of the interchannel
interference in frequency-selective channels, user de-
tection in MIMO etc. In the near future, we will
implement CE in a more realistic model with error
correction coding. Furthermore, we can try combin-
ing CE with sequential Monte Carlo methods [3] to
obtain better proposals f(-;v).
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