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Abstract—It usually takes long time to simulate rare event
using traditional Monte Carlo method, while importance
sampling techniques can effectively reduce the simulation time
and improve simulation efficiency. A new implementation for
importance sampling method to estimate rare event probability
in simulation models is proposed in this paper, in which the
classical exponential change of measure is adopted to construct
the family of importance sampling distributions, and the
optimal importance sampling distribution is obtained by
minimizing the variance of importance sampling estimator.
Numerical experiment has been conducted and the result
indicates that the method can effectively estimate the rare event
probability.
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I. INTRODUCTION

ARE event simulation has attracted extensive attentions
since the concept was first proposed, but there haven’t
been many research results yet [1], [14]. Performances of
modern systems, such as coherent reliability systems,
inventory systems, insurance risk, storage systems, computer
networks and telecommunications networks, are sometimes
characterized by probabilities of rare events and usually
studied by simulation [9],[13],[15],[16],[19],[20],[22].
Straightforward simulation for rare events requires a large
number of trials and hard to implement because the
occurrence of rare events are extremely little in a standard
simulation [2], [4], [5], hence new methods are needed to be
investigated and developed. One way to overcome this
difficulty is to use importance sampling (IS). The main idea
of IS is to make the occurrence of rare events more frequent
by carrying out the simulation with a different probability
distribution – what is the so-called change of measure (CM) –
and to estimate the probability of interest via a corresponding
likelihood ratio (LR) estimator[5],[14].
It is commonly known that the greatest difficulty in
obtaining an efficient IS method is to find out the optimal
importance sampling distribution function. It has been shown
that, in many cases, the computation and experiments
required for achieving an efficient IS method may be even
more complicated than the original problem. Thus, this
implies that we have to find simple and efficient IS
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algorithms. There are two main ways to solve this problem.
One is to utilize Variance Minimization (VM)
technique[21],[23]; the other is to use minimizing Cross
Entropy (CE) technique[18],[19]. It is well known that there
theoretically exists a CM that yields a zero-variance
likelihood ratio estimator. However, in practice such an
optimal CM cannot be computed since it depends on the
underlying quantity being estimated. However, investigations
have shown that the reduced variance method can be
employed to approach the optimal solution in the sense of
minimizing the variance [7], [10], [16]. In other words,
minimizing estimator's variance with original density
function is equivalent to minimizing the expected likelihood
ratio conditioned on the rare event happening; and
minimizing cross entropy is equivalent to minimizing the
expected logarithm of likelihood ratio conditioned on the rare
event happening. Therefore, minimizing cross entropy in a
sense is close to, but definitely is different from minimizing
estimator's variance. In terms of estimator's variance, cross
entropy method does not seek for the optimal solution.
The aim is to select a CM that minimizes the variance of
the likelihood ratio estimator in variance minimization.
Prominent among the CMs is the exponential change of
measure (ECM). Here, instead of the original PDF f ( x ) , the
simulation is carried out with an “exponentially twisted”
PDF fθ ( x ) = c exp(θ x ) f ( x ) , where θ is called the
twisting or tilting parameter and c is a normalizing constant.
ECM often yields efficient and sometimes “optimal” IS
estimates [11].
To reduce the number of simulation and improve the
efficiency of sampling, a novel method of estimating the
probability of the rare event is presented in this paper. We
estimate the rare event probability via importance sampling,
using the classical exponential change of measure, in which
the importance sampling distribution is chosen from the same
parametric family as the transformed distribution. And the
optimal parameter vector of the importance sampling
distribution is estimated by minimizing the variance of
importance sampling estimator. The obtained numerical
results suggest that the method can effectively estimates rare
event probability.
II. IMPORTANCE SAMPLING
IS is based on the idea to make the occurrence of rare
events more frequent, or in other words, to speed up the
simulation. Technically, IS aims to select a probability
distribution that minimizes the variance of the IS estimate.
The efficiency of IS depends on obtaining a good change of
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measure. Large deviation results have proven their
applicability for small systems with medium complexity [2],
[6], [12].
Let x = ( X 1 , …, X n ) be a random vector taking values in
some space Ω and f ( x ) be a probability density function
on Ω . Let s be some real-valued function on Ω . Suppose
we are interested in the probability that s ( x) is greater than
or equal to some real number r , this probability can be
expressed

as l = P{s ( x) ≥ r} = EI ( s ( x ) ≥ r ) .

probability is very small, say smaller than 10

−5

If

this

, we call

{s( x) ≥ r} a rare event.
A

straightforward

way

to

estimate

l = P{s ( x) ≥ r} = EI ( s ( x )≥ r ) is to use crude Monte-Carlo
simulation: Draw a random sample X1 , … , X N from f ( x ) ;
then

1 N
(1)
∑ I{s ( X i )≥r} .
N i =1
i =1
is an unbiased estimator of l . However this poses serious
problems when {s ( x) ≥ r} is a rare event. In that case a large
simulation effort is required in order to estimate l accurately,
1
lˆ =
N

N

∑ I{s ( X i )} =

R

lˆIS = ∑ I{ s ( X i )≥ r } L( X i ) .

We will call the estimator in (4) the importance sampling
estimator.
To obtain the optimal – or at least a good – change of
measure from the original sampling distribution f ( x ) to a
new distribution g ( x) , is the main challenge with respect to
making importance sampling efficient and robust. From
equation (2), the only restriction to the probability density
g ( x) is that g ( x) > 0 for all samples x . This is a
necessary condition which serves as a guideline for
choosing g ( x) . The efficiency of the importance sampling
estimate in (4) is dependent on an appropriate choice of the
new distribution. An unfortunate choice of g ( x) may cause
the variance of (4) to be larger than the variance of the
estimates obtained by direct simulation. For some g ( x) , the
variance may be infinite, and, hence, it is crucial to find a
good g ( x) .
III. IMPORTANCE SAMPLING METHOD BASED ON THE
CROSS-ENTROPY
We briefly review some basics concepts about importance
sampling method based on the cross-entropy. As discuses
above, the obvious difficulty is of course that this g opt ( x )

i.e., with small relative error or a narrow confidence interval.
An alternative is based on importance sampling: take a
random sample X 1 , … , X N from an importance sampling

depends on the unknown parameter

density g ( x) on Ω , then

l =

∫

f ( x )dx

∫

L ( x ) g ( x) dx

convenient to choose a

.

(2)

densities g and h is the Kullback-Leibler distance, which

is also termed the cross-entropy between g and h .
The Kullback-Leibler distance is defined as:

D ( g , h)

change of measure with density

g opt ( x ) =

I ( s ( x )≥ r ) f ( x )
r

.

= E g ln

(3)

*

course that this g ( x ) depends on the unknown parameter, so
it cannot be computed in practice. In estimate rare event

D ( g , h) is not a “distance” in the formal
We note that
sense; for example, it is not symmetric.
Minimizing the Kullback-Leibler distance between
g opt ( x )

probability: Draw a random sample X 1 , … , X N from g ( x) ,
and then get estimator according to (2)

g ( x)
h( x )

= ∫ g ( x) ln g ( x )dx − ∫ g ( x ) ln h( x)dx

The estimator (3) has zero variance, and we need to
produce only N = 1 sample. The obvious difficulty is of

g ( x) in the family of densities

between the densities
and
is minimal. A
particular convenient measure of distance between two

{s ( x )≥ r }

f ( x)
is called the likelihood ratio. It is
where L( x ) =
g ( x)
well known that the best way to estimate l is to use the

l . Moreover, it is often

{ f (.; v )} . The idea now is to choose the parameter vector,
called the reference parameter v such that the distance
g opt ( x )
f (.; v)

{ s ( x )≥ r}

=

(4)

i =1

and f (.; v) is equivalent to choosing v such

−∫ g ( x) ln f ( x; v)dx

opt
is minimized, which is
that
equivalent to solving the maximization problem
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max ∫ g opt ( x) ln f ( x; v)dx
v

the choice of new process to simulate which will minimize
the variance in the estimator. A non-optimal choice could
make the behavior of the importance sampling estimator even
worse than the MC estimator. Because the efficiency of IS is
observed to be rather sensitive to the change of measure, a
great deal of work is being done to obtain optimal – or at least
good – simulation parameters[24],[25].
Since the effectiveness of importance sampling estimator
totally depend on the choice of importance sampling
distribution function, we often select importance sampling
distribution function from a family of importance sampling
distributions, and evaluate its effectiveness by computing the
variance of the estimator. In this paper, we construct the
family of importance sampling distribution using the
exponential change of measure.

(5)

g ( x)

from (3) into (5) we obtain the
Substituting opt
maximization program

I{s ( x )≥ r } f ( x; u )

max ∫

l

v

ln f ( x; v )dx

which is equivalent to the program

max D(v)
v

= max Eu I{s ( x )≥r } ln f ( x; v)

（6）

v

Using again importance sampling, we can rewrite (6) as

The variance of lˆIS in (4):

max D(v)
v

1
Var[lˆIS ] = Varg ( x ) [ I{s ( x )≥ r } L( x )]
R

= max Ew I{s ( x )≥r }W ( x; u, w) ln f ( x; v )
v

（7）

fθ denote the family of distributions, that
is fθ ( x ) = c exp(θ x ) f ( x ) , we would like to minimize the
variance of lˆIS with respect to the family of distributions fθ ,
Let

f ( x; u )
W ( x; u , w) =
f ( x; w) is the likelihood ratio. The
where，
optimal solution of (7) can be written as

that is, we want to solve

v*
= arg max Ew I{ s ( x ) ≥r }W ( x; u , w) ln f ( x; v)

min Varfθ ( x ) [ I{s ( x )≥ r } Lθ ( x)] .
where L ( x ) =

v

θ

）
We may estimate v by solving the following stochastic
program
（9）
1 N
(
;
,
)
ln
(
;
)
I
W
X
u
w
f
X
v
∑ {s ( X i )≥r } i
i
N i =1

= E fθ [ I{s ( x ) ≥ r } Lθ2 ( x)] − l 2
So (10) can be rewrite as:

min E fθ [ I{s ( x )≥ r} Lθ2 ( x)] .

X ,… , X

N is a random sample from f ( x; w) . In
where 1
typical applications the function in (9) is convex and
differentiable with respect to v ,the solution of (9) may be
readily obtained by solving (with respect to v ) the following
system of equations:

1
.N

N

∑I
i =1

.

= E fθ [ I{s ( x ) ≥ r } Lθ2 ( x)] − ( E fθ [ I{s ( x ) ≥r } Lθ ( x )]) 2

v

v

f ( x)

Varfθ ( x ) [ I{s ( x )≥ r } Lθ ( x)]

max Dˆ (v)
= max

f ( x)

θ

And also

*

(10)

θ

（8

(11)

θ

The above rationale results in the following algorithm:
step1. Define θ 0 ;
0

0

step2. Generate a sample X 1 , …, X N from importance
sampling probability density function and solve

W ( X i ; u, w)∇ ln f ( X i ; v ) = 0

{s ( X i )≥ r }

the problem (11), update the parameter θi ;
i

i

step3. Generate a new sample X 1 , …, X N from the

IV. MINIMIZING THE IMPORTANCE SAMPLING TECHNIQUES
BASED ON THE VARIANCE MINIMIZATION

importance sampling probability density function

The existence important sampling methods are mainly
based on minimizing the cross-entropy techniques to estimate
the probability of rare events [4], [8], [10]. The problem of
these methods is that they cannot be approach the optimal
solution in the sense of minimizing the estimator's variance.
To overcome this difficulty, this paper proposes an IS method
based on variance minimization. The well-known problem of
the IS method is that it is hard to derive the optimal change:

that updates, and solve the problem (11);
step4. If

θi − θi −1 < ε ,

get the solution θ , then stop;
*

otherwise, go to step3;
step5. Estimate the rare event probability using (4).
An Armijo-type step selection rule is selected in the above
algorithm [17]. Moreover, a reasonable choice for initial
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value is a key problem in algorithm. First, a recursive
algorithm estimating conditional mode was employed to
generate rare event samples [3]. And then, the subsequent
iterative simulation procedures were taken with initial
importance sampling probability density function whose
parameters were estimated by using this set of samples.

after 5000000 samples and could not establish effective
interval estimation.
The above results indicate high efficiency of the VM
method for estimating rare events probabilities, where the
naive Monte Carlo method fails. For events that are not very
rare, the VM method may still help in terms of providing
estimates with smaller variance.

V. SIMULATING ANALYSIS
To illustrate the ideas set forth in the previous sections,
we present now numerical results obtained for project
management problem. There are 14 key activities on key
routes in a project. Let x denote the man-hour of all
activities, and let s ( x) denote the total completion time of
this project. Our goal is to estimate the probability that the
total completion time of this project will be more than a given
time r . That is, we want to estimate l = P ( s ( x) > r ) . If

l < 10−5 , and this is a rare event. We consider the case

where all man-hours of all activities have exponential
distribution. For simplicity, we assume that the times of all
activities are i.i.d. with mean µ = 25 . To show the efficiency

VI. CONCLUSION
In this paper, an important sampling method based on
variance minimization procedure is presented. The key
concept is to construct the family of importance sampling
distributions through selecting the classical exponential
change of measure, and seeks the optimal importance
sampling distribution function by minimizing variance of the
importance sampling estimator, then generates samples from
optimal importance sampling distribution function, get the
probability of the rare event at the end. We present simulation
result which supports the efficiency of the method. Rare event
simulation research is still at the primary stage, there is a
broad space for development both in theory and in application
[1], [8], [14]. Currently, we are extending this method for
other types of applications, such as economic crisis and the
early-warning of financial risk.
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