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 Abstract - It usually takes long time to simulate rare event 
using traditional Monte Carlo method, while importance 
sampling techniques can effectively reduce the simulation time 
and improve simulation efficiency. A new implementation for 
importance sampling method to estimate rare event probability 
in simulation models is proposed. The optimal importance 
sampling distributions was obtained by making use of the 
martingale constructed by likelihood ratio. The computation 
results were compared with the importance sampling based on 
cross-entropy, the importance sampling based on minimizing 
variance and crude Monte Carlo method. Numerical experiments 
had been conducted and the results indicate that the method can 
effectively estimate the rare event probabilities.  
 Index Terms - rare event; importance sampling; martingale; 
likelihood ratio 
 

I.  INTRODUCTION 

 Rare event simulation has attracted extensive attentions 
since the concept was first proposed, but there haven’t been 
many research results yet [7], [8], [23]. Performances of 
modern systems, such as coherent reliability systems, 
inventory systems, insurance risk, storage systems, computer 
networks and telecommunications networks, are sometimes 
characterized by probabilities of rare events and usually 
studied by simulation [1],[2],[5],[9],[12],[16],[17],[19],[25]. 
Straightforward simulation for rare events requires a large 
number of trials and hard to implement because the occurrence 
of rare events are extremely little in a standard simulation [6], 
[10], [11], [13], hence new methods are needed to be 
investigated and developed. One way to overcome this 
difficulty is to use importance sampling (IS). The main idea of 
IS is to make the occurrence of rare events more frequent by 
carrying out the simulation with a different probability 
distribution – what is the so-called change of measure (CM) – 
and to estimate the probability of interest via a corresponding 
likelihood ratio (LR) estimator[3],[14].  
It is commonly known that the greatest difficulty in obtaining 
an efficient IS method is to find out the optimal importance 
sampling distribution function. It has been shown that, in 
many cases, the computation and experiments required for 
achieving an efficient IS method may be even more 
complicated than the original problem. Thus, this implies that 
we have to find simple and efficient IS algorithms. There are 

two main ways to solve this problem. One is to utilize 
Variance Minimization (VM) technique [14],[18]; the other is 
to use minimizing Cross Entropy (CE) technique[4],[14],[15]. 
It is well known that there theoretically exists a CM that yields 
a zero-variance likelihood ratio estimator. However, in 
practice such an optimal CM cannot be computed since it 
depends on the underlying quantity being estimated. However, 
investigations have shown that the reduced variance method 
can be employed to approach the optimal solution in the sense 
of minimizing the variance [4], [20], [21]. In other words, 
minimizing estimator's variance with original density function 
is equivalent to minimizing the expected likelihood ratio 
conditioned on the rare event happening; and minimizing 
cross entropy is equivalent to minimizing the expected 
logarithm of likelihood ratio conditioned on the rare event 
happening. Therefore, minimizing cross entropy in a sense is 
close to, but definitely is different from minimizing estimator's 
variance. In terms of estimator's variance, cross entropy 
method does not seek for the optimal solution [22].  
 To reduce the number of simulation and improve the 
efficiency of sampling, a novel method of estimating the 
probability of the rare event is presented in this paper. The 
optimal importance sampling distributions was obtained by 
making use of the martingale constructed by likelihood ratio. 
We estimate the rare event probability via minimize the 
distance between expectation of likelihood ratio and 1. 
Moreover, the importance sampling distribution is chosen 
from the same parametric family as the transformed 
distribution. And the optimal parameter vector of the 
importance sampling distribution is estimated by minimizing 
the distance between the optimal importance sampling 
distribution ( )optg x  and ( ; )f v⋅ .The computation results 
were compared with the importance sampling based on cross-
entropy, the importance sampling based on minimizing 
variance and crude Monte Carlo method. Numerical 
experiments had been conducted and the results indicate that 
the method can effectively estimate the rare event 
probabilities. The obtained numerical results suggest that the 
method can effectively estimates rare event probability.  

II. IMPORTANCE  SAMPLING 
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 IS is based on the idea to make the occurrence of rare 
events more frequent, or in other words, to speed up the 
simulation. Technically, IS aims to select a probability 
distribution that minimizes the variance of the IS estimate. 
The efficiency of IS depends on obtaining a good change of 
measure. Large deviation results have proven their 
applicability for small systems with medium complexity [8], 
[14], [23]. 
 Let 1( , , )nx X X= … be a random vector taking values in 

some space Ω and ( )f x be a probability density function 
on Ω . Let s  be some real-valued function on Ω . Suppose we 
are interested in the probability that ( )s x  is greater than or 
equal to some real number r , this probability can be expressed 
as ( ( ) ){ ( ) } s x rl P s x r EI ≥= ≥ = . If this probability is very 

small, say smaller than 510− , we call { ( ) }s x r≥  a rare event. 
 A straightforward way to estimate 

( ( ) ){ ( ) } s x rl P s x r EI ≥= ≥ =  is to use crude Monte-Carlo 

simulation: Draw a random sample 1, , NX X�  from ( )f x ; 
then 
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 However this poses serious problems when{ ( ) }s x r≥  is 
a rare event. In that case a large simulation effort is required in 
order to estimate l  accurately, i.e., with small relative error or 
a narrow confidence interval.  
 An alternative is based on importance sampling: take a 
random sample 1, , NX X� from an importance sampling 

density ( )g x  on Ω , then  
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where 
( )( )
( )

f xL x
g x

=  is called the likelihood ratio. It is well 

known that the best way to estimate l  is to use the change of 
measure with density 

( ( ) ) ( )
( ) s x r

opt

I f x
g x

r
≥= .                             (4) 

  The estimator (3) has zero variance, and we need to 
produce only N = 1 sample. The obvious difficulty is of course 
that this ( )optg x depends on the unknown parameter, so it 
cannot be computed in practice. In estimate rare event 
probability: Draw a random sample 1, , NX X�  from ( )g x , 
and then get estimator according to (2)  

                       { ( ) }
1

ˆ ( )
i

R

IS s X r i
i

l I L X≥
=

=�                       (5) 

We will call the estimator in (4) the importance sampling 
estimator. 
 To obtain the optimal – or at least a good – change of 
measure from the original sampling distribution ( )f x to a 
new distribution ( )g x , is the main challenge with respect to 
making importance sampling efficient and robust. From 
equation (3), the only restriction to the probability density 

( )g x  is that ( ) 0g x >   for all samples x . This is a 
necessary condition which serves as a guideline for 
choosing ( )g x . The efficiency of the importance sampling 
estimate in (5) is dependent on an appropriate choice of the 
new distribution. An unfortunate choice of ( )g x may cause 
the variance of (5) to be larger than the variance of the 
estimates obtained by direct simulation. For some ( )g x , the 
variance may be infinite, and, hence, it is crucial to find a 
good ( )g x . 

III. IMPORTANCE SAMPLING METHOD BASED ON THE 
MARTINGALE 

 As discuses above, the obvious difficulty is of course that 
this ( )optg x  depends on the unknown parameter l . Moreover, 

it is often convenient to choose a ( )g x  in the family of 

densities{ (.; )}f v . The idea now is to choose the parameter 
vector, called the reference parameter v such that the distance 
between the densities ( )optg x  and (.; )f v  is minimal.  

Martingale: A process { , 0}nX n ≥ is called a martingale, 

if 0n∀ ≥ , we have 
�1� nE X < ∞ , 

�2� 1 0 1( , , )n n nE X X X X X+ =�   . .a s  

 Sometimes{ , 0}nX n ≥  can not be straight observed, so 

we observe another process{ , 0}nY n ≥ . We have:  

 Let { , 0}nX n ≥ and { , 0}nY n ≥ are two processes, 

{ , 0}nX n ≥ is called a martingale about{ , 0}nY n ≥ , if we 
have 
�1� nE X < ∞� 

�2� 1 0 1( , , )n n nE X Y Y Y X+ =�   . .a s  
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Martingale constructed by likelihood ratio � Let 

0 1, , , ,nY Y Y� � are independent random variables with 

identical distribution, 0f and 1f are probability density 
functions�Let 
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 Suppose 0 ( ) 0f y > for y∀ , When the probability density 

function of nY is 0f , then{ , 0}nX n ≥  is called a martingale 

about { , 0}nY n ≥ .It is common to use { , 0}nX n ≥  is a 

martingale about { , 0}nY n ≥ to ensure the probability density 

function of { , 0}nY n ≥ is 0f . 
For 
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{ , 0}nX n ≥ is a martingale about { , 0}nY n ≥ . 

 As discuses above, { , 0}nX n ≥  is a martingale about 

{ , 0}nY n ≥ when the probability density functions of 

{ , 0}nY n ≥ is 0f . Minimizing the distance 

between ( )optg x and (.; )f v  is equivalent to choosing 0f as 
the optimal importance sampling distribution 
function ( )optg x �{ , 0}nX n ≥  is called a martingale about 

{ , 0}nY n ≥ when generate 1nY + from density function (.; )f v  

in some special situation. Which is equivalent to choosing 

v by minimize 1
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  Substituting ( )optg x from (4), we obtain the 
minimization program 

min 1
{ ( ) }

v
lE

Iv s x r
−

≥
                         �6� 

Using again importance sampling, we can rewrite (6) as 

min ( ; , ) 1
{ ( ) }

w
lE W X v w

Iv s x r
−

≥
         �7� 

where�
( ; )( ; , )
( ; )

f x vW x v w
f x w

= is the likelihood ratio. 

 It is important to note that the algorithm is useful only in 
the case where the probability of the event { ( ) }s X r≥  is not 
too small. However, due to the rareness of the events, most of 
the indicator random variables { ( ) }, 1, ,

is X rI i N≥ = � will be 

zero, for moderate N . A multi-level algorithm can be used to 
overcome this difficulty. The idea is to construct a sequence of 

reference parameters 
{ , 0}tv t ≥

and a sequence of levels 

{ , 1}tr t ≥
,and iterate in both tr and tv ,such 

that 1
( ( ) )

tv tp s x r ρ
−

≥ ≥
( (0,1)ρ ∈ is defined in advance�. 

Remark 3.1 
 The indicator random variables { ( ) }, 1, ,

is X rI i N≥ = �  in 

(7) is in the position of denominator, so we redefine the 
indicator function of (2) as 

{ ( ) } 5

1, ( ) ,
10 , ( ) .i

i
s X r

i

s X r
I

s X r≥ −

≥�
= � <�
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 We use iterative method to overcome the difficulty that 
l in (7) is unknown parameter. Construct a sequence of 

reference parameters{ , 0}tl t > to solve this problem, i.e. 

;{ ( ) } 1
1

1 ( , )
t

N

t s X r i ti
i

l I W X u v
N ≥ −

=

= �           �9� 

The above rationale results in the following algorithm: 

Step1. Define 0v u=
, 0.1ρ =

� 

Step2. Generate a sample 1 , ,
N

X X…
from importance 

sampling probability density function 1(.; )tf v − , and compute 

the sample (1 )ρ− -quantile tr  of the performances, provided 

tr r< ,otherwise set tr r= .update tl according (9); 

Step3. Use the same sample 1 , ,
N

X X…
 in Step 2 to solve 

the stochastic program (7). Denote the solution by tv . 
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Step4.  If tr r< , set 1t t= +  and reiterate from Step 2,  Else 
proceed with Step 5; 
Step5. Estimate the rare-event probability using the 
importance sampling estimator (5). 
Flow chart of algorithm is followed� 

0,v ρ
0( ; )f v⋅

0 0
1 , ,

N
X X…

(1 )ρ− 1r

1v

tr r<

*v

1(. ; )tf v −

1 1
1 , ,

N

t tX X− −…

(1 )ρ−
1tr−

tv

tl

tl

 
Fig. 1 Flow chart of important sampling algorithm based on the martingale 

constructed by likelihood ratio  
 

IV.NUMERICAL EXAMPLES 

 To illustrate the ideas set forth in the previous sections, 
we present now numerical results obtained for project 
management problem. There are 5 key activities on key routes 
in a project. Let x  denote the man-hour of all activities, and 

let ( )s x denote the total completion time of this project. Our 
goal is to estimate the probability that the total completion 
time of this project will be more than a given time r . That is, 
we want to estimate ( ( ) )l P s x r= > . If 510l −< , and this is 
a rare event. We consider the case where all man-hours of all 
activities have exponential distribution. For simplicity, we 
assume that the times of all activities are i.i.d. with 
mean 25μ = .The above procedure was replicated 100 times, 
and the average and a simultaneous 90% confidence interval 
were built from those 100 independent estimates, both for the 
two methods. We consider two values for r , namely, 

500r = 700r = .The following tables displays the estimation 

results. In the table, l̂ is the estimate for ( ( ) )l P s x r= > , 
"90% H.W." denotes the half-width of a 90% confidence 
interval and N  is the sample size.  
 Table 2 presents the performance of the importance 
sampling method based on martingale for the problem of 
estimating rare event probability ( ( ) )l P s x r= > . To show 
the efficiency of the method, we used the Monte Carlo 

method, CE method and the importance sampling based on 
Variance Minimization to estimate ( ( ) )l P s x r= > at the 
same time. 

TABLE I 
Simulation result based on Monte Carlo method 

r  l̂  
90%H.W. N  

500 1.0000e-006 3.2800e-006 200000 

700 � � 5000000 

TABLE II 
Simulation result based on martingale method 

r  ÎSl
 

90%H.W. N  

500 1.6177e-006 6.5440e-006 1000 

700 3.0627e-011 2.3219e-011 2000 

TABLE III 
Simulation result based on CE method 

r  ÎSl
 

90%H.W. N  

500 2.1804e-006 2.6408e-006 1000 

700 2.7474e-011 2.7874e-011 2000 

TABLE IV 
Simulation result based on Variance Minimization method 

r  ÎSl
 

90%H.W. N  

500 9.3614e-006 1.3451e-005 1000 

700 4.6326e-011 6.7432e-011 50000 

Note: “�”in table 1 denote rare event did not happen after 5000000 
samples and could not establish effective interval estimation. 
 It is obviously to see from table I and table II that the high 
efficiency of the martingale method for estimating rare events 
probabilities, where the naive Monte Carlo method fails. For 
events that are not very rare, the martingale method may still 
help in terms of providing estimates with smaller variance. 
Suppose we wish to estimate the probability that the total 
completion time of this project  is greater than 500r =  .The 
crude Monte Carlo method with 200000N = gave an 
estimate 1.0000e-006 with an estimated half width of 
confidence interval of 3.2800e-006; using the estimated 
optimal parameter vector, the final step with 1000N =  gave 
an estimate of 1.6177e-006 with an estimate half width of 
confidence interval of 6.5440e-006, which reduced our 
simulation effort quickly. Suppose we wish to estimate the 
probability that the total completion time of this project is 
greater than 700r = .Rare event did not happen after 

5000000N =  samples and could not establish effective 
interval estimation use Monte Carlo method. However, the 
algorithm proposed in this paper gets satisfying result 
with 2000N = . 
 Suppose we wish to estimate the probability that the total 
completion time of this project is greater than 500r = .It is 
convenient to see from comparison between table II and table 
III, table IV that the estimate precision of martingale is worse 
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than CE method, but better than the variance minimization 
method. Suppose we wish to estimate the probability that the 
total completion time of this project is greater than 700r = . 
The CE method gave an estimate 2.7474e-011 with an 
estimated half width of confidence interval of 2.7874e-011; 
the variance minimization method gave an estimate 4.6326e-011 
with an estimated half width of confidence interval of 
6.7432e-011; while the martingale can gave an estimate 
3.0627e-011 with an estimated half width of confidence 
interval of 2.3219e-011.From the discussion above, the 
martingale method is more   reliability for estimate rare event 
probability.  

V. CONCLUSION  

 In this paper, an important sampling method based on 
martingale is presented. The key concept is to seek the 
importance sampling distribution function by ensuring 
the { , 0}nX n ≥  constructed by likelihood ration is a 

martingale about { , 0}nY n ≥ when the probability density 

function of independent random variables with identical 

distribution{ , 0}nY n ≥ is the optimal importance sampling 

distribution function. Then generates samples from importance 
sampling distribution function, get the probability of the rare 
event at the end. We present simulation result which supports 
the efficiency of the method. Rare event simulation research is 
still at the primary stage, there is a broad space for 
development both in theory and in application [4], [13], [14], 
[23]. Currently, we are extending this method for other types 
of applications, such as economic crisis and the early-warning 
of financial risk.  
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